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PREFACE 


THE present volume is the outcome of the teaching of electricity and 
magnetism to senior students during a number of years, and the 
attempt has been made to give such students an adequate knowledge 
of the present state of the subject, with due reference to the historical 
sequence of its development, and to the effect of modern research upon 
it. In dealing with the latter phase, the choice of what to use and 
what to leave presents great difficulty, but the idea has been kept in 
view, to incorporate that which forms a part of the general scheme, 
- and at the same time has come to be looked upon as firmly established 
and not likely to be greatly modified in the near future. 

The order of treatment is one that appears from experience to be 
the best, and at the same time copies to some extent the derivation of 
the units on the electromagnetic system. ‘Thus, the transition from 
magnetism to current electricity, and from this to electrostatics, 
presents a gradual development of ideas built in the first place upon 
magnetic phenomena. The theory of electrolysis takes its place after 
electrostatics, since in dealing with it, a knowledge of a quantity of 
charge is essential. The order of the remainder—electromagnetics, 
alternating currents, waves, current in gases, radioactivity, ete.—with 
a final chapter dealing with some of the results of the electronic theory 
does not call for special remark. 

The dividing line between what is technical and what is not, is 
becoming increasingly difficult to draw. Without in any case giving 
details or design of machinery, it has been attempted to elaborate the 
principles involved, so that a student should subsequently have no 
difficulty in following work of a more technical character. No apology 
is offered for using the methods of the differential and integral cal- 
culus whenever it appeared that an advantage was gained by so doing, 
since it is imperative that a student who wishes to pursue his studies 
in electricity must have so much mathematical equipment, Endeavour 
has been made throughout to present clearly that a differential 
coefficient is a rate, and an integral a summation. The few simple 
differential equations that it is necessary to solve have been treated 
very fully and should present no difficulty. 

The very greatest indebtedness must be expressed to the standard 
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works, such as those of Professors Gray, Ewing, Rutherford, and Sir 
J. J. Thomson, to which every student of electricity owes so much, 
and also to those lectures given in the Royal College of Science, 
London, by Sir Arthur Riicker, late Professor of Physics there, to 
whom the author owes his first advanced knowledge of the subject. 
But thanks are also due to Mr. G. Dean, M.A., and Mr. P. R. Fried- 
laender, of the West Ham Municipal Technical Institute, the former 
for valuable suggestions in the chapter on Electrolysis and the latter 
for the curves from which Fig. 333 is made; also to those firms and 
publishers who have so kindly lent diagrams. 


SYDNEY G. STARLING. 
West Ham, 
July, 1912 


PREFACE TO SECOND EDITION 


Errors have been corrected and additions made, more particularly 
in the subjects of Positive Rays, X-rays, and Thermionics. These 
being each the subjects of extensive work, it has only been possible to 
give them in briefest outline, but the references should enable the 
student to find the larger works without difficulty. 

The greatest indebtedness must be acknowledged to those who 
have kindly pointed out errors in the first edition and have sent 
suggestions for alterations. 

S.(Gas. 
Wust Ham. 
1916, 
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x CHAPTER I 
MAGNETISM (INTRODUCTORY) 


Magnets and Magnetic Poles.—The original observations which led 
to the development of the study of Magnetism are—the setting in one 
particular direction of a piece of lodestone or magnetite when freely 
suspended, and the picking up of small pieces of magnetite or iron 
by a larger piece of magnetite. Further, a similar polarity is pro- 
duced in pieces of steel by the simple process of rubbing from one end 
to the other with that part of the magnetite where iron filings cling in 
greatest quantity. The piece of steel will then set with one particular 
end pointing approximately north when suspended so that it is free to 
turn in a horizontal plane, and it will easily pick up iron filings. 

A knitting needle may be used for the purpose of the above experi- 
ment, and by magnetising several such needles and suspending each of 
them in turn in a stirrup supported by a single silk fibre, the ends 
which point to the north may be determined. These ends are called 
the north-seeking poles, or, more shortly, the N poles of the needles ; 
the other ends are of course the south-seeking or S poles. If then one 
of the needles be suspended and the poles of one of the others brought 
in turn near its poles, it is at once seen that two N poles repel each 
other, as do two S poles, but that a N pole and a S pole attract 
each other. 

When two magnetic poles are brought near to each other, the force 
between them is the most important guide we have with regard to the 
strength of the poles; in fact, we can only define an equality between 
two poles, when they experience equal forces on being brought in turn 
into identical positions with respect to a third pole. If we follow out 
this conception and imagine a number of equal poles to be produced, we 
shall then see that by combining these arbitrary unit poles, which we 
will imagine to be all of one kind, to form two poles A and B, the force 
between A and B is proportional to the product of the number of units 
in each ; for if either be increased n times by the addition of more units, 
the force is also increased n times, provided that the force between any 
two units is in no way affected by the presence of other poles. Experi- 
ence tells us that magnetic forces are in this respect like gravitational 


forces ; the presence of a third body does not affect the force between 
B 
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any other two. Hence we may say that the force between two magnetic 
poles varies:as the product of their strengths. 

The Inverse Square Law.—The law of variation with their distance 
apart, of the force between two poles, must be determined experiment- 
ally. But here again a consideration of the case of gravity helps us. 
If we imagine two magnetic poles concentrated at the points, the force 
between them will vary inversely as the square of their distance apart. 
The experimental proof was first undertaken by Coulomb, who, using 
his torsion balance, showed the law to be true within about three parts 
per hundred. 

A similar degree of accuracy may be obtained with the Hibbert 
magnetic balance, but all these direct and simple proofs are made on 
the assumption that the poles of magnets are situated at or near definite 
points close to the ends of the magnets, whereas this is never the case. 
In the experiment of picking up the iron filings or of approaching one 
magnet to another to observe the force between poles, it is evident 
that the magnetic effects extend over large parts of the surfaces of the 
magnets, being very small or zero near the middle and increasing 
towards the ends. The conception of point poles, however, is-a very 
important one, and we have every reason to believe that for such poles 
the law of force is the inverse square law ; that is E 


mm. 
Force = k= 
= 


where m, and m, denote the strengths of the poles measured in any 
arbitrary units and r is their distance apart. If the N pole be given 
a positive sign and the S pole a negative one, it follows if & is positive 
that a positive force is a repulsion, whereas an attraction is negative. 
The direct experimental proof of this law is impossible, but we shall 
see on p. 9 that the experiments of Gauss establish it with a fair 
degree of accuracy. The most important reason for accepting the 
truth of the law lies in the fact that, without exception, effects calcu- 
lated on the assumption of its truth are in accordance with experimental 
results, always within the limits of accuracy of which the experimental 
work is capable, 

Units.—In choosing our units, those of force and distance are 
already fixed for us on the scientific system, otherwise known as the 
Centimetre-Gramme-Second system. It is therefore most convenient 
to choose our unit of magnetic pole so that the constant & in our equa- 
tion becomes unity, and this will be the case if the unit values of 
m, and m, are such that the force between the poles is one dyne when 
their distance apart is one centimetre. The medium in which the 
poles are situated will not be considered at the present time ; they will 
be assumed to be situated in vacuo, or what is nearly the same 

‘thing for magnetic purposes—in air. Thus the unit pole may be 
defined as the pole which placed in air one centimetre from an equal 
pole repels or attracts it with a force of one dyne; and for the force 
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between any two poles whose strengths are measured in terms of these 
units, 


Force = “1 dynes ne ete or mena a 


Magnetic Field—Relation (1) by itself is of very little use ; we can 
only find by means of it the force on a pole when the magnitude and 
position of all other poles are known. Theso are never known in any 
real case ; in fact, the force may not, strictly speaking, be due to 
“poles” at all; and yet it is very important to be able to express the 
force on the given pole in terms of external effects. The resultant of 
all forces acting on the pole for any given arrangement of magnetic 
bodies depends upon its position ; and if the pole be a N pole of unit 
strength, the force upon it is called the Strength of Magnetic Field at 
the point, or the Magnetic Force, or Intensity, the symbol usually used 
to denote it being H. 

It follows that the force on any pole of strength m is equal to Hn, 


or ‘nica: Sk em ual reeae a 


It must be noticed that H is a vector quantity like a force, and is 
subject to the law of addition of vectors, sometimes known as the law 
of the parallelogram of forces. 

We can now calculate the magnetic field in several simple cases, the 
general process being to imagine a unit N pole to be placed at the point 
at which we require the field, calculate the force upon it due to each 
_ known pole, and then find the resultant. 

Thus the field at a distance r cms. from a N pole of strength m 


is +5 ; for putting m, = + m, and m, = + 1 in equation (1) we have 


F = “i the strength of field required. 


Field due to Magnet.—Case (i). iss Pe ieee : 
Let the point P (Fig. 1), at which eck 
the field is required, be situated on the 
line joining the poles of the magnet <--27--> 
and at a distance d from its middle Fic. 1. 


Ad a 
"Tt m be the strength of pole of the magnet and / half its length, 


™m 
Field at P due to N= (d — OP 


m 


(a+ 1" 


s=- 


Since these two are in the same line, 
m m A4mld 


@—lh @+h (@-FF 


Resultant field = 


4 ELECTRICITY AND MAGNETISM CHAP. 


If the length of the magnet is so small that F is negligible in com- 


parison with d”, 
4ml 
Resultant field = — 
wae i isecting th gnet at right angles 
P being situated on a line bisecting the mag g nS 


(Fig. 2), the field PA due to N has strength ELE 
since PN = Va? +P. . 

1 
Similarly field duetoS, PB= Foe 


The resultant field is evidently PR, and from the 
geometry of the figure we see that 


PR NS 
Pa PN 
NS 
or, PR = PA: PN 
m 21 
thus, resultant field = ey 3 JV@LE 
2ml 
~(P+ PR 
As in Case (i), if J is small in comparison with d, 
2ml 


resultant field = in 


Magnetic Moment.—We are now in a position to deal with the case 
of a suspended magnet, free to turn in a horizontal plane. Such a 
magnet comes to rest with its N pole pointing 
north, The magnet is evidently situated in a 
magnetic field, known in this case as the Earth’s 
Field ; and assuming this to be equivalent to a hori- 
zontal magnetic field of strength H, the N pole of 
the suspended magnet experiences a force + Hm and 
the S pole a force — Hm, the two giving rise to a 
couple whose turning moment is equal to either 
force multiplied by the perpendicular distance AN 
between them (Fig. 3). 


“. Couple = Hm(AN) 


Hm. NS. sin 6. 

This couple vanishes when the magnet has a position 
parallel to H, the magnetic meridian, that is when 
6 = 0; which explains the setting of the compass 
needle in a N and § direction. 


The expression for the couple acting on the needle consists of three 


ll ll 


HIG. 3: 
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parts, H depending on the Earth, 6 on the position of the magnet, and 
m. NS depending on the magnet itself. The last quantity is called 
the magnetic moment M of the magnet. In the case of a fictitious 
magnet consisting of two point poles, it is the strength of pole multiplied 
by the distance between the poles, but the definition of magnetic moment 
from the expression es 
Couple = HM sing. . .)). . . (8) 


does not depend upon any such fiction, for any magnet may be 
suspended in a magnetic field and the couple required to maintain it in 
a given position measured, and M therefore found. 
If the magnet be maintained at right angles to the magnetic field, 
@-= 90° and sin 0 = 1. 
*, Couple = HM, 


and we may from this, define the moment of a magnet as the couple 
required to maintain it at right angles to a magnetic field of unit strength. 
We see that the expressions for the field due to a magnet become 


; 2Md 2M 
Case (i) ( — Fp or ar 
M M 


Case (ii) (PLP or a 


where M is substituted for 2ml, the length of the magnet being 21. 
An ordinary magnet cannot be said to have any definite length, as the 
pole is a collection of point poles, but if situated in a uniform field, the 
centre of force for all the parallel forces may be found, just as in 
a case of finding the centre of gravity of a body, and the distance 
between these two effective poles multiplied by the strength of either, 
may easily be seen to lead to the same definition of magnetic moment 
as was derived from the consideration of the couple in uniform field. 

The Magnetometer.—The position of equilibrium of a magnetised 
needle suspended in two magnetic fields at right angles to each other 
may now be found. 

H and F being the strengths of the respective fields and M the 
magnetic moment of the magnet, MH sin 6 is the couple tending to 
rotate it into the direction of H, and MF sin (90° — 6) = MF cos 6 
is the couple tending to rotate it in the direction of F (Fig. 4). The 
needle is therefore in equilibriura when these couples are equal, ¢.e. when 


MH sin 6 = MF cos 6 
F 
or, ii = tan 6. 


The same result might have been obtained by remembering that the 
magnet will set in the direction of the resultant field, and that the 


F 
resultant is inclined at an angle tan ~ a to the field H. 


The field F may be due to a variety of causes; later, when 
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considering galvanometers we shall have to treat it as due to an 
electric current in a coil of wire, but in the present case we may con- 
sider it to be due to a bar magnet. 

The magnet being situated E or W of, and at a distance d from, the 


1Us fe oa 


(ii) 
Wie. 4. Fie. 5. 


suspended needle O (Fig. 5, i), the field at O, due to the magnet, is 
2M 


and hence the needle O will come to rest when at an angle 6 to 


a’ 
its position of equilibrium with the magnet absent. 
2M 
Then, PH = tan 6, 
M @ 
or, ai = 5) tan 6. 


If the position (ii) be employed the magnet is situated N or 8 of 
the needle but still pointing E and W. 


M 


Then, PH = tan 6, 
or, = = ¢° tan ¢: 


If the length of the magnet is not so small that its square may be 
neglected in comparison with the square of the distance between the 
magnet and the needle, the more exact formule must be used, #.e., 


: 2 72\2 
Case (i) He = ae tan 6, 
Case (ii) a = (#? + P)? tan 6. 


Fig. 6 shows a common form of simple magnetometer for carrying 
out the measurements of deflection. The needle is a short one and is 
attached to a light pointer, which may be a fine piece of aluminium 
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wire, or a piece of glass tubing drawn out fine while soft. The sus- 
pension may be a silk fibre, or a needle-point bearing in an. agate cup. 
The whole instrument is placed so that the ends of the pointer are 
at.0° — 0° on the scale when no deflecting magnet is present. 


Fie. 6, 


There are several sources of error, but their effects may be eliminated 
by taking a series of readings, provided that the errors themselves are 
small, 

(a) The point of suspension may not be at the centre of the 
circular scale, and therefore both ends of the pointer are read. 

(b) The deflecting magnet may not be symmetrically magnetised, 
To eliminate this error the magnet is turned over so that its N and S 
poles change places and the readings are again taken. 

(c) The point of suspension may not be at the zero of the long 
straight scale, and therefore, the magnet must now be placed at an 
equal distance, according to the scale, on the other side of the needle 
and the previous readings repeated. 

In this way eight readings are made and the mean is free from the 
errors mentioned. In making the instrument care must be taken that 
the pointer is at right angles to the needle. If this be not done the 
zero line when the instrument is set up, will not be at right angles to 
the meridian, and the magnet will not be in such a position that the 
fields due to earth and magnet are at right angles. Consequently our 
equations do not apply. In order to make sure that the line joining 
the ends of the pointer is at right angles to the magnetic axis of the 
needle, the needle should be suspended and the positions of the ends 
of the pointer marked. Then the system should be turned over and 
suspended from the other side. If now the pointer covers its first 
position it must be at right angles to the magnetic axis, but if it does 
not, it must be bent or in some way moved until it indicates the same 
reading whichever way up the needle is suspended. 

By taking various distances and using Cases (i) and (ii) in turn, the 

3 
relations ¢ 7 tan 6, and a = d tan @, or, if the magnet is not 
short enough, the more exact relations, may all be verified. 


Again, since the quantity = has been found, we may, by changing 
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the magnet for another, find the ratio of the two magnetic 
momenis. 

a M, 3 
ad d, tan On aef = d, tan 6, 
. M, _ d} tan 6, 
“M, dy tan 6, 
or, by using the same magnet and transferring the magnetometer from 
one place to another, we may find the ratio of the earth’s horizontal 
magnetic fields at the two places. 


H, 
_ HH, 4 tan 6, 
°H,- d; tan 6, 

The form of the moving part in the simple magnetometer does not 
allow of great accuracy in observing the deflection, for the thickness 
of the pointer itself is quite a large fraction of the size of a division of 
an ordinary scale of degrees, and although error due to parallax is 
avoided by fixing the scale on a piece of plane mirror so that the eye 
may always be kept vertically over the scale, the image of the pointer 
in the mirror and the pointer itself being made to coincide, there is 
still the fact that the thickness of the pointer is perhaps 3, of the total 
deflection to be read. To make the scale larger would mean using a 
longer pointer, and thus a larger apparatus ; the increase in weight of 
the pointer would require a stouter support, which again would mean 
a loss of sensitiveness. What is wanted is a long weightless pointer, 
and fortunately this is exactly what we have in a beam of light. As 
the method of a reflected beam is so largely employed in the case of 
galvanometers as well as for magnetometers we will consider it some- 
what in detail, 

Fig. 7 is a plan of the arrangement, F is the filament of some 
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form of electric glow lamp, and its position is near the principal focus 
of the lens L, which is merely a condensing lens, to bring the light 
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from the filament into a suitable direction, The magnetometer mirror 
is usually concave, having a radius of curvature of about a metre, and 
produces upon the scale S an image of a vertical scratch upon the lens. 
The magnetic “ needle” consists of a few pieces of magnetised watch 
spring attached to the back of the mirror as shown at M’. The dis- 
tance LS upon the scale, where L is supposed to be the middle of the 
scale, is a measure of the deflection, and for many purposes this is all 
that we require. But if the actual angular deflection is required the 
distance LM from the mirror to the scale must be found; and thus 


remembering that the reflection occurring at the mirror doubles the 


: E : : ; SL 
rotation of the beam of light, actual rotation of mirror is } tan7 LM 


In most cases the deflection is so small that the angle and its tangent 
do not differ greatly, and then we may take the deflection as propor- 
tional to SL. Sometimes, instead of the lamp and lens we have a 
telescope, and in this case (Fig. 8) the suspended mirror is plane 
instead of concave, the telescope being focussed upon the image of the 
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scale in the mirror. The position of the cross wire in the eye-piece as 
seen upon the image of the scale, enables us to observe the deflection 
of the needle. 

Gauss’s Proof of the Inverse Square Law.—The two expressions 


2 ‘ 
for the strength of field near a magnet, (ar — py fF Case (i) and 


arr for Case (ii), are both obtained on the assumption of the 


inverse square law, and the resulting equations for the magnetometer, 
ee Ey tan 6 and —— (a? + FP)! tan 9, also in their turn depend 


ee od =, H 
upon the truth of the law. 
In either case, if we measure 6 for different values of d, we may 


prove the constancy of M. and thus demonstrate the truth of the inverse 


square law. It should be noticed that I the half-length of the magnet 
is not accurately known, since the poles are not at the ends, neither 
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are they point poles. However, / may be found to a first approxima- 
tion by taking two readings for @ and d, in one case, and equating the 


values of = obtained. We then have an equation in J, and this may 


then be calculated and substituted in the other determinations. This 
method is only an approximation ; it is better to use an exceedingly 
sensitive magnetometer so that reasonably accurate readings of the 
deflection may be made, with a magnet so small and so far distant that 
the relations = =5 tan 6, and o =d°* tan 6, may be used, With a 
length of magnet of 4 cms. at a distance of 50 cms. from the needle, 
d? = 2500 and 7? = 4, and thus the error involved in neglecting P in 
comparison with d? is about 0°16 per cent. In an actual case this caused 
a deflection of 15 scale divisions, with a probable error of one-tenth of 
a division. It is thus seen that the error introduced by neglecting P is 
decidedly less than the unavoidable error in reading the deflection. 

Employing the position of Case (i), Gauss observed the deflection 
for a given magnet at a given distance. He called this the “A” 
position. Next placing the magnet in the position of Case (ii), which 
he called the “ B” position, the deflection is again observed. 


a 
a 


Since, eo tan §, .. . (A), and <= d tan @,... (B) 
tan 6, 
tan 6, 
if the equations are correct. If the law of attraction were an inverse 
law of any other power than 2, let us say n, it may then be shown that 
tan 6, 
tan 6, 


it follows that 


For, referring to Fig.-1, 7 
Field at P- due to N = wo FF 


mt 


Field at P due toS = ———\ 
(eMC 
*, resultant field (4 + ¢) 
gg (Eo ee 
=n (a? are fy 7 
T n 1 n 
ees a 2“ i) ee (1 _ a) 
(d? = Py" 
nl nin—1) P nb n(n—1) 2 
1 ae=s pee = nb n(n—1) P 
=e ere ae hoe ssn e . 
1 n(n —1) ( edie 
n nn = n—2) B 
ad wi = . . . 
sz Leas pt \ 
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Now if ? is negligible in comparison with d?, then f and higher 


a 
I recent: / : 
powers of q are negligible in comparison with s2 and the expression for 
the resultant field simplifies to 
22min =nM 
qetit qt 


For the “ B” position of Gauss, referring to Fig. 2— 


) m 


(BP +2) 
.. resultant field = x ze a A 
(P +P) (+P) 
‘: 2ml 
(P+ PE 
If now /? in the denominator be neglected— 
Z Qml M 
Field = qe+i = qv+i 


and it follows that the deflections in the “A” and “B” positions of 
Gauss should be so related that— 

tan 0, _ 

tan 6, 


In the original paper of Gauss’ the couple is calculated for any 
relative positions of the two magnets, and for the purpose of the ex- 
periment is reduced to the simple forms of the “ A” and “ B ” positions. 
d varies from 1'1 metre to 4-0 metres and the deflection from 1° 57’ 
24:8" to 0° 2' 22-2” and the values calculated on the assumption of the 


mm: 7 eis 
law Fo p = agree with the observed results to within a few seconds, 


thus proving that the force varies as the product of the pole strengths 
and inversely as the second power of their distance apart. 

- Lines and Tubes of Force.—A field of force such as_a magnetic 
field, a gravitational field, or an electric field may, as we have seen, 
be completely defined at every point in terms of the force which would 
be exerted upon unit quantity of magnetic pole, matter, or, as we shall 
see later, electricity, if placed at each point in turn. If we imagine 
a free N pole placed at any point in a magnetic field, it will experience 
a force in the direction of. the field, and on allowing it to move freely 
it will evidently follow a path whose direction is, at each point the 
direction of the field. Such a path is called a line of force. The 


1 ©, BF, Gauss, Poggend. Ann., 88, p. 591, 1833, 
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conception of a line of force is important, as it naturally leads us to 
look to the medium in which the poles are situated, for the explanation 
of the forces between them, and it is this fact which makes the work 
of Faraday of such enormous importance. If at each point of the 
field, lines of force be drawn so that the number of lines per square 
centimetre is numerically equal to the strength of field at the point, 
and the process continued, it may be shown that such lines are con- 
tinuous curves, since they satisfy the same condition as the stream 
lines in the space occupied by a moving liquid; in fact, their resem- 
blance to such lines is a very close one. Owing to the discontinuity 
of such lines in space, it is sometimes preferred to surround each line 
by a tube, such that the tubes touch each other laterally and fill the 
whole of space. Thus the lines or tubes of force, by their direction, 
indicate the direction of the field, and by the closeness with which 
they are packed (number per square centimetre) the strength of the 
field. These tubes are not identical with the Faraday tubes of force, 
which will be described in Chapter V. 

If the tubes or lines be endowed with the property of being under 
tension or tending to shrink in length, and at the same time to expand 
laterally, just as tubes of a solid material under tensile strain would 
do, the forces between poles would follow ; but we must be careful 
not to push the analogy too far. Although the idea may be a useful 
one in concentrating our attention upon the medium rather than the 
poles, we must at present keep quite an open mind as to the material 
structure of the medium. 

The tension in the lines would tend to pull N and § together 
(Fig. 9, i), while the lateral push of the lines, together with the pull 


ee 


Fig. 9. 


(ii) 


of the lines t i 

eis. a o each side, would also tend to urge N and N apart 
Potential—-There is another way of defining a field of force. 

Just as the flow of heat occurs in the direction of greatest variation 

in temperature, so the resultant direction of the magnetic field is that 

in which a quantity which we shall call magnetic potential varies 
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most rapidly, Potential may be defined as a quantity whose space 
rate of variation in any direction is the strength of the field in that 
direction. This idea is common to all fields of force, and most of the 
results obtained here may be transferred, with mere alteration of the 
names of the quantities, to problems in gravitation, electricity, etc. 
From our definition of potential we see that if V is the potential 


, dv. : 
at any point 2, qa 8 the rate of change of potential as we pass from 


point to point, or the ratio of difference of potential to distance 
travelled, for a very small path. If then by definition of V, this 


dV 
quantity is the strength of field at the place considered, F = — ae the 


use of the negative sign being conventional and indicating that in 
magnetic problems the force between like poles is a repulsion, the 
potential diminishing as the distance from the pole increases. In the 


case of gravity we meet with attractions only and therefore F = — 
If a unit pole be placed at «, Fig. 10, the force experienced by it 
is given by the above expression, fF = — a The work done for 


a small movement dz is then 


Fde = — de = — dV, N At cee 
Fre, 10; 


A 
2 VZ=Vi- Va=-| Fda 
B 


which means that the difference in the potential between the two 
points A and B is the work done in carrying a unit magnetic pole 
from one point to the other. 

Now consider the force to be due to a N pole of strength m 


SM m, 
situated at N. The strength of field at x due to this is gor F= 2 


Potential can therefore only be measured by its differences, if there 
is no absolute zero of potential, and consequently we cannot speak of 
the absolute potential of any point. Nevertheless it should be noted 
that there is no difference of potential between two points, that is, 
they are at the same potential, when a magnetic pole may be conveyed 
from one of the points to the other without the expenditure of work, 
and that at an infinite distance from all poles the forces are zero, and 
therefore all points are at the same potential. If we choose as the 
zero from which potential shall be measured, this potential at infinity, 


; m 4 
we see on putting B = © in our equation, that V = ~ where V is now 


the potential at A due to the charge m. 
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The potential at a point may therefore be defined as the work done in 
bringing a unit N pole from infinity to the point. 


. mM 
The potential at distance r from a N pole of strength m is ee and at 


distance r from an equal § pole it is — =. 


Further, the work done in carrying a unit pole from any one point 
to any other is independent of the path by which the pole is taken: for 
if BCA be any path from B to A (Fig. 11), the work done is the same 

as in travelling from B to A’ along the 


AS straight line BDA’, provided that A and A’ 

We To ESe are equidistant from N. The path A’A, 
ac Al D B which is an arc of a circle, is everywhere at 
: eit right angles to the field due to N, so that 


no work is done in carrying the unit pole 
from A' to A. Hence the work for all paths such as BCA is the same 
as that for the path BDA’, and is therefore constant. 

The same conclusion is reached if we imagine the unit pole to be 
carried round any closed path, such as ACBDA’A. The total work 
done is zero, for everything is now in the same condition as at the 
start, and therefore the work done for the path ACB is equal and 
opposite to that for the path BDA’A, and is therefore equal to that for 
the path AA’DB. Hence whatever path we take from A to B the work 
done is the same in amount. 

Potential due to Magnet.—Referring to Fig. 1 we see that the 


potential at P due to N is + m; and potential at P due to S 


d—l 
ieee 
@ ceils 
. Actual potential at P = q es = a i 
2Qml 
PP 
_ M 
ide 


For a very short magnet the potential becomes 
In Fig. 2 
Potential at P due to N = + ——— 


oo ” ” S=- JVELP 
As these values are equal and opposite it follows that every point on 
the line bisecting the magnet at right angles is at zero potential, For 


ri EQUIPOTENTIAL SURFACES 15 


a point P on a line passing through the middle of the magnet ‘and 
inclined at an angle 6 to the magnet, drop perpendiculars from N and 
S on to OP (Fig. 12). 

' Then if the magnet is very small compared with the distance OP, 
we may without sensible error write 


QP = NP; and, RP = SP. 


Then, Potential at P=” — ™ 
z NET oe 
= Mm pes LES 
QP RP 
m m 


~ OP—0Q OP+OR’ 
If, as before, OP = d, and NS = 2] 


we have, 


Fie. 12. 


: _ m(OQ + OR) _ m. 21. cosd 
Potential at P = OP?—O0@ = OP?—0Q? ’ 


which for a very short magnet gives— 
M cos 6 
5 gs 
The same result would have been obtained if the moment of the 


magnet had been resolved into two.components, one along OP, whose 
value is M cos @, and the other perpendicular to OP, whose value 


Potential at P = 


is M sin 6; the potential at P due to the former is _ > : and that 


M 
due to the latter is zero, the sum of the two being a The 


agreement of this with the previous result, justifies us in resolving the 
magnetic moment into two components, and indeed justification is 
hardly necessary since magnetic moment is a vector quantity, since it 
has direction as well as magnitude, and may therefore be resolved or 
compounded like all other vector quantities, such as force, velocity, ete. 

Equipotential Lines and Surfaces.—A line or surface passing 
through points having the same potential is an equipotential line or 
surface. No work is done in carrying a pole along an equipotential 
line or surface, for the variation of potential along it is zero; and hence 
by definition of potential, it follows that there is no component of 
magnetic field along the line or surface, and no force tending to move a 
magnetic pole along it. From this reasoning it follows that lines of 
force and equipotential lines always cut each other at right angles, 
since if they did not there would be a component of the magnetic 
field acting along the equipotential surface. ; 

Force between Magnets.—The resultant force experienced by a 
magnet in a uniform field is zero, since the forces on the N and S 
poles respectively are equal and opposite, the quantities of N and §S pole 
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on any magnet being equal, In fact, this absence of resultant force is a 
most satisfactory proof of the equality of the two kinds of pole on a 
magnet. Ifa bar magnet be floated on a cork in the middle of a large 
vessel of water, it will experience a couple rotating it into the magnetic 
meridian, but the magnet will not move from the middle of the vessel, 
showing that there is no resultant force acting on it. 

In the neighbourhood of another magnet the field is not uniform, 
and there will be in general a resultant force. 

Consider the two short magnets NS and N’S' in Fig. 13. The 


field at S’ due to NS is = where 


distances are measured from the 
middle of NS. Hence the force on 


S' is ae . m', where m’ is the strength of pole of N'S’. 
x 
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The rate of change of the field due to NS, as we increase 2, is 
cee aids 
da\, a , 


a 


N'S' being a small magnet of length /, decrease in field in passing 


6M 
from S’ to N' =— = Vp 
M 
.. Field at N’ = rs - oe 
x te 
2M 6M 
-and force on N’ = ( is = L\ inl, 


Hence, resultant force on N’'S’ being the difference between the 
forces on 8’ and N’, | 
pf SM ie (OM poh Me 
Force on N'S' = —- ™ —( — — —! Jn 
wv x 
_ 6Mnil 


rae 4 


' 


a 

_ 6MM’ 

Fira 

In an exactly similar way, we may find the resultant force on N’S’ 

in the position shown in Fig. 14, but in this case we should 

S' note that the field is always parallel to NS, although the 
variation in field is at right angles to this direction, 


N! Taking y for the distance between the magnets, 
Force on N’ = a ma, 
y 


Rate of variation of field) d ( maa ee ak! 

in the direction of y §~ dy\ y* 5 
Ss N 3M 
oar’ 


ae 
Fic, 14. .*. Decrease in field in passing from N’ to S' = at 


| couple 
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and field at S’ = i - ny 
y y 


Force on 8S’ = i a oe 1) 
y 


= 
Resultant force on N'S’= M m — C pea 1)! 
y 7PON 


3MM’ 
yt 
and is in a direction parallel to NS, 


This force on the magnet N’'S’ must not be confused with the couple 


, and which tends to rotate it 


acting on it, the value of which is x _ 
e 


into parallelism with NS, but not to give it a motion of translation. © 
The existence of the resultant force explains the following apparent para- 
dox: If the two magnets NS and N’'S’ be placed on a floating platform, 
there is a couple acting on NS due to the presence of N’S’, the value 


2M'M MM’ 


of which is ae and N’S' at the same time experiences a couple — 
7 


due to the presence of NS. Since these couples are not equal and oppo- 


site, it would at first sight appear that there is a resultant couple acting 
on the platform due to the interaction of the magnets, which would make 
the platform rotate continuously. Such a rotation would involve the 
continuous expenditure of energy without any corresponding supply, 


which is contrary to experience, But the fallacy consists in neglecting 
! 


ee : - 
the force of translation ——— acting upon the magnet N’S’ at right 
4 


angles to the line joining the magnets, which is equivalent to a 
3MM’ 3MM’ 
a ae 
this couple would produce an anti-clockwise rotation, while the former 
2MM’ 


An inspection of Fig. 14 shows us that 


5 would produce a clockwise rotation, so that the difference, or cn 


is the resultant couple in an anti-clockwise direction. This is equal 
and opposite to the couple on NS, which is clockwise, so that the two 
are in equilibrium and the paradox disappears. 

Field due to Small Magnet.—The field at the point P due toa 
very short magnet may be found by resolving the moment M along OP, 
and at right angles to OP. The former component will produce a field 


be Bede represented by the vector PQ (Fig. 15), and the latter com- 
M sin 6 
Vid 
PR = /BQ + PP = Mv Toot pain = V1 + S008" 6, 
fo) 


ponent, the field represented by PT. The resultant field is 
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and its inclination to the line OP is RPQ. Now, 
ES ROR Cen 


Hence to find the direction of the resultant field at any point P, 
make the angle QPA = 6 = POV and drop perpendicular AQ upon PQ 
(Fig. 15). Bisect AQ in R and join PR. PR is then the direction 
of the field at P, Or if the perpendicular PV be drawn and bisected 


SON Vv 
Fia, 15. 


at U, angle UOV is equal to the angle RPQ made between the direc- 
tion PR of the field and that of the radius vector OP, and it is the same 
at all points along OP. By drawing the direction by means of short 
lines at a number of points along OP and again for a number of 
different radii, the direction of the field at a number of points is known, 
and the lines of force may be drawn with fair accuracy. 


In Fig. 16, the lines of force for an extremely small magnet have 
been drawn in this way. 


* Upad?4 


CHAPTER II 
TERRESTRIAL MAGNETISM 


Magnetic Elements.—Great importance attaches to an accurate 
knowledge of the condition of the magnetic field at the surface of the 
earth, both to the navigator for practical pur- 
poses, and to the investigator who attempts to 
describe and account for the magnetic state of 
the earth. This implies a knowledge, at every 
instant, of the magnitude and direction of the 
field at every place, but it is much more con- 
venient to represent the field at any place by 
means of certain elements or components, than 
to express it in terms of the resultant field and 
its direction. For the purpose of representation 
we choose those elements that lend themselves 
most readily to experimental determination, 
These are:—the Declination or angle which the 
magnetic meridian makes with the geographical 
meridian, a (Fig. 17) ; the Horizontal Component 
of the earth’s magnetic field, H, and the Dip or 
angle which the resultant field makes with the Fig. 17. 
horizontal, 6, and it will be seen that when these 

elements are known the field is completely determined, and may then 
be represented in terms of any other co-ordinates. But it must be 
borne in mind that the field is always changing, so that the elements 
undergo variations ; these will be considered later. 

Magnetic Meridian.—We have already seen that a suspended 
magnetic needle sets in a certain direction, approximately N and 8. 
A vertical plane passing through the magnetic axis of a freely sus- 
pended needle is called the magnetic meridian. This does not in 
general coincide with the geographical meridian, and its position may 
be roughly determined by observing the direction in which a compass 
needle will set ; but since the magnetic axis of the needle may not coin- 
cide with its axis of symmetry or geometric axis, the needle should 
always be turned over after the first observation has been made, and 
suspended from the other side. If the geometric axis makes an angle 
with the magnetic axis the needle will point EK or W of magnetic 
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north, but on suspending it with its other face upwards it will make 

the same angle on the other side of magnetic north. The direction of 

the magnetic axis and of the magnetic meridian will then be found by 

bisecting the angle between the two positions of the axis of symmetry. 

In Fig. 18, NS is the magnetic meridian. For many purposes the 
s! 


Fie. 18. 


prismatic compass (Fig. 19) may be usefully employed to find approxi- 
mately the direction of the magnetic meridian. Some distant object 
in a known geographical direction is sighted by means of the slot S and 
the wire 8’. By means of the right-angled prism shown in section at 
P the position of the image of the wire S’ may be read upon the scale 
of the compass card. The magnetic direction of the distant object 
being thus found, and its geographical direction being known, the 
position of the magnetic meridian is determined. 

Declination.—The angle between the magnetic meridian and the 
geographical meridian is usually known as the magnetic declination ; 
for nautical purposes it is called the Variation of the Compass, mean- 
ing its variation from a true north-and-south direction. In Fig. 17 
the plane containing H, I, and V is the magnetic meridian, and con- 
sequently the angle a is the declination. In the last described experi- 
ment the declination is found, but for its more accurate determination 
the Kew magnetometer, which will be described later, is employed. 

Dip.—A perfectly freely suspended magnet would not in general 
set in a horizontal direction, but along the line of the greatest strength 
of field. This is represented by I in Fig. 17, and the angle 6 between 
it and the horizontal is called the magnetic dip. A perfectly freely 
suspended magnet is of course an ideal which is unattainable, since the 
mechanical support must influence the angle at which the needle will set; 
in fact, a compass needle is deliberately, although perhaps unconsciously, 
placed in its suspension in such a way that it sets horizontally, and any 
tendency to dip is neutralised by suspending it from a point which is 
not its centre of gravity, so that the result of all the forces acting on 
it is to cause it to remain horizontal, If, however, a needle be mounted 
on a fine straight axle resting on horizontal knife-edges, and if the axle 
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pass through the centre of gravity of the needle, it can rotate in a ver- 
tical plane, and if this plane coincide with the magnetic meridian the 
needle will set with its magnetic axis along I, Fig. 17, and its inclina- 
tion to the horizontal will be the dip. The experimental determination 
of the dip will be described later. 

So far we have only determined the direction in space of the result- 
ant field I; if, then, we can find its magnitude or that of any component 
of it in a known direction, the field becomes completely determined at 
that particular locality. By far the most convenient component to 
determine is H, the horizontal component, and then knowing this, the 
vertical component V may be calculated. For from Fig. 17, 


and again, the total intensity I may be found, 
P= H?+ V*, 

For some purposes it is convenient to refer the earth’s field to three 
rectangular axes: OX, a horizontal line in the geographical meridian, 
true N and 8; OY, a horizontal line perpendicular to the geographical 
meridian, true E and W; and OZ a vertical line. f 

Then taking X, Y, and Z as the components of the earth’s 
magnetic field in these directions, 

X =H cos a =I cos 0 cosa 
Y =H sin a =I cos @ sina 
Z=V =I sin @. 

Vibrating Magnet.—Although there are several methods of deter- 
mining H, that which is most frequently employed is the magneto- 
metric method, its chief advantage over other methods being that it 
does not involve the use or measurement of electric currents. We 
have seen in Chapter I. how the ratio of M to H may be deter- 
mined for a given bar magnet, in terms of the deflection of a suspended 
magnetic needle, at a given distance from the magnet. The absolute 
values of M and H, however, cannot be determined by the magneto- 
meter, but only their ratio. A further experiment is required, to give 
us some other relation between M and H. 

Whenever a suspended magnet makes an angle @ with its position 
of equilibrium, a couple MH sin @ acts on it (see p. 5) which tends to 
restore it to that position. Thus the magnet must have an angular 


acceleration, and we may express the couple acting on it as the 
2, 


ae Sse 
product of its moment of inertia I and the angular acceleration qe" 


2, 
Then er + MH sin 6 = 0, since the algebraic sum of the couples 


acting on it must be zero, the effect of the forces due to the 
friction, etc., in this case being negligible. Further, if the value 
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of @ is never more than a few degrees, the angle itself in circular 
measure may be taken instead of its sine, and our equation is 
therefore— 


a6 
Tap + MH96= 0. 


As this type of equation will frequently occur, we will proceed 
to solve it. First write it in the form— 


a6 
a + FO= 0, 


H 
where /? is substituted for ae 5 


It is a homogeneous equation, and we can therefore obtain a 
solution in the form @ = e*, 
Differentiating this last equation twice, we have— 


a6 


qe t 


= ave", 
Bak n dO . : 
and substituting the values for 6 and 7p 2 the equation, we have-— 
“aest + ket = 0 
a2 =—K,anda=t/ —F 
— ets kv aos 
Thus there are two particular solutions— 

@ = ActV=1t, and, 6 = Be-*¥-"t, 

and the most general equation to the motion of the needle is— 
6 = AckV=1t 4 Be-kV=it 
where A and B are two constants that can be determined from 
the conditions of the problem. Thus, if the time be reckoned from 
the instant at which the needle is in the direction of the meridian, 
6 = 0 when t = 0, 
- A + B= 0; or, A=; 
and the equation may be written— 
(3) ee A(ekV=1t = ekV = it), 
Again, the angular velocity of the needle is— 

d@ 

dt 
and if this is w when ¢ and @ are zero— 

(6) 


A _— 
Ty aN ae 
w (ekVv—it — a 


ee te 


= k= VA(ev =i 4 “kV =it), 
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The term in brackets is the well-known exponential form of the 
sine of the angle kt, and also writing r = 6,, we have— 

= 6, sin kt: 
Thus we see that the needle executes simple harmonic oscillations, 
one complete oscillation occurring in time He for, on increasing ¢ 
by this value we get— 
@ = 6 sin CC > +) = fy sin (kt + 27) = 6, sin kt 

Qa 
ik 


‘ ere ee 2 
Calling the periodic time T, we have T = an and remembering 


and thus the motion is repeated after intervals of time 


a MLE / 
that kf = 7 We see that T = IN co 


Determination of M and H.—The moment of inertia I of the 
magnet may be found from its mass and linear dimensions. In the 


2 5 2 
case of a rectangular magnet, I = mass X dengen ieeteee , and for a 
2 Te2 
cylindrical magnet, I = mass X (Se aoe ). The time of 


oscillation is observed by suspending the magnet in the locality 
occupied by the needle in the magnetometer experiment and observing 
the time of a number of swings. Then from our equation we have 


MH = a, and the magnetometer experiment gave us i Combining 
these we have, MH x x = M’, or. MH +5 = H?, so that both M and 


H are now determined in absolute measure. 
Comparison of Fields by Vibration.—It may be noticed that 
| se a and hence, that if the same magnet be employed on different 


occasions I and M will be the same, so that, 7. = pp oF if n be the 
2 1 


See ee : : : Saal i 
number of oscillations made by the magnet in a given time, t= ae sO 
1 


) 
2 
that? = is This gives rise to a method of comparing the strengths 
2 \ Ny ; 
of magnetic field at two given times or places; for if the same magnet 
be allowed to oscillate on the two occasions and the number of oscilla- 
tions made in equal times observed, the ratio of the two field strengths 


is known. But it must be noticed that the fibre used to suspend the 
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magnet must be as nearly as possible torsionless, and further, the 
magnet must be carefully preserved from ill treatment, mechanical or 
thermal, or its magnet moment will not be 
the same on the two occasions. 

To determine the time of swing, the 
magnet is suspended in a vibration box 
(Fig. 20) by means of a silk support, the 
magnet being held in a double loop as shown. 
It is advisable to suspend some bar of ap- 
proximately the same weight as the needle 
before placing the magnet in position, in 
order that any torsion in the thread may be 
removed. If the suspension head be turned 
so that the solid at rest lies approximately in 
the meridian, then on replacing it by the 
magnet the suspending fibre will be very 
nearly free from torsion. The position of 
equilibrium of the magnet may be marked 
upon the front and back glass walls of the box and the magnet then 
given a small oscillation. At the instant of passing the equilibrium 
position in one direction, the time by the chronometer is noted or the 
stop-watch is started. At the passage across the equilibrium position in 
the same direction after fifty or one hundred swings the time is again 
noted, and the time for one oscillation may then be found by division. 

Equivalent Length of Magnet.—Employing the magnetometer 
(p. 9) the deflection may be found as there described, and the mean 


N s 
value of i found from the expression py = : tan 6 for the “A” 


oe M 
position of Gauss, or it d’ tan @ for the ‘‘B” position, The use of 
these approximate formule is justified if 7 is negligible in comparison 


with d’, or p is a less percentage of unity, than the percentage error 
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introduced in making the observations of deflection. The difficulty 
arises that if d is made very great, the deflection may be so small that 


the error in its measurement is considerable. Hence it is desirable 
to employ the more exact formula— 


M (@#— Pp ) 
Ao ay tan 8, and, I= (@ +E) tan 8, 


but unfortunately / is unknown, the poles being distributed over a 
large surfaces of the magnet. The effective value of L or 21, the length 
3 


of the magnet, may be found from two measurements of F tan 6, the 


' M : 
approximate value o W for two distances from the suspended needle, 
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and may then be applied as a correction to obtain the true value 


M 
i 


Calling = the true value, (f) the value found for distance d,, by 
aa 


M ~) 
using the approximate formula, and ( iT) that for distance d,, we see 
that— ; 


(0-2 ay 


i 
Since i is small, we may reasonably say that ds is negligible, 


and fonomberinig that L = 21, 
Sores 
Hy \AY: 2d 77° 
M 


M I? 
Similarly, a= ae = } 
\ 2 
ce (a), - G) saan), (i) wa 
2e a a, 


a eae (a) 


The quantity on the right being determined from measurements at 


: L? : 
two distances, we know the correction (1 — A to be applied to the 


and, 


approximate formula to obtain the true value— 


thus, a= =(F)(1 ~ 5a) = (Fr 1-343) 


The quantity = may be taken as one constant P, and if in addition 


i sie (a), yee € 


or 
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A, — A, Ale 5 at 2: 
Wane e Oe a= (a \ | - ga}: 
a? ~ dy? 
For the “ B” position of Gauss the correction may be applied in a 
similar manner— 


P\i 
B= @+P tan g=a(1 +=) tan 6 


(GD (0+8) 
:OG+seHbe-) 
( 


U 
Neglecting = and higher power of a we have as before— 


(H)(+5-q2)= A 0 +5-43) 


Substituting L for 21 we have— 


(GG +5-a3)= (a0 tea) 


w= (qm) (1+ m=G fs (a +7) 

Thus, from the deflection produced at any two distances of the 
magnet, the true value ft may be found; or, if it is desired, the 
equivalent length L of the magnet can be obtained. If this be found 
for any magnet, future determinations of a may be made by observing 


H 


the deflection for one distance of the deflecting magnet. 

The Kew Magnetometer.—The form of needle used in the Kew pat- 
tern of magnetometer is shown in Fig.21, It consists of a steel tube A - 
having a fine transparent scale S at one end and a lens L at the other, 
the scale being at the principal focus of the lens. The magnet is thus 
a collimator, and when the telescope is focussed for infinity ; and placed 
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_ co-axially with the magnet, an image of the fine scale will be seen in the 
_ focal plane of the telescope. If the suspension fibre be freed from 
* : BA 
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Fic, 21, 
(From Watson's “* Textbook of Physics.” 


torsion and the body of the magnetometer (Fig. 22) rotated until the 
image of the middle division of the scale coincides with the cross wire 
of the telescope, the azimuth 
of the telescope, as indicated 

- by the horizontal circular 
scale, gives the direction of 
the geometric axis of the 

- magnet. The magnet is then 
turned over and the position 

- of the geometric axis with 
reference to the horizontal 
scale again determined. The 
mean of the two positions is 
the azimuth of the magnetic 
meridian upon this scale. If 
the azimuth of the geographi- 
cal meridian also be found, 
the difference between the 
two gives us the magnetic de- 
clination. The geographical 
meridian is found by obsery- 
ing the image of the sun pro- 
duced by the mirror m in 
passing the cross wire of the 
telescope, it having been pre- 
viously adjusted so that its 
axis is horizontal, and the 
plane in which the normal 
travels as the mirror is turned 
contains the optic axis of the 
telescope. From the observed 
time of the sun’s passing the 
cross wire, knowing the longitude of the place of observation and the 
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equation of time, the direction of the sun at the time of observation is 
known, and thus the direction of true N and S also. ; 

‘The period of oscillation of the magnet may now be found with the 
arrangement just described. The magnet is given a small oscillation, 
and the time for 100 transits of the image of the middle scale division 
across the cross wire of the telescope in one direction, either from 
left to right, or right to left, is observed. This gives the time for 100 
oscillations, from which the time of one oscillation must be found. 
This must be corrected, for the fact that the fibre, although very fine, 
yet exerts some controlling couple on the magnet, and therefore shortens 
the period of oscillation. If the suspension head be rotated through 
90°, an angular deviation of a radian is produced and may be observed ; 


T : . : : 
then = — « is the twist in the suspension, and 


(5 i a) = MH sin o = MHa, 


where c is the couple exerted by the fibre for one radian twist, and a is 

the very small deflection produced by 90° rotation of the torsion head. 
When the magnet is at an angle 6 to the magnetic meridian, the 

restoring couple is now (MH + c)é@ instead of MH6@, and the time of 
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and we see that the square of the observed time of swing must be 


multiplied by the factor (’ +— in order to obtain the corrected 


uy _ 
3 a 
value of MH. 

Two further corrections must be applied; one for the fact that 
the magnetic moment of the magnet changes with temperature, and 
the other for the fact that, being in the earth’s magnetic field, its 
magnetic moment is greater than when, as in the deflection ex- 
periment, it is in an E and W direction. The first of these cor- 
rections is made by reducing the moment to that at 0° C. by means 
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of the factor {1 + q(é —%)}; thus M, = M1 + q(t — t)}, the mag- 
netic moment decreasing with rise of temperature: q must be found by 
a previous experiment for each individual magnet. The second correc- 
tion is applied by means of a factor in which it is assumed that the 
alteration in magnetic moment is proportional to the field in which the 
magnet is situated. This assumption is justified if the field is small, and 
further, the change in magnetic moment is proportional to the volume 
of the magnet, and depends on the position of the magnet in relation to 
the field, and the material of which the magnct is made (see Chapter X.) ; 
thus if M, is the moment in zero field or whenever the magnet is 
situated at right angles to the field, and M that when parallel to the 
field, M = M, +aVH,, where a is some constant depending on the 
nature of the material of the magnet. V is also constant, so calling 
aV =p we have M= M, + pH. 


» MH = MH + pH? = M.B(1 + eq). 
. 0 
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ENE, is small, and— 
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is known from the deflection experiment, and p is a constant 


M, 
for a magnet of any given size or material, so that the quantity MH as 
found from the vibration experiment may be corrected by means of the 


é H 
factor (1 fib me 
The square of the time of oscillation may thus be corrected for 
torsion of fibre, temperature, and alteration of moment due to the 
magnetic field, by a single factor, and 
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The moment of inertia I of the magnet and carrier may be found 
by adding a body of known moment of inertia and redetermining the 
time of oscillation. A brass cylinder which just fits into the space D 

of the carrier (Fig. 21) is employed. If I, is the moment of inertia 
of the cylinder, I, = m(a+7) and the time of vibration is now 
ike = Qa I + I ° 
M 
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from which, l= Lae 
— 


I being found in this way, the value may be used for any number of 
vibration experiments with the same magnet, since it is a mechanical 
constant and is independent of the magnetic condition of the 
magnet. 

To perform the deflection experiment for the determination of 
et the box B (Fig. 22) is removed, and a small magnet with mirror 
attached is suspended by a long fibre. The telescope is focussed upon 
the image of the scale 8, Fig. 23, in this mirror, and the collimator 
magnet of the vibration experiment is placed in the V rests at M 


upon the carrier, which may be set at different distances from the mirror 
needle by moving it along the graduated bar XY. In this experi- 
ment the deflection of the needle is not observed, as we should then 
have to apply a correction for the torsion introduced into the fibre 
when the needle rotates, but instead, the body of the instrument is 
rotated until the middle division of the scale coincides with the cross 
wire of the telescope, and this rotation is measured by taking the differ- 
ence between the various readings upon the horizontal circular scale 
with and without the presence of the collimator magnet M, In this 
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ease, field due to magnet NS is ae and couple on needle is am, 


where m is the magnetic moment of the needle (Fig. 24). 
. Restoring couple due to earth’s field H, is Hm sin 0. 
2M 


oe pm = Hm sin 6 
My diz 
A= 7 824. 


Thus we must replace the tangent by the sine in our previous calcula- 
tions, but otherwise no change is made. This is known as the “ sine” 
method, and its chief advantage lies 
in the fact that when the suspended 
magnet is in equilibrium, the observ- 
ing telescope and the needle are in 
the same relative positions as for the 
zero position, and hence there is no 
twist in the suspension fibre. 

The collimator magnet M is then 
reversed end for end and the deflec- 
tion again observed, to correct for 
want of symmetry in the distribution 
of poles on the magnet, and the mag- Fig. 24, 
net is then moved to a position at 
the same distance on the other side of the suspended needle and the 
observations repeated. Another distance is then chosen and the read- 
ings made again, so that the correction for length of the magnet M as 
described on p. 25 may be applied. The temperature correction is 
applied as in the vibration experiment. 

Determination of Dip—The Kew pattern of dip circle is shown in 
Fig. 25, The dip needle itself is a thin steel magnet AB provided with 
a fine steel axle which rests on agate knife-edges shown at K, K’. 

It is carried by the V supports L, L’ which may be raised and 
lowered by turning the milled head E. In making a reading, the 
observer must continually raise the needle and lower it, in order to 
bring the axle constantly to the centre of the circular scale, since as 
the needle swings it rolls upon the axle and travels from the centre 
of the scale. The body of the instrument may be rotated about a 
vertical axis and its azimuth read upon the horizontal scale H, The 
position of the needle with reference to the vertical or actual dip circle 
is found by rotating the arm which carries the microscopes M, M’ until 
the cross wires appear to coincide with the tips of the needle, the 
verniers being then read. 

To begin observations, the instrument is levelled and then 
rotated about its vertical axis until the needle sets vertically, 
i.e. reads 90°—90°. The plane in which the needle rotates is 
then at right angles to the magnetic meridian. For, let the plane 
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AB (Tig. 26) be the plane of rotation of the needle, and let it make 


angle § with the magnetic meridian HB, ; 
Resolving the magnetic field I into three components X and Z in 
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this plane, and Y at right angles to it, X being horizontal and Z vertical, 
X = H cos 8 =I cos 6 cos 8 
Y = H sin 6 =I cos 6 sin 8 
Z= sin 0: 
Y, being in the direction of the axle, will not exert any turning moment 
about it, and the needle will therefore set along the resultant of X and 
4. If we call 6’ the angle that this resultant makes with the horizontal, 
ys I sin 6 tan 6 
X ~ Tcos 6 cos 8 ~ cos 8 


: hate I si Z 
6 is the true dip given by tan 6= so Ee a and is for the pre- 


tan 6’ = 


sent, treated as a constant quantity at the given locality. 
If now, 6 = 90°, tan 6’ = w 
“.cosd=0, andd = 90° 
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Thus the plane of rotation of the dipping needle is at right angles 
to the meridian, and on rotating the instrument about its vertical axid 
_ through 90° as determined by the horizontal cireh 
_ the plane of rotation of the needle will be brought ~~ A 
into the meridian, and the measured dip will then 4 <-7~™ 
be the true dip. Note that if 6=0, cos 8=1, 
and tan 6’ = tan 0. 

Another method of using the circle consists 
in measuring the dip in any two positions of the 
circle the angle between which is 90°. The 
instrument is clamped to its vertical axis and 
the position upon the scale FG noted, and the dip 
- in this position is found. 

If 6 is the angle between the plane of rota- 
tion of the needle and the magnetic meridian, 
and @, the observed dip, we have already seen 


that tan 6, = oe On now rotating the instrument through 90°, 


s0 
and again observing the dip 6,, we have— 
pete tand tan 6 
~ cos (8+90°) —sind 
1 cos” 6 1 sin” 6 
** fan? 6, ~ tan? 6’ oe tats 6, tan? 6° 
: d 1 1 
pdding, we-get tan? 6 ~ tan? 6, + tan? 6, 


Errors in determining Dip—In measuring the dip there are 
several errors to be eliminated, and if these are small, the mean of 
the following readings will give the true dip :— 

(i) The positions of the two ends of the needle are read, in order 
to correct’ for the fact that the centre of rotation of the needle may 
not be at the centre of the vertical circle (Fig. 27 (i)). 


(i) (ii) (iti) (iv) 
Fie. 27. 


ii) The instrument is rotated through 180° about the vertical 
axis, and the two previous readings repeated, since the 0°—0° line of 
the vertical scale may not be horizontal and the apparent dip, if too 
great in the first position, will be too small by an equal amount in the 
second position. The zero line after rotating the instrument through 


180° is 0'—0' (Fig. 27 (ii)). : 
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(iii) The needle is turned over on its bearings and the previous 
four readings repeated, because the magnetic axis of the needle 
may not coincide with its geometric axis as described on p. 20 
(Fig. 27 (iii)). Sine, = ha 

(iv) The magnet is remagnetised in the opposite direction, so that 
the end which dipped previously now points upwards. This is the 
only way of correcting for the fact that the axis of rotation may not 
pass through the centre.of gravity of the needle, a small couple due 
to gravity causing the needle to rotate from the position of true dip 
(Fig. 27 (iv.)). The previous eight readings are repeated and the 
mean of the whole sixteen taken as the true dip. The individual 
readings should never differ by more than a degree from the mean, if 
the instrument is properly constructed. 

Magnetic Maps.—The three magnetic elements, Declination, Dip, 
and Horizontal Intensity, having been observed at a great number of 
stations, the question arises as to how the results may be represented 
to the greatest advantage. Many methods have been employed, but 
the most frequent is to draw lines upon a map, passing through all 
points for which one of the magnetic elements has a common value. 
Thus three maps are required, one for the representation of each 
element, or the three may be represented upon one map. Lines pass- 
ing through points having the same value of the declination are 
called Isogonal lines, those passing through points for which the dip is 
the same are Isoclinal lines, and Isodynamic lines are those passing 
through points for which the horizontal intensity is the same. 

In Fig. 28 the isogonals for the year 1910 are represented on a 
map of the world drawn on Mercator’s projection. They converge 
towards four points upon the earth’s surface, namely, the two graphical 
poles, and two other points, called the magnetic poles. There are two 
chief agonic lines or lines of no declination, at all points of which the 
compass points towards the geographical poles. One of these agonic 
lines passes from the magnetic north pole to the geographic south pole 
by way of America and the Atlantic Ocean, and the other from the 
geographic north pole to the magnetic south pole through Eastern 
Europe, Arabia, the Indian Ocean and Australia. Along some line 
joining the magnetic and the geographic north poles, the declination is 
180°; the N pole of the compass points towards the magnetic pole and 
therefore away from the geographic pole. A similar state of affairs 
exists between the magnetic and geographic south poles. These points 
can be much better realised by drawing the isogonals upon a globe, 
and cannot be adequately represented upon a plane diagram. 

East of the American agonic line the declination is westerly, that 
is, the compass needle points west of true north; the isogonals of 
westerly declination are full lines in Fig. 28. The isogonals of easterly 
declination are dotted lines and lie west of the American agonic line. 
It will be seen that the isogonals are far from being regular curves, 
They reach their greatest irregularity in Eastern Asia, where there is 
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a district surrounded by a closed agonic line within which the declin- 
ation is westerly. This is called the Siberian Oval. 

Instead of isogonals, the lines which indicate the direction of the 
magnetic meridian are sometimes plotted. These are called lines of 
magnetic longitude, or Duperrey’s lines, and they are more regular than 
the isogonals. They also differ from the isogonals in converging to 
only two points—the magnetic poles. 

The lines of equal dip, or isoclinals, are much more regular than the 
isogonals ; they approximate to circles on the sphere, having poles at 
the magnetic poles. The line of no dip, or the magnetic equator, is 
shown in Fig. 28. It crosses the geographic equator twice, once in 
the Atlantic and once in the Pacific Ocean, and lies south of it in the 
American Hemisphere. The other isoclinals are roughly parallel to the 
magnetic equator, and therefore correspond to parallels of latitude. 
The points at which the dip is 90° are the magnetic poles. The North. 
magnetic pole was reached by Sir James Ross in 1831 and found to be 
in longitude 96° 43' W., latitude 73° 31'N. The South magnetic pole was 
reached by Sir Ernest Shackleton’s expedition on 16th January, 1909, 
the magnetic observations being made by Dr. Mawson,’ who found the 
dip to be 90° in latitude 72° 25'S., longitude 155° 16’ E. It will thus be 
seen that the magnetic poles are not quite at opposite ends of a diameter 
of the earth. The approximate magnetic axis of the earth makes an 
angle of about 17° with the axis of rotation. 

Theory of Terrestrial Magnetism.—As a first approximation, the 
earth’s field may be represented as that due to a short magnet placed 
at its centre, whose direction is in the line 
joing the magnetic poles. To represent 
consistently the magnetic condition of the 
earth, we must assume that the pole of this 
fictitious small magnet which lies under the 
North magnetic pole, has pole of the kind 
which we have called 8, or South seeking, for 
it evidently attracts the N pole of a suspended 
magnet and repels the S pole. For such a 
magnetic condition, the dip needle would be 
horizontal at such points as A and B (Fig. 29) 
and vertical at C and D. The latter corre- 

Fig, 29, spond to the magnetic poles, and the former 
lie on the magnetic equator. At a point, 
P, such that the angle subtended by the are PC at the centre is a, or 
the “ magnetic latitude ” A is (90° — a), we can easily find the dip. For 
calling m the magnitude moment of NS, and R the radius of the earth, 
Component of moment along radius P = m cos a 
= m sin A, 


and the field at P due to this is a and is vertical. 


1 E, Shackleton, The Heart of the Antarctic. 
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Component of moment perpendicular to radius P is 


msina = mcosA, 


and field at P due to it, is Bo and is horizontal. 
: k 2m sin » R* 
If, then, 0 is th = : 
, then, @ is the dip, tan 6 R RN 
=P Ua As 


As a rough approximation this is useful, but a glance at Fig. 28 
shows that no such simple representation of the earth’s magnetic con- 
dition is possible. 

The fact that the magnetic field of the earth is probably due to 
magnetisation of the earth’s material was first pointed out by Dr. 
Gilbert, of Colchester, who constructed a model, or terella, of magne- 
tite, and showed that a small suspended needle in the neighbourhood 
of it, dips as a needle does in the earth’s field ; but he made the mistake 
of assuming that the magnetic poles were at the ends of the axis of 
rotation of the earth, and attributed the declination of the compass to 
irregularly disposed masses of magnetic material in the earth. 

The greatest step forward in the theory of terrestrial magne- 
tism was made by Gauss.1 By mapping out a closed path upon 
the earth’s surface and resolving the horizontal component of the 
earth’s field along it, he obtained the quantity H cos 6 at each point, 
and by finding the quantity fH cos 6.ds for short steps ds, taken 
round the closed path, he found that the result is zero, Hence the 
magnetic field is not due to an electric current flowing through the 
curve, that is, there is no vertical current (see p. 231). For this pur- 
pose he used a triangle, with Géttingen, Milan, and Paris, as vertices, 
and found the above to be true within the error of observation. He 
also calculated the value of the potential at all points upon the earth 
in terms of the horizontal field at a limited number of places, and so 
obtained the values of the total intensity and dip all over the earth. 
The mathematical discussion is beyond the scope of this book, and the 
student who is interested in the matter is referred to Gauss’s original 
memoir, or, for a short account, to A. Gray’s Treatise on Magnetism 
and Electricity, Vol. I. 

Amongst other results, Gauss calculated that the north magnetic 

_pole would be in latitude 73° 35’ N., longitude 95° 39’ W., and the south 

magnetic pole in latitude 72° 35'S., longitude 152° 30’ E.; also the 
magnetic moment of the earth to be about 0°33R*, where R is its 
radius. ¢ 

On p. 266 we shall see that the magnetic moment of a uniformly 


magnetised sphere is #7R*I, where I is the intensity of magnetisation, 


1 Gauss, Allgemeine Theorie des Erdmagnetismus. Result, d. Magnetischen 
Vereins, Leipzig, 1839. 


38 ELECTRICITY AND MAGNETISM CHAP. 


and therefore, considering the earth to be a uniformly magnetised 
sphere, its intensity of magnetisation would appear to be 


ee: 
37 4a 
= 0:08. 


The saturation intensity of magnetisation of iron or steel is of the 
order 1500, and we thus get an idea of the intensity of magnetisation 
of the earth required to produce its magnetic field. ‘The surface layers 
of the earth are not capable of so great an intensity of magnetisation 
as is required by Gauss’s theory, so that either the interior of the earth 
is much more highly magnetic than the layers near the surface, or the 
magnetic field is due to some other cause, such as circular electric 
currents flowing from east to west. The theory of the earth’s per- 
manent magnetic field is far from complete. 

Variation in Magnetic Elements.—The magnetic elements at all 
points are continually changing, and the change may be resolved into 
a number of quasi periodic components, together with sudden and 
irregular changes known as magnetic storms. 

(i) Secular Variation—The declination at all points is undergoing 
a long period change. Records of the declination do not go far enough 
back for us to compute with accuracy the periodic 
time of the secular variation, but it is of the order 
of magnitude of 960 years. In 1580 the declina- 
tion at London was 11° 15’ E.; in 1600, 53° E. 
According to an observation in 1633 it was still 
4° 5' E., and in 1659 it was zero, the compass at 
London pointing due north. Later observations 
show a westerly variation, 103° in 1709, to 244° 
in 1820, when it reached its maximum, and has 
since been diminishing. At the present time (1911) 
it is 15° W., and it is probable that in 2139 it 
will again be zero. It was pointed out by Lord 
Kelvin that the magnetic system is slowly rotat- 
ing from east to west, making a revolution in 
960 years, so that in 960 years the magnetisation 
lags behind the earth by one rotation. The 
magnetic north pole describes a small circle of about 17° radius, and 
the effect of this rotation upon the declination at any fixed point may 
be seen from Fig. 30. 

(ii) Annual Variations.—There is a variation in declination whose 
periodic time is one year, which occurs simultaneously in opposite 
directions in the northern and southern hemispheres, the amplitude at 
London being about 2)’. The maximum easterly deviation occurs in 
August, and the westerly in February. 

(iii) Daily Variation.—Changes in the earth’s field having a period 
of 24 hours are also observed. In Fig. 31 curve A gives the typical 
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variation 66 in the declination in this country. This reaches a limiting 
position about 4’ east of its mean position just before 8 a.m. and a 


Zam4 6 8 10 Non 2 4 6 8 lpm 
Fig, 31. 


maximum 5’ west at 1.0 p.m. The variation 6H horizontal intensity 
(B) reaches a minimum at about 10 a.m. and a maximum at 7 p.m., 
while the variation 64 in dip (C) reaches its maximum at 11 a.m, and 
its minimum at 7 p.m. 

The daily variation is not constant, that is, it does not go through 
the same course on different days. The magnitude of the change is 
shown in Fig. 32, taken from the results of Dr. Chree,' in which the 
curve O represents the variation in 
declination on ordinary days, Q that 
for very quiet days, and D that for 
days of considerable magnetic disturb- 
ance, the values taken being means 
over an eleven-year period. 

Professor Schuster? has investi- ir 
gated the phenomenon of the daily 
variation, and has come to the con- __, ee Ke] 
clusion that it is due to causes external _,, 
to the earth, probably to electric cur- _,, 
rents in the atmosphere ; and the daily _,, 
magnetic variations cause induced cur- _,, 
rents in the earth, which reduce the 6am Noon. 6pm. 
amplitude of the vertical and increase Fra. 32, 
that of the horizontal component, The 
earth currents which would produce these magnetic effects are of such 
a character that they indicate that the earth is not a uniformly con- 
ducting sphere ; the upper layers conduct better than the lower layers, 
And further, the observed daily variation is similar in character to 
that which would be produced by the motion of the atmosphere due 
to the tidal action of the sun and moon, or periodic variations of the 


1 OG, Chree, Phil. Trans, vcl. 208, A, 1907. 
2 A, Schuster, Phil, Trans. Loy. Soc., vol, 180, Part I. 1889, 
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barometer, provided that the atmosphere is in such a state that the 
smallest electromotive force will produce current. ; 

The daily variations in the horizontal component of the earth’s 
field have been represented by v. Bezold in a very convenient form. 
A vector, representing in magnitude and direction the variation in H 
from the mean at any instant, is drawn from the point oO (Fig. 33). 
During the day this vector makes a complete revolution, and its 
extremity describes the curve in the figure, upon which the appropriate 
times of day may be indicated, and the vector representing any 
required time may be seen. It is then found that for all points on 
the earth having the same latitude, the vector diagram of daily 
variation has the same shape, and by placing the axis AB in the 
direction of the meridian, the vector at any moment representing the 
variation, can be added vectorially to that indicating the mean hori- 


Sun spot —> oO 
Frequency 


Fig, 34. 


zontal component of the earth’s field at that point, to obtain the actual 
horizontal component and the direction in which the compass would set. 

The daily variation is less in winter than in summer. 

(iv) Magnetic Storms.—Simultaneous variations in the magnetic 
elements over the whole earth are frequently observed, the magnetic 
needles at the observatories undergoing rapid and sometimes enormous 
disturbances. 

Eleven-Year Period.—On recording the frequency of sunspots and 
the magnitude of the daily variation in the magnetic elements, a sur- 
fe ak ee between the two phenomena becomes apparent 

1g, ; . 

It is thus seen that the period of eleven years, during which the 
frequency of the occurrence of sunspots goes through a cycle, coincides 
with the period of change in the magnitude of the daily variations. In 
the diagram 66 is the amplitude of the daily variation in minutes of 
arc, and dH is the variation in the horizontal intensity expressed as a 
fraction of the whole amount, The diagram is given by A. Nippoldt,! 
and exhibits very clearly the parallelism in. the three quantities. 


A. Nippoldt, Hrdmagnetismus, Erdstrom and Polarlicht. 
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Cause of Variations.—The origin of the earth’s magnetism is still 
a matter for investigation, but the variations, although not thoroughly 
understood, have been explained on the assumption that the sun is 
emitting a radiation similar to the kathode rays, met with in a vacuum 


' tube in which an electric current is passing (Chap. XV.). Such rays 


consist of minute particles, which, in passing through a gas such as our 
atmosphere, render it conducting for the electric current. Any potential 
difference between different localities in the upper layers of the atmo- 


‘sphere would then give rise to electric currents, and such currents 


having a magnetic field associated with them would, of course, affect 
the magnetic needle. Such phenomena as the eleven-year recurrence 
of the maximum daily variation lends colour to such a theory, for the 
radiation of all kinds from the sun, changes with the nature of its 
surface. Also the daily variation itself may be due to the same cause ; 
although it must not be forgotten that the changes in temperature due 
to the alteration in the amount of radiant heat received from the sun 
may help to cause the observed variations. It may also be noted that 
Bauer’ noticed a small wave-like disturbance of the suspended needle, 
as the moon passed over the sun’s disc, in the total eclipse of 1900, 
which was similar in character to the solar-diurnal variation, but 
smaller. This change took place at all the observing stations as the 
moon’s shadow passed over them. 

Lord Kelvin showed that any attempt to attribute the variations to 
direct changes in the magnetic condition of the sun must fail, as the 
amount of energy that must be radiated by the sun, in an ordinary 
magnetic storm lasting a few hours, would be about equal to the 
radiation from the sun in the form of heat and light, which takes place 
normally in an interval of several months. It is much more likely that 
some radiation, as above mentioned, which does not involve a great loss 
of energy by the sun, but which changes the electrical conductivity of 
the upper layers of the atmosphere, supplies the condition for the 
atmospheric currents, the source of energy of the currents lying in or 
near the earth itself. 

Magnetic storms are not always accompanied by Auroral displays, 
but the latter are always associated with magnetic disturbances. Also 
the form of the Aurora Borealis is frequently such as might be ex- 
plained by streams of kathode ray particles entering the magnetic field 
of the earth (Chap. XV.); and again, the spectrum of the Aurora is 
a line spectrum, showing that it is not reflected sunlight; and in it the 
lines of nitrogen, argon, neon, and xenon have been detected, a fact 
which points to the conclusion that the light is emitted by the passage 
of an electric discharge through the atmosphere. : 

Recording Instruments.—For the purposes of a magnetic survey, 
portable instruments are necessary, since the magnetic elements ata great 
many places must be determined. These instruments (pp. 27-32) are 
notof great precision ; and are incapable of measuring small variations 


1 Jy, A, Bauer, Terr. Mag. and Atmos. Elect., XV. 2, June, 1910, 
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in the earth’s field. Consequently, at certain observatories recording 
instruments or magnetographs are erected, which give a permanent 
record of the small variations in the terrestrial magnetic field. The 
three types of instrument record respectively variations in declination, 
horizontal intensity, and vertical intensity. : 

The declination magnetograph is an instrument in which a beam of 
light, reflected from a mirror attached to a suspended magnet, falls upon 
a sheet of photographically sensitive paper wound upon a drum which 
rotates at constant speed, the curve traced upon it indicating the 
variations in the declination. The instrument is thus a combination of 
the reflecting magnetometer and the chronograph. 

In the instrument designed by Watson,’ nine small permanent 
magnets are cemented in an aluminium centrepiece, which is suspended 
by a phosphor-bronze strip, the magnetic system being situated inside 
a massive block of copper, to cause oscillations to be rapidly damped 
out (p. 251). The employment of phosphor-bronze for the suspension, 
renders the reading of the instrument almost independent of tempera- 
ture, for the elasticity of the phosphor-bronze decreases as the 
temperature rises, and the magnetic moment of the magnets likewise 
decreases. Hence the deflecting and the controlling couples rise or 
fall together, with alteration of temperature. 

In the case of the horizontal variometer the suspended magnetic 
system is rotated, either by twisting the suspension or by means of 
compensating magnets, until its magnetic axis is perpendicular to the 
magnetic meridian. Eschenhagen,’ using a quartz suspension, twisted 
the torsion head until the magnetic axis was 90° from the meridian. He 
also used two mirrors upon the suspended system, so that the doubling 
of the deflection due to reflection occurred twice, with corresponding 
increase in sensitiveness. If M be the magnetic moment of the system, 


6 the angle made with the meridian, and a the number of degrees of 
twist in the suspension, 


MH sin 6 = ca. 
When, 6= 90°, MH=ca, and, M8H = céa, 
dH _ da céa 


es in ait and, 6H = M 
Thus, a given change 5H will cause a bigger deflection, the smaller c 
and the greater the value of M. Hence a fine suspension fibre is used, 
and a is great, amounting to several revolutions, in order to maintain 
the magnet at right angles to the meridian. 
As H varies so does 0, and the movement of the reflected beam of 
light is recorded photographically. @ never differs much from 90°. 
The scale of the record is calibrated by causing a deflection by means 


of a small magnet of known moment, placed at a distance from the 
instrument (see p. 6). 


' W. Watson, Terrestrial Magnetism, vi. 1901. 
* M. Eschenhagen, Terrestrial Magnetism, v. 1900. 
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: The vertical intensity magnetograph is usually a magnet, mounted as 
in the case of the dip circle, to rotate about a horizontal axis, the plane 
of rotation being the magnetic meridian. The end of the needle, which 
would ordinarily set upwards, is loaded until the needle is horizontal 
and the horizontal component of the earth’s field does not give rise to 
a couple tending to rotate the needle. Owing to the direction of the 
needle being perpendicular to the earth’s vertical component, any 
variation in this, causes corresponding variation in the position of 
equilibrium of the needle, and its movements are recorded by the beam 
of light and photographic drum as in the last two cases. 

In order to respond to rapid changes in the magnetic field, the 
magnet must be as light as possible, and when supported upon knife- 
edges, any mechanical disturbance will cause such a needle to move 
about in azimuth, with loss in definiteness of the record ; also change 
in temperature produces alteration in the magnetic moment of the 
magnet, with resulting change in the position of equilibrium. 

To get over these difficulties Watson! attaches the magnets, which 
are 8 cms. long and 1 mm. in diameter, to a quartz plate, to which the 
horizontal suspension fibres are fused. 
The arrangement is shown diagram- 
matically in Fig.35. EE is a slab of 
fused quartz, the upper face of which 
is polished and constitutes the mirror. 
The rods B and C are part of this, 
and serve both to carry the magnets 
M, M’, and for the attachment of the 
quartz fibres AB and CD. At Aisa 
spring of fused quartz, to which is 
fused one end of the fibre AB. The 
attachments at B, C, and D are all 
made by fusing the fibres on to the 
quartz rods, so that the suspension 
consists entirely of homogeneous fused quartz. At D is a torsion head, 
the adjustment of which serves to set the magnets horizontal. Pisa 
45° reflecting prism, to enable the readings to be made by means of 
a horizontal beam of light. 

The small adjustable weight w is placed in such a position that the 
ends M of the needles, which usually point upwards, are now depressed 
below the level of the axis, and the magnets are brought into a horizontal 
position by rotating the torsion head D, in a clockwise direction. The 
earth’s vertical magnetic field tends to raise MM and depress M’M’, 
and any variation of the field is observed by the corresponding rotation 
of the magnets and the attached mirror E. 

By the construction chosen, the apparatus is practically free from 
error due to change of temperature, for if this rises, the magnetic moment 
of the magnets decreases and the ends MM would be depressed, But 


1 W. Watson, Proc. Phys. Soc. Lond, XIX, 11, 1904, 


Fig. 35. 
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the rigidity of the quartz fibres increases with rise of temperature, and 
so the couple exerted by them increases, causing the ends MM to be 
raised. The two effects are therefore opposite, and by adjusting the 
position of the small weight w, and the torsion in the fibres, the 
apparatus may be compensated for temperature change. 

The Kelvin Compass.—Several improvements in the old form of 
ship’s compass were introduced by Lord Kelvin ; the old ones being 
generally too large, and slow in movement. The Kelvin pattern is now 
universally employed. It has a ten-inch card, consisting of a thin 
sheet of aluminium or paper, on which a scale is pasted, or drawn, and 
varnished. The middle portion is removed for the sake of lightness. 


2 


Y 


a 


In the middle is the system of magnets (six or eight) slung on to 
radial threads, giving a system of high magnetic moment and very 
small weight. Any oscillations in the magnet are therefore of small 
amplitude and are damped out much more rapidly than with the older 
and heavier magnets of proportionately smaller magnetic moment. In 
many of the modern compasses the card is floated on methylated spirit 
which takes most of the weight off the needle-point, and also serves 
to damp vibrations. 

Method of Applying the Variation of the Compass.— In navigating 
a ship the officer must, after determining his true course from a chart, 
apply the magnetic variation, in order to obtain the magnetic course, 
or course according to the compass, along which he has to sail. The 


is to be added to the true course to obtain the 
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method of applying the variation (declination) may be seen from Fig. 37, 
If the variation is E, the ship’s course when west of north or east of 
south is apparently increased, and the variation 

> 
* 


y 
Ss 
S 


_ magnetic course. Thus if the true course is 6° ,, 

_ west of north and the variation is a° east % 
(Fig. 37), the magnetic course is (@ +a), W of 
N. If the variation were a° west of north the 
magnetic course would have been (9 — a), W of 
N. By a similar process the true course may be 
found from the magnetic course when the varia- 
tion is known. 

- Deviation due to Ship’s Iron.—In addition. 
to the declination or variation, which is obtained 
from a chart similar to that on p. 35, dis- 
turbances caused by the magnetisation of the iron of the ship itself 
must be taken into account. In ships constructed largely of iron and 
steel, these deviations from the chart direction of the compass are 
usually considerable, and unfortunately they are generally variable. 
This necessitates their frequent determination for every ship; the 
process is called “swinging the ship.” 

The magnetic direction of a given distant object being known, the 
ship is allowed to swing round to as many points of the compass as 
possible, the magnetic bearing of the distant object by the standard 
compass on board, being taken and recorded. The difference between 
this and the known magnetic bearing of the distant object, is the devia- 
tion produced by the ship’s iron. The true magnetic bearing is 
frequently determined by sending a compass ashore and observing the 
ship’s bearing according to the shore compass. The magnetic bearing 
of the shore compass is then known, since it is 
the complement of the bearing of the ship accord- 
ing to the shore compass. The deviation for each 
magnetic bearing may be applied as a correction 
to the variation, in a manner similar to that in 
which the variation was applied to the geographi- 
cal bearing. There are many ways of record- 
ing the deviations graphically, but Fig. 38 shows 
the method that is probably the simplest. The 
points of the compass being plotted along a 
vertical line, the deviations at each position are 
measured horizontally, to the left when the devia- 
tion is W, that is, when the pole of the compass 
(N or S) is deflected to the left hand, as seen 
from the centre of the compass, and to the right Fie. 38. 
when the deviation is E. 

Such curves must be obtained from time to time, and in different 
latitudes, since the magnetisation of the ship varies ; the chief cause in 
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Fig. 87. 
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the variation being the variation from place to place of the earth’s — 
magnetic field and the consequent change in the magnetisation of the 
ship. 

Napier's Curve.—A second method due to J. R. Napier is of great 
convenience, since it enables the curve to be plotted from the observa- 
tions without the necessity of constructing a table, and the corrected 
compass courses may be directly observed from the curve. ‘The points 
of the compass are plotted along the vertical line, with their corre- 
sponding values in degrees. The points of the compass are marked 
upon the right-hand side of the line NN, which 


Ms ¥ N’ % corresponds to the margin of the compass card. 
x a bed nhs SO et Lines inclined at 60° to the vertical are drawn 
o “T-. ~~, through equidistant points on the vertical line, one 
< Fiske >< set being dotted and the other plain (Fig. 39). As 
ee fs ies the deviation for each compass course is observed, 
‘a bg ><. + a distance AB, equal in length to the deviation, on 
B <e i :, the same scale as the vertical one, is measured 
> 7 >< parallel to the dotted lines, to the left if the devia- 
as es ee tion is W and to the right if E. B is then a point 
Ss as.’ onthecurve, When a sufficient number of points 
‘+s, has been determined a flowing curve is drawn 

. KO << through them. 

Fe ee In order to make use of the diagram, let us 


yh suppose that we require to know the magnetic 
SS “.. course that corresponds to the compass course 

nice, Sa) < indicated by the point A. From A pass along a 
els! Lx i7 dotted line, or parallel to the nearest one, until the 
ESS ‘> curve is reached, and then pass along a plain line 
a ay “., back to the vertical, meeting it at C, Then C 
< ae x" indicates the magnetic course. For, since all the 
aioe ea 7 = angles in the figure are equal to 60°, ABC is an 
: x. “> equilateral triangle, and AB= AC. Now, AB is 


< 2%. >< the deviation, therefore AC is also equal to the 
a! ““~1< deviation, that is, the difference between the 
ned rs. _* magnetic and the compass courses, and since it is 
W, it must be subtracted from the compass course 

Fic. 39. to get the magnetic course (see p. 45). Hence 


C corresponds to the magnetic course. 

Similarly, if e be a given magnetic course and we require the com- 
pass course, pass from e to the curve at f, by a path parallel to the 
plain lines, and thence to g by a path parallel to the dotted lines. g is 
then the compass course. 

Causes of Deviation.—In ships built chiefly of iron and steel there 
are many sources of disturbance of the compass, but for convenience we 
may divide them into two classes—those due to permanent magnetism, 
which are generally acquired at the time of building the ship, and 
those due to transient magnetism, which vary with the magnetic field 
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in which the ship happens to be situated at the time of making the 
observation. ‘ 

The first of these depends for its character upon the position of the 
_ ship during building, the line in the ship which was in the magnetic 

meridian being approximately the magnetic axis of the ship. In the 
northern hemisphere this would mean a N magnetic pole in the part 
directed northwards, and whenever this part again faces N or 8, the 
deviation due to this cause is zero, In all other positions a deviation 
is produced. If NS be the permanent magnetic axis of the ship, and 
h the strength of the magnetic field at the compass 
due to the ship’s magnetisation, the couple exerted 
- on the compass is h sin 6, where @ is the angle 
between the magnetic axis and the compass needle. 
The deviation is westerly when the magnetic N end 
of the ship is E of the magnetic meridian (Fig. 40), 
and easterly when the N end is W. For this reason 
it is called a semicircular deviation, since it remains 
of the same sign for a change in 180° of the ship’s 
direction. . 

Another source of semicircular deviation is the 
soft iron in a vertical position. This is magnetised 
by the vertical component of the earth’s field, to an extent roughly 
proportional to its intensity. The direction of magnetisation is there- 
fore opposite in the northern and southern hemispheres. The effect 
on the compass depends upon the distribution of the iron, and the field 
due to it is proportional to the vertical component V of the earth’s 
field. Since the effect in producing deviation varies inversely as the 
horizontal field H which controls the compass, the deviation is propor- 


tional to ~ , that is, to the tangent of the dip. 


As the ship changes in azimuth, the deviation due to vertical soft 
iron only changes in sign as 2 
the mass of iron concerned s = 
passes the meridian from W L 
to E, or E to W, so that the 
deviation in this case is semi- 
circular. The total semi- 
circular deviation is the re- 
sultant of this and the above. 

Masses of soft iron situ- 
ated with their direction hori- 
zontal are magnetised by the 
earth’s horizontal field, and 


their effect upon the compass i aM, 
depends largely upon 4G), IG, 41, 
sition. Thus in Fig. i), an 
the result is to make the deviation W. and in (ii) to make it E. If 6, be 
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the angle between the magnetic meridian and the axis of a bar of soft 
iron, the induced magnetism is proportional to cos 6. The deviating 
effect upon the needle is proportional to sin 6,, where 6, is the angle 
between the axis and that of the needle. Hence the deviation due to 
this cause varies as cos 6, sin 6, or as sin 26, where the small difference 
between 6, and 6, is ignored. Sin 26 changes sign four times for one 
rotation in azimuth of the vessel, and is constant in sign only for one 
quadrant, the deviation due to horizontal soft iron changing in sign 
from quadrant to quadrant. For this reason this is called quadrantal 
deviation. 

A constant error in the deviation may occur through improper set- 
ting of the magnets of the compass with respect to the card, or through 
the magnet being placed out of the line of symmetry of the ship. 

Equation for Deviation—The semicircular deviation, being pro- 
portional to the sine of the angle between the magnetic meridian and 
some line in the ship, may be written & sin (€ + b), where Z is the angle 
between the median line of the ship and the magnetic axis of the 
compass, that is, £ is the compass course, and b some constant angle 
depending upon the direction of the permanent magnetisation of the 
ship. Now, ksin(€+6)=ksin{Z cosb+kcos€é sinb, and taking 
kcosb and ksinb as two constants B and C, the semicircular devia- 
tion may be written in the form B sin + C cos £. 

Similarly, the quadrantal deviation may be written D sin 2¢ 
+ E cos 2¢, and the whole deviation § has then the form— 


§6=A+Bsiné+Ccosé+D sin 22+ E cos 22. 


5 and ~ are both considered to be positive when directed E of N. 
3+ ¢ is the magnetic course of the ship. In practice A and E are 
found to be very small, and the approximate equation for the deviation 
may then be written— 


6 = Bsin + C cos + D sin 22. 
When ¢=0, then 6, =C, and we therefore see that C is the 
deviation when the ship’s direction is magnetic N and 8S. Again, if 


¢ = 90°, 6; = B, and consequently B is the deviation when the ship’s 
direction is at right angles to the magnetic meridian. 


When,’ t= ae i.e. when the ship’s head is NE, 
oyg =—S=+—=4+ D 
tS 
and when, €= —135°, Bn oo the ship’s head is SW 


Thus D ‘is the mean of the deviations when the ship’s h ne 
positions NE and SW. n the ship’s head is in the 


eA 
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Having determined the constants B, ©, and D, three curves may be 
constructed, two of which are sine curves and the third a curve of 
sin 2¢,and on adding the values at each course, a curve giving the 
deviation for all courses may be found. When greater accuracy is 
required, the five constant coefficients may be determined from 


_ readings made on all the principal points. 


Heeling Error—When the median plane of the ship is vertical, 
the resultant magnetic field due to the iron is not generally horizontal ; 


_ its vertical component, however, will have no effect upon the direction 


of the compass. Should the median plane become inclined, this com- 
ponent will no longer be at right angles to the plane of movement of 
the needle, and it will consequently have a directive influence, and will 
produce a deviation known as heeling error. Whether this deviation 
is towards the higher or lower side of the ship, depends upon the dis- 
tribution of iron with respect to the compass, and in some cases is in 
opposite directions in the northern and southern hemispheres. 
The heeling error is greatest when the ship’s direction is N and 8, 
since the vertical component of the ship’s magnetic field will become 
inclined as the ship rolls, and will, in its new position, have a horizontal 


_ component which is E or W. On the other hand, when the ship is EK 


and W, this horizontal component will be N or 8, and will not directly 
produce deviation. It may, however, by altering the control upon the 
needle, cause a change in the deviation produced by other causes. 

Compensation of Deviation.—There is no method of reducing to 
zero the deviation produced by the ship’s magnetism, but the various 
errors may be compensated to a considerable extent by placing mag- 
nets, or soft iron, in suitable positions, the compensating apparatus 
being in each case of such a nature that if acting alone it would pro- 
duce an error of the same nature as that which it is required to cor- 
rect, but with sign reversed. 

(i) Quadrantal Deviation—Various devices have been used at 
different times for correcting the quadrantal deviation, such as masses 
of cast iron, or boxes of chain. The usual method employed at the 
present time, is to attach two hollow soft iron spheres 
to the binnacle, one on either side of the compass and & 
on a level with it. The deviation produced by such 
spheres is evidently quadrantal, and since the uncor- 
rected quadrantal deviation produced by the ship is 
found in practice to be always positive, z.e. to the E of 
N, it will be seen from Fig. 42 that the deviation due 
to the spheres will be opposite in direction to that due | G) 
to the ship, and may be used to compensate it. The u 
spheres are adjustable in distance from the compass 8 
needle, and they may be placed by trial. As a rule, 
however, the coefficient D (p. 48) is determined for the 
uncompensated compass, and the position of the spheres of any given 


size obtained from tables published by the Admiralty, Thus witha 
E 


o> 
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10 ins. Kelvin compass and spheres of 5 ins. diameter, the value of D 
corrected by spheres situated with their centres 9 ins. from the needle 
is 2° 2', and with their centres 12 ins. from the needle 0° 56’. 

(ii) Semicircular Deviation.—On p. 47 we saw that the semicircular 
deviation is due to two causes, namely, permanent magnetisation, and 
magnetisation due to the vertical component of the earth’s field. 
Hence, to compensate this deviation, two different devices correspond- 
ing to the two sources of the error are necessary. To compensate for 
the permanent magnetisation, small permanent magnets are attached 
to the compass box. Having first corrected for the quadrantal devia- 
tion, the ship’s head is placed magnetic N and small permanent magnets 
are fixed in transverse holes in the binnacle, the number being in- 
creased until the deviation is reduced to zero. The ship’s head is then 
placed E or W, and a second set of small permanent magnets placed 
at right angles to the first set, to reduce the deviation again to zero. 

The correction for the magnetisation due to the vertical component 
of the earth’s field is performed by placing a soft iron bar vertically in 
front of or behind the binnacle. Such an arrangement is called a 
Flinders’ bar, after its inventor, Captain Flinders. The suitable position 
of the Flinders’ bar may be calculated from the known value of the co- 
efficients in the deviation equation, but this is outside the scope of this 
work. 

(iii) Heeling Error—This may be corrected by a magnet placed ver- 
tically with its pole underneath, and at some distance from, the com- 
pass. In this way a vertical field equal and opposite to that due to 
the magnetisation of the ship may be produced. 

The above brief sketch of the deviations produced by the magneti- 
sation of a ship, and the methods of their correction, is here introduced 
as an example in the composition and resolution of magnetic fields. 
For a full account of the subject the student may consult the Admiralt 
aoa for the Deviations of the Compass, by F. J. Evans and Archibald 

mith, 
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CHAPTER III 
THE ELECTRIC CURRENT 


Unner certain circumstances an ordinary metallic wire may exhibit 
distinctive phenomena, the most striking being, the existence of a 
magnetic field in the space surrounding it, and the production of heat 
in it. We say, then, that an electric current is flowing in it. The 
electric current is always accompanied by these two effects, and their 


‘presence may be taken to indicate its existence. Our reason for 


speaking of this phenomenon as a current, which implies a flow of 
something along the wire, rather than as a statical condition, will 
appear later. 

Magnetic Field accompanying a Current.—An infinitely long 
straight wire, carrying an electric current, is surrounded by circular 
lines of magnetic force, the centres of the circles lying upon the axis 
of the wire, their planes being perpendicular to it. In the case of 
any straight piece of wire which is fairly long; the magnetic lines may 
easily be mapped out, either by the method of iron filings, or with 
a small compass needle, and will be found to be approximately circular 
(Fig. 43). In the case of a circle of wire carrying a current (Hig. 44), 
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Fic. 43. Fia, 44. 


the magnetic lines of force are not so simple in shape as in the case of 
a straight wire, but they may be found in a similar manner, and it 
will be noticed that for a small region near the centre of the circle, 
the field is nearly uniform, that is, the lines are nearly parallel. The 
fundamental experiments exhibiting the presence of a magnetic field 
when an electric current is flowing are due to Oersted (1820), the 
existence of the current having been recognized by certain other 
effects for the previous twenty years, 
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Ampére’s Theorem.—In his celebrated memoir’ of 1823, Ampere 
stated that “Every linear conductor carrying a current is equivalent 
to a simple magnetic shell, the bounding edge of which coincides with 
the conductor, and the moment of which per unit of area, that is, the 
strength of the shell, is proportional to the strength of the current.” 
By a magnetic shell is meant an infinitely thin sheet of material, 
magnetised in a direction at right angles to the surface of the sheet, 
so that one side of the sheet is a N, and the other a S, polar 
surface. The form of the magnetic field due to a current may there- 

fore be calculated by means of purely magnetic 

ee considerations, on replacing the current circuit 

‘ by its equivalent magnetic shell; but the same 

2 result may also be obtained for a complete cir- 

cuit by treating each small element of it as a 

straight current of length 6/, and applying the 

4 db ye | relation H « ose where H is the resulting 

neh plies strength of magnetic field, ¢ the current, r the 

ls sraidf, distance from the element of the circuit to the 

“l wedeun. point at which H is to be found, and @ the 

Fig.' 45. angle ‘between the direction of the current and 

the line joining the element to the point. The 

direction of the field is at right angles to the plane containing the 

a and the line joining it to the point, and is indicated in 
ig. 45. 

This law was proved by Biot and Savart hs hold in the case of 
a long straight wire carrying current. The magnetic fields, as deter- 
mined by this metliod and by that of the equivalent magnet shell, are 
identical. It may be noted that the method of the magnetic shell is 
the more satisfactory, as, however difficult the problem may be, it is 
always possible to find a magnetic shell, or system of shells, that will 
be equivalent to the current; while the method of the element of 
a circuit is a purely fictitious one, since an element of a circuit 
cannot exist alone, the current always flowing in complete circuits, 
Nevertheless, the latter method is, in many cases, the more easy 
to apply, and it has also been given a certain reality by Heavi- 
side’s consideration of the rational current element. For if the 
current circuit be looked upon as a series of small. elements placed 
end to end, immersed in a conducting medium, each element, considered 
apart from the others, has current flowing in it, the current leaving by 
one end, spreading out into the surrounding medium, and eventually 
returning to the other end in exactly the same way as the magnetic 
lines of force spread out from the N pole of a bar magnet and return 
to the S pole. If we place a chain of similar bar magnets end to end 
with a N pole always in contact with the S pole of the next magnet, 


* Théorie des phénomeénes électro-dynamique, Mémoires de V Institut, TV., 1823, 
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the external effects of the poles in contact are everywhere equal and 
opposite, and the only external effects are those due to the last N pole 
at one end of the chain of magnets, and the S pole at the other end. 
If then the chain be completed by bringing the extreme N and § poles 
into contact so that we have a complete circuit, all external magnetic 
effects will vanish. In an exactly similar manner, if one end of each 
of our current elements be a source of current spreading outwards, the 
other end being a sink for the current converging to it, when these 
are placed in contact, the flow at external points will consist of two 
equal and opposite components, and will therefore be zero. If we 
make our chain of elements complete, the external current will every- 
where be zero, the current merely flowing round the closed circuit. 


_ Heaviside* suggested this reasoning in order to get over the difticulty 


of realising the possibility of short current elements existing alone. 

If, then, the magnetic field due to each element of a circuit be 
found by the relation H « ee and the resultant at any point be 
found for the whole current circuit, we need not trouble about the 
field due to the imaginary currents spreading out from each element, 
as these will cancel out when the whole circuit is considered. 

Unit of Current.—The magnetic field due to a current being the 
most constant and the simplest of the accompanying phenomena, it is 
chosen for the purpose of measuring the current. The unit strength 
of magnetic field being established (p. 3), we may now define our 
unit of electrical current in terms of it. 

Thus, the unit current ts one that is equivalent to a magnetic shell of 
unit strength; or, by means of the relation on p. 52, we may define 
the unit of current as that which will enable us vo replace the sign of 
variation by one of equality, so that 

He aol oe 


r 


Tn this equation 61 is a very small quantity, and:hence if r is to be 
constant, while 8/ is increased to finite size, the circuit must evidently 
be in the form of a circle. Thus the field at the centre of the circle is 


4 and is at right angles to its plane, 7 being the total length of arc in 


which the current flows. If then i, /, and r are all unity, the field is 
of unit strength, and we have the ordinary definition of unit current, 
as that current which flowing in an arc of a circle of wnit length, the 
radius being unity, produces unit magnetic field at the centre. If the circle 
consist of n complete turns / = 2nr, and it follows that 
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: 0. Heaviside, Electro-magnetic Theory, Vol. I. 
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Tangent Galvanometer.—The last equation is employed in a form 
of instrument for measuring an electric current in terms of a magnetic 
field and a deflection, and from the form of the relation between the 
current and the deflection, the name “ tangent galvanometer ” is given 
to the instrument. It is essentially a magnetometer in which the 
magnetic field, F, is due to the current flowing in a vertical circular 
coil, whose plane is in the magnetic meridian. The two fields in 
which the needle is situated are therefore F, due to the coil, and H, 

the horizontal component of the-earth’s field (Fig. 
46); and the needle is in equilibrium when its mag- 


| pe 
H netic axis makes an angle 6 = tan” i with the 
6 F meridian. 
Then since— 
5 a 2rni 
r 
H Qrni A a rH 
“H= tan 6, or, i = —- tan 6. 

Fie. 46. A common type of the apparatus is shown in 


Fig. 47, two coils being provided, one of 2 turns of 
thick wire for use with large currents, and one of about 20 turns for 
use with smaller currents. The deflection is observed by means of a 
fine pointer which moves over 
a horizontal circular scale, 
parallax being avoided by 
placing the eye vertically 
over the needle in taking a 
reading, the eye being moved 
until the image of the needle 
in a plane mirror lying 
underneath it appears to co- 
incide with the needle itself. 
In principle the tangent 
galvanometer resembles the 
magnetometer described on 
p. 7, the linear scale and 
bar magnet being replaced 
by the circular coil carrying 
the current. 

The same precautions with 
respect to reading both ends 
Fic. 47. of the pointer, and reversing 

the deflection so. that the 

reading is made on the other side of zero, are made, as in the case of 
the magnetometer, and further the pointer must be adjusted to be at 
right angles to the needle. Owing to the fact that the magnetic field ~ 
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at the centre of the coil is sensibly uniform for only a small area, the 
needle must be as small as possible ; if too large it is not in a uniform 
field, and the relation given above will not hold good. 
-In making observations, the deflections should be neither too great 
_ nor too small. If too small, any error in reading is a very large pro- 
_ portion of the whole deflection, and if too great, the tangent of the 
deflection increases so rapidly that a small change in deflection means 
a very large actual change in the value of the current. To find the 
position on the scale for readings of greatest accuracy, consider 34 to 
be a small increment in the deflection corresponding to the increment 
bi 


-. ot. 4 
di in the current. = is the relative change in the current, and 100; 
v 
the percentage change in the current corresponding to 80, and for 
34 
greatest accuracy - should therefore be as small as possible. 


Since the current is proportional to the tangent of the deflection, 
i= K tan 0. 


and, e = K sec? 6, when & and 66 are infinitesimal ; 
: 2 9 
= di___sec* 6 39 


i tan 6°” ~ sin 20 


80. 


34 
Hence for - to be as small as possible for a given value of 89, sin 20 


must be as small as possible; i.e. sin 26 must be as great as possible. 
This occurs when 26 = 90°, or 6 = 45°. Hence it is desirable to make 
the deflection as near to 45° as possible, whenever accuracy in 
determining the current is required. The curve, Fig. 48, shows the 
relative accuracy in determining the current when the deflection 
varies from 0° to 90°, taking the accuracy at 45° as 100. It will be 
seen that for the accuracy not to fall to 50 per cent. of the maximum, 
the deflection must lie between 15° and 75°. 

A more refined instrument is shown in Fig. 49. In this case there 
are two coils, the distance between them being equal to the radius of 
either coil, the object being to obtain the most uniform field in which 
to suspend the needle. 

In order to find the strength of magnetic field at a point on the 
axis of a circular coil at a distance x from the centre, consider the 
field due to an element 8J of the circle. The field at A (Fig. 50) due 


to this element is se where # is the current in the coil, and is in the 


direction AB, at right angles to the plane containing r and ol. This 
may be resolved into two components, AC along the axis, and AD at 
right angles to it. Every element of the circular coil will produce a 
component at right angles to the axis and in each case it is parallel to 
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the radius of the circle drawn to the element. Hence, taking the 
whole circle, these components of the field corresponding to AD will 


O 10 20 30 40 50 60 70 80 90° 


Fig. 48. 


ag 


Fig. 50. Fig. 49. 


give a resultant zero. The components corresponding to AC, which 
are along the axis, will on the contrary be added together. 
Component AC due to element 6/ 


_¢.81 AC i.8l a_ tadl 


 cABy (ars eee 


For the whole circle, 8/ must be replaced by 27a. 


Qari 


. Field =; 
: A 


and if the coil consist of » turns sufficiently close together to take a 
mean radius without introducing a sensible error, 


Qrnat 
Field = 
lad 
Again, 7 = #?+ a?; 
; Qrnat 
-. Field = ————_> 


(a? + a?) 
The strength of field at a point upon the axis is therefore greatest 


at the centre of the circle, for here = 0 and the expression becomes 
Qani 


at It decreases as we pass away from the centre, becoming zero 
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at infinity, but its rate of change as we pass away from the centre is 


not constant. The rate of change from point to point along the axis 
is the differential coefticient of the above expression with respect to a, 


that ° a Iona - * p 
8 a (@ 4a)! , and it is of importance to find whether there is 


any point upon the axis, at which this rate of change beco F 
Calling it y we see that if it is constant, ie Z poe sae 


dy _6 ’ ‘al Qrnai 
dx dae rel si 


Now 2arna7t 1s con t dealing wil h a (0) 
J ? i=) 


eng = (+ 4, we have— 


(a + api : 
da” + a’)? = — 3a(a° + a®)3 


& ; 
ale + ay $= — B{(a* + at $ — Sahat + a’) 


Putting this equal to zero and dividing throughout by — 3(a” +a’) 
we haye— 
Sa(a? + a7) = 1, 
2 


* 5a? = w+ a, 4a? = a, or & = 5- 
Thus, at the point on the axis whose distance from the plane of 
the circle is » the rate of change of the field as we pass along the 


axis becomes constant, 
This fact is made use of in the Helmholtz pattern of galvanometer 
(Fig. 49); the two coils are placed coaxially and at a distance apart 


| equal to the radius of either, the rate of change of field being most 


uniform at a point midway between them, which point is at a distance 


5 from each coil. Any diminution in field due to one coil as we pass 
away from this point is compensated for by the equal increase in the 
field due to the other coil, the rate of change being here constant and 
occurring in opposite directions for the two coils. Substituting the 


~ value for # in the expression for the field on the axis of a coil, and 


remembering that there are two coils, we have 


Arnai 32 wnt 


t=—— = >=. 


5a’ \3 3° a 
i) 
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And the expression for the deflection is 


82 ge aes 
Ve aH 
125aH 
onde tan 0 


The above reasoning may be illustrated by plotting the values of 
the field strength due to a coil at different distances from the centre. 
The curve PQR (Fig. 51) is obtained, which will be seen to be straight 


at the point Q at a distance 5 from the coil, since the curve changes 


here from being convex upwards to being concave upwards. The rate 
of change of field at this point is constant, that is, its variation is zero. 
The curve SQT is plotted for the second coil, and the curve M is 


— 
(CO 


Fig. 61, Fig. 52. 


obtained by adding the ordinates of the other two, and represents the 
resultant field due to both coils. It is easily seen that for some 
distance on either side of the point midway between the coils the field 
is fairly constant, the reason being that the two curves are straight at 
Q, so that the falling off in either direction of one of the fields is 
balanced by the equal increase of the other field. 

: In Fig. 52, the lines of force for the double coil are drawn, and it 
will be seen that in the middle of the field there is a region of con- 
diserable extent where the magnetic field is approximately uniform. 

Electromotive Force and Potential Difference—Whenever a 
current flows in a conductor, heat is developed in it, the amount of 
heat developed being proportional to the time for which the current 
flows ; moreover, it is always found necessary to apply some external 
agency to maintain a steady current, This implies that work is being 
expended in order to maintain the current, the energy being drawn 
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from the outside source. The rate of expenditure of energy required 
to maintain the current is measurablein terms of the rate of production 
of heat, when there is no change taking place in the conductor, From 
analogy with the flow of water in a closed circuit, in which case the 

flow is maintained by some mechanical agency such as a pump at some 
point or points, we consider that the electric current is maintained by 
an electromotive force. Just as we took the magnetic field in the) 
neighbourhood of a current as a measure of the current itself, so we 
may take the rate at which energy is expended to maintain a current 
to measure the necessary electromotive force. Then for a given 
current, the electromotive force (or more shortly the E.M.F.) required to 
maintain it, is proportional to the rate at which energy is expended, 
and by choosing suitable units we arrive at our unit of E.M.F. Thus, 
when the current is wnity and the rate of working is one erg per second, the 
E.M.F, is unity, and in terms of these units 


Rate of working = (current x E.M.F.) ergs per second. 


Thus, if an E.M.F. e maintain a current 7, for ¢ seconds, 
Work done = eit ergs. | 


It must be remembered that a given conductor is usually only part 
of the circuit, and somewhere in the circuit is the source of the energy 
required to maintain the current. This source may be an electric 
battery, in which case the ultimate source of the energy may be some 
chemical reaction occurring in the battery ; or it may be a dynamo- 
electric machine, in which case the energy is derived from some kind of 
heat engine, or it may be one of a number of other sources ; but in any 
case the rate of working to maintain unit current in the circuit is 
called the electromotive force in the circuit. The resulting heat may 
be liberated in various parts of the circuit, and this will take place 
_ according to laws which we must now examine. 

An electromotive force always acts in one direction in the circuit, 
and if there be a number of electromotive forces in the same circuit, 
the excess of those acting in one direction over those acting in the 
_ other direction is the resultant or effective electromotive force in the 
circuit. Thus an electromotive force is a directed quantity and in this 
respect is analogous to a mechanical force. In many mechanical pro- 
cesses the energy supplied by the driving force is eventually dissipated 
as heat, and the rate at which the heat is developed at various points 
depends upon the frictional resistance to motion at these points. 
Similarly, in the case of an electrical circuit the energy supplied by 
the source of E.M.F. appears as heat in the circuit, but the rate of 
production of heat at any point, for any given current, varies accord- 
ing to the nature of the conductor at that point. yh 

For a given conductor, the work converted into heat in it in one 
second when unit current flows, is called the potential difference 
between its ends. Thus, potential difference is measured in the same 
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units as electromotive force, but they have this difference, that an 
electromotive force has always the same direction in the circuit, where- 
as the potential difference has a direction depending on that of the 
current. If the current flow in a circuit in the direction in which the 
electromotive force tends to produce current, the source of electromotive 
force transfers energy to the circuit and the energy of the source 
decreases, but if the direction of the current be reversed so that the 
electromotive force opposes its flow, the energy of the source of electro- 
motive force increases at the expense of the energy of the source of 
greater electromotive force which is maintaining the current in the 
circuit. On the other hand, a potential difference always corresponds 
to the dissipation of energy in form of heat in the circuit, whichever 
way the current flows. Thus, if electromotive force corresponds to a 
motive mechanical force, potential difference corresponds to a frictional 
force, which depends for its direction upon the direction of motion, 
and is a measure of the heat produced per second between two 
points, for a given continuous motion of matter between one point and 
the other. 

If the potential difference between two points in a conductor in 
which there is no electromotive force, is zero, there is no dissipation 
of energy in the form of heat in the conductor, and, except in the 
limiting case when the conductor does not offer any resistance, this 
means that there is no current. In the case of water flowing in 
a tube in which there is no motive force due to a pump or gravity, 
we say that the flow is from points of high pressure to those of low 
pressure, and in the electrical case we also say that the point from 
which the current flows is at a higher potential than that towards 
which it flows. 

Ohm’s Law.—In the chapter on Electrostatics (V) we shall see 
that potential difference may be measured quite independently of any 
current flowing, and if for any conductor the potential difference be 
measured by this independent means, and the current also be measured, 
say, by the tangent galvanometer, it will be found that for the case of 
an ordinary metallic conductor there is a simple relation between 
potential difference and current, the current is proportional to the 
potential difference. This relation was first clearly stated by G. S. 
Ohm? and is known as Ohm’s law. Although Ohm had not the means 
of establishing the law with any great certainty, later experimenters 
verified it to a high degree of accuracy. 

Resistance.—Ohm’s law may be expressed in the form, 


potential difference 
current 


for any conductor under constant physical conditions, The name 


resistance has been given to this constant, and the name conductance 
to the inverse of it. 


= constant, 


* G.S. Ohm, Die galvanische Kette mathematisch gearbeitet. Berlin, 1827. 
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p.d. 4 Phig 
Thus, taal resistance, —~- = conductance. 


p-d. 


The unit of resistance follows at once from the units of potential 
* difference and of current, and is the resistance of a conductor in which 
unit potential difference corresponds to unit current, or the potential 
difference between the ends of the conductor is unity when unit 
current flows in it. 


Thus, Pe. f, OF; p.d, = tr. 


(p.ds)° 


Ue 


And, rate of working = p.d.x i=?r= ergs per second. 


Practical Units.—Al]though the centimetre, gramme, and second are 
of convenient size for the measurement of length, mass, and time, the 
derived units of electromotive force, current, and resistance, resulting 
from them, and called the absolute C.G.S. units, are not of convenient 
size for ordinary electrical purposes. Hence a new unit of current 
is chosen which shall be simply related to the old unit, but of more 
useful size; it is called the ampere, being named after the celebrated 
experimenter Ampére, and is one-tenth of the size of the absolute unit. 
Thus the expression for the field at the centre of a circular coil will be 


QarnI : : 
aor where I is the current in amperes. 


Similarly the unit of E.M.F. is chosen to be of the order of that of 
an ordinary electric cell; it is 100,000,000 or 10° absolute units, and 
is called the volt. 

Thus for a complete circuit, rate of working 


a 
= ei ergs per second 


= telex ao 
= EI x 10’ ergs per second, 


where E is now measured in volts, and I in amperes. Upon this 
system the practical unit of rate of working is the work done per 
second when one volt maintains a current of one ampere, and is called 
the Watt. We see then that rate of working = EI watts, and further 
that one watt = 10’ ergs per second. The engineer’s unit of rate of 
working, the horse-power, or 33,000 foot-pounds per minute, may be 
converted into watts by converting feet to centimetres, pounds weight 
to dynes, and minutes fo seconds, when it will be found that one 
horse-power = 746 watts (approx.). 

Again, the name Joule is given to the unit of work upon the 
practical system ; it is the work done in one second when a current 
of one ampere is maintained by an E.M.F’. of one volt, so that 
one watt = one joule per second, 

The heat developed in any circuit by an electric current may 
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therefore be found in terms of the current flowing in it and the 
electromotive force which maintains the current, when the mechanical 
equivalent of one calorie, or as it is termed, Joule’s equivalent, is 
known. This quantity has been determined in a number of ways, but 
the mean value may be taken to be 4:18 x 10’. Thus the conversion 
of 4:18 x 10’ ergs into heat would raise one gramme of water one 
degree Centigrade. Then the rate of working may be expressed either 
in ergs per second or calories per second. Thus, 


Rate of working = EI x 10’ ergs per second, 
EI x 107 ; : ' 
= 718 x 10" = EI x 0°239 calories per second. 

The practical unit of resistance is called the ohm, and is the 
resistance of a conductor for which theré is a potential difference of 
one volt between its ends when a current of one ampere flows in it. 
Calling R the resistance of any conductor in terms of this unit, we see 
that 


* =R, or, E=IR. 


one volt _ _ 10% absolute units of p.d. 
one ampere 10-" absolute unit of current’ 


Again, one ohm = 


.. One ohm is 10° times the absolute unit of resistance. 
; 2 


Also, rate of working = EI = PR = = watts, 


= EI x 0-239 calories per second, 


from which we see that for a given conductor, the heat produced in it 
per second is proportional to the square of the current. 

_ Combination of Resistances.—From the definition of resistance 
given above, we may find the resistance of a number of conductors 
combined in series, that is, end to end, so that the same current flows 
through all of them; or in parallel, in which case they are all joined 

oy = 2 SUT side by side between two points 

Peep so that the current is divided 

Fig. 53, between them. 
‘ i.) Series—The curren 
enters at the point A (Fig. 53), and me Hee all the veel 


leaving at D. Then if there is no source of E.M.F, in any of the 
conductors, 


p.d. between A and B = IR, 
Pe » Band C=IR, 
” » Cand D=JIR, 
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“. p.d. between A and D=IR=IR, + IR, + IR, 
_ where R is the effective resistance between A and D, 


~ R=R,+R,4+R +... 


That is, the combined resista i 

ees } nce is the sum of the separate 
ii.) Parallel or Multiple Arc.—In this arra 

the current enters at the point A RE ara nage 


(Fig. 54), and divides into a number of 
parts which unite again at B. Taking Ia ETE B_! 


the total current I, equal to the sum Sree 


of the separate currents, 
’ I=1+1+1,. 
If, now, the p.d. between A and'B is equal to E, 
B= Ee RB, = LR, = 1,R, 
where R is the effective resistance between A and B, 
ome Ee E E 0) 
I= R? I, waht, 1, fea IR: I, male 
Ie Pee ee 
Hence, rT =P Ro Ry 
Dividing by the common quantity EH, and writing the expression 
for any number of conductors, we have— 


1 1 1 1 1 
erie cet, sti, ohio? 

Thus for conductors in parallel the combined conductance is the 
sum of the separate conductances, the conductance being defined as 
the reciprocal of the resistance. 

To find the current in any one branch, we may note that 


I EK ER 
v= fay ae) 
R, R, 
3 : e combined resistance 
i.e. current in one branch = main current X —. ; 
resistance of branch 


Resistivity or Specific Resistance—The resistance of a conductor 
depends upon its dimensions, and also upon the materials of which it is 
made. ‘The resistance of a conductor of unit length and unit area of 
eross section is called its resistivity or specific resistance, S, and the 
inverse of this is its conductivity. The shape of the cross section is 
immaterial. Knowing the resistivity of the material we may readily 
find the resistance of a uniform conductor of any dimensions, For 
the conductor may be considered to consist of a number of unit con- 
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ductors $, so that if these are placed end to end we have a number 
1 of these in series, where / is the length 


Fia. 55. 


Ss 


of the conductor. 


Since these unit con- 
ductors are in series, the resistance of this 
rod of unit section is SI. 


If, now, a of 


these are situated in parallel, a is the total 


sistance is given by 


ee 
R sl 
a 


area of cross section, and the combined re- 


Le 
tytgt ...tog terms 


We can therefore find the resistance R if the resistivity S is known, 
and vice versd. The universal method for finding the resistivity is to 
measure the resistance of the conductor by one of the methods 
described in Chapter IV., and, knowing its dimensions, to calculate the 
resistivity. The resistivity of a number of substances is given in the 
second column of the Table below, in which the data are taken from 
Landolt and Bérnstein’s and from Kaye and Laby’s Tables, the 
resistivity being in International Ohms per unit conductor (p. 397). 


Substance. 


Aluminiom 
Copper. . 
Gold F< 
Tron (soft) . 
Lead . . 
Mercury . 


Platinum (hard) 
(soft) 


” 
Silver . 


Manganin (Cu 


84, Ni 4, Mn 
12) 
Platinoid (Cu 
62, Ni 15, Zn 
22) 
Platinum-sil- 
ver, 85% Ag, 
16% Pt by 
volume 


. | 159x 10-6 (Mean of num- 
. | 217 x 10-6 (Benoit) 0° C. 


. | 8:85 x 10-§ (Dewar and 


. | 1:54 x 10-8 (Benoit) 0° C, 


Resistivity. 


| 3:09 x 10-8 (Benoit) 0° C. 
| 2°94 (Lees) 18° C. 


ber) 18° G, 


Fleming) 0° C. 
1:99 x 10° (Benoit) 0° C. 


9°407 x 10-5 (International 
convention) 0° C. 
1:17 x 10-5 (Siemens) 


1:54 x 10-5 (Benoit) \oec, 


476 x 10-5 (Dewar and. 
Fleming) 0° C. 


| 


3°44 x 10-5 (Lees) 18° C. ° 


2°26 x 10-5 (Strouhal and 
Barns) 0° C. 


Range of Temperature coefficient 
temperature, of resistivity. 
0°—100° C.| 0°00423 (Dewar and 

Fleming) 
0°—100° C.| 0:00428 (Dewar and 
Fleming) 
12°—100° C.| 0:00377 (Dewar and 
Fleming 
0°—100° C.| 0:00625 (Dewar and 
Fleming) 
0°—100° C.| 0:00411 (Dewar and 
Fleming) 
0°—15° C. | 0:000879 (Glazebrook) 
0°—100° ¢,|f0°003669 (Dewar and 
\\. Fleming 
0°—100° C.| 000400 (Dewar and 
Fleming) 
18°— 50° C.. | 0:000018 (Phys. Reichs- 
anst.) 
18° C.; 000025 
13°—100° C. 


( (hard) 0000255 (Comm, 
Brit. Ass 


(soft) 0:000344 (Comm. 


rit. Ass.) 
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Flectrolysis.—In the early years of the nineteenth century it was 
_ found that when an electric current flows in a solid or liquid substance 
which is not a metal, chemical action occurs, the products of the 
_ chemical action appearing at the conductors by which the current 
enters or leaves the substance. Non-metallic substances will not, as 
_arule, carry a current, unless some such chemical action occurs. To 
_ Faraday we owe the quantitative account of the phenomenon and the 


_ nomenclature now universally applied to it. The substance carrying 


the current, which in the act of carrying it undergoes decomposition, 
is called an Electrolyte, the conductors by which the current enters 
and leaves the electrolyte are called Electrodes, that at which the 
current enters being the Anode, and that at which it leaves, the 
Kathode, while the name Electrolysis is given to the whole process. 


- The metals are liberated at the kathode, and the acid radicles at the 


anode; but owing to secondary reactions at the electrodes it often 
happens that the substance is dissolved in the electrolyte, or combines 
with the electrode, and in that case it does not appear in the free state. 

The most common electrolytes are solutions of inorganic salts or 
acids in water. For example, if a current be passed through a dilute 
solution of sulphuric acid, platinum plates being used as electrodes, 
hydrogen appears at the kathode in the form of bubbles, and SO, is 
liberated at the anode, 


FCO ree sO, 


_ This SO, does not appear in the free state, but with the water of the 
solution again forms sulphuric acid, 


2H,O + 280, = 2H,S0, + O,. 


Bubbles of oxygen form at the anode, and if the gases at the kathode 
and anode be collected, it will be found that the hydrogen has twice 
the volume of the oxygen. If a copper anode had been employed, 
copper sulphate would have been formed in place of the oxygen. 

Faraday’s Laws.—As the result of Faraday’s work, two laws were 
enunciated which bear his name. 

(i.) The amount of decomposition is proportional to the current 
and to the time for which it passes. . 

(ii.) The amounts of different substances liberated by the same 
current, flowing for the same time, are proportional to the chemical 
equivalents of the substances. 

From these two laws it follows that if the amount of any one 
substance liberated for a given current in a given time be known, the 
amount for any other substance may be found, provided that its 
chemical equivalent, which in the case of an element is the atomic 
weight divided by its valency, be known. ; 

The mass of a substance liberated by one ampere in one second is 


called its Electro-chemic1l Equivalent. 
F 
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The most accurately measured electro-chemical equivalent is that 
of silver, for which the most recent determination gives the value 
0:0011183, and from this we can calculate that of any other substance. 
For example, the electro-chemical equivalent of di-valent copper is 
00011183 x sha .. ex 0:000329 ; the atomic weight of silver being 
107-9, and that of copper 63°6. 

The theory of electrolysis will be left to a later chapter, but we 
may note here that the constancy of Faraday’s laws, and the ease with 
which the mass of the metallic substance liberated may be accurately 
determined, afford a ready means of measuring an electric current. 
The apparatus for carrying out the electrolytic measurements is called 
a Voltameter, and there are three types of voltameter frequently 
employed. In all cases the mass of substance liberated in a known 
time is observed, and the current calculated from the relation 


WP SS ye 


where z is the electro-chemical equivalent. 


Atomis weight : 
(O= 16). valensy. areca 

Aluminium . (Al) 27-1 | 3 
Antimony (Sb) 120°2 3 
Bismuth. (Bi) 208'0 8 
Bromine . (Br) 79°92 1 00008284 
Cadmium (Cd) 112°40 2 
Calcium . (Ca) 40:07 2 
Chlorine (Cl) 35°46 | al 0:0003676 
Copper (Cu) 63:57 lor 2 0:0003293 
Goldaa* Re (Aa) 197-2 35 
Ifydrogen. . . «. (H) 1:008 1 000001044 
NOdinG Na woes Bs (I) 126:92 1 
Ib Goveby Pee ee ge CM ce (al) 55°84 2or3 
ANCE Ese. od 9G. pe oe flite}) 20710 2 
Mercury) 30) (EES) 200°6 1 or 2 
Oxgyen, “5 a se (O 16:0 2 000008293 
Platinum aes es by 1952 4 
Potassium = . «9. (i) 39°10 1 
Silver. .--. , 5 = (88) 10783 1 0:0011183 
Sodium Perse on (NR) 23°00 if 0:0002384 
Line ay ee sees) 1190 2or4 
AUN a a ey (LA, 65°53 2 0:0003387 


Water Voltameter (Hoffmann’s Tubc).—Water slightly acidu- 
lated with sulphuric acid is employed as the electrolyte, the hydrogen 
liberated at the kathode (Fig. 56) being collected in the graduated 
tube, on the passage of the current for a known time. Allowance 


* Int ti i i 
p. ater a ie Atomic Weights for 1912. Proc. Chem. Soc., 390, vol. 27, 
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must be made for the fact that the gas is not under standard condi- 
tions. From the difference of levels of the liquid in the tube and 
the reservoir, the difference between the pressure of the hydrogen 
_ and the atmospheric pressure is known in terms of i 
- liquid column, and dividing by the density of mer- 
cury, we obtain the amount to be added to the 
height of the barometer to give the actual pressure 
of the hydrogen. From this must be deducted the 
maximum vapour pressure of water at the tempe- 
rature of the tube, which may be found from Reg- 
nault’s tables, in order to obtain the pressure of 
the dry hydrogen. Calling this P, and the tempe- 
rature ¢° C., the volume reduced to 76 cms. pressure 
and 0° C. is— 

Vx P=x 273 

76 x (¢+ 273) 
where V is the observed volume of hydrogen. The Fig. 56. 
density of hydrogen at 0° C. and 76 cms. pressure 
being 0-08987 gr. per litre, the mass of hydrogen liberated is known, 
and the electro-chemical equivalent being 0:00001044, the current can 
be calculated. 

Another form of water voltameter is shown in Fig. 57, the hydro- 
gen and oxygen liberated escaping together, and the water vapour 
carried away with them being caught by the 
drying tube, The whole apparatus is weighed 
before and after the passage of the current, 
the loss in weight being that of the water 
decomposed by the current. The mass of 
water decomposed by the passage of one 
ampere for one second is-— 


9. 
0:00001044 x ey, 
= 0:00001044 x 9-008, 


000001044 being the electro-chemical equivalent of hydrogen. | 

For practical purposcs this form of the apparatus is superior to the 
Hoffmann’s tube, as the result depends upon weighing instead of upon 
measurement of volume, and further, the current may be passed for 
a much longer time, since in this case there is no question of the tube 
_ becoming filled with gas. : ; 

Copper Voltameter.—The kathode K (Fig. 58) consists of a thin 
copper sheet suspended from a stout conductor, and the anode of two 
‘ther side of the kathode, so that the deposition of 


sheets, one on ei : 1 
copper takes place on both sides of it. A and B are two wooden 


bars which carry the leads and which rest upon the edge of a jar or 
beaker containing a water solution of copper sulphate, made by 
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dissolving copper sulphate crystals in about four times their weight of 
water, atawdcops a sbbaenins sulphuric acid being added. The 
current employed should not be too great, or the copper deposited will 
be in a soft, friable condition, and will 
therefore be liable to be washed off the 
plate. Provided that the current does not 
exceed one ampere for each 50 square centi- 
metres of kathode, the deposit will be hard, 
bright, metallic copper. The kathode must 
first be well cleaned with emery paper, then, 
when the current in the circuit has been 
adjusted to a suitable value, the kathode 
is removed from the cell, well washed, 
dried, and weighed. It is then replaced in 
the cell and the current passed for a known 
time. The kathode is then removed and 
again washed, dried, and weighed. The 
increase in weight, divided by the time and by 0-0003293, the electro- 
chemical equivalent of copper, gives the value of the current. 

In the process of electrolysis the copper sulphate is decomposed, 
the copper being liberated at the kathode, and SO, at the anode. The 
latter combines with the copper of the anode forming copper sulphate, 
so that the total amount of the copper sulphate in the solution remains 
unchanged, The loss in weight of the anode must not be taken as 
a measure of the current, since it includes not only the amount of 
copper which has gone into solution, but also any impurities which 
have become detached as the copper plate is dissolved. 

This form of voltameter is very widely used for the calibration of 
ammeters and tangent galvanometers, as it is extremely simple in form 
and easily made, and by means of it the current may be determined 
to within an error of one part in several hundred. 

Silver Voltameter.—When great accuracy is required, the silver 
voltameter of Lord Rayleigh’s pattern may be employed (Fig. 59). The 
kathode is a platinum basin, PB, and the anode a plate of pure silver, 
the electrolyte being a solution of 15 to 20 grammes of pure silver 
nitrate in 100 grammes of water. Metallic silver is deposited upon the 
platinum dish, and, owing to its high electro-chemical equivalent, the 
mass deposited for a given passage of current is greater than in the case 
of copper in the copper voltameter. The acid radicle NO, liberated at 
the anode by the process of electrolysis forms silver nitrate with the 
metal of the anode itself, which is thereby dissolved. As this process 
of solution of the anode goes on, any impurities in the silver are 
liberated and these, together with the disintegrated silver, would fall 
upon the platinum plate if not prevented from doing so. To this end 
the anode is wrapped in a piece of pure filter paper, which, being 
permeated by the solutions, will not prevent the passage of the current, 
but will catch the impurities, The current employed should not 
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exceed 0°03 ampere per square centimetre of surface of kathode. The 
current is calculated from the deposit and the time, just as in the 
previous cases. 


ew KAMAN 


G:S.13Ce 
Fig. 59. 


Kirchhoff’s Laws.— We owe to Kirchhoff two very useful generalisa- 
tions, one relating to continuity of current in conductors, the other to 
the application of Ohm’s law to complex arrangements of conductors. 
These generalisations are put into the form of two laws, known as 
Kirchhoff’s laws, which are, 

(i) The algebraic sum of the currents which meet at any point is 
zero. 

(ii) In any closed circuit, the algebraic sum of the products of the 
current and resistance of each part of the circuit, is equal to the electro- 
motive force in the circuit. 

By the application of these two laws, many problems on the 
currents in a network of conductors may be solved, 
and the resultant resistance of the network found. 

From the first law we see that in the case of 
a number of conductors meeting at a point (Fig. 
60) the relation 


ij+%—-%—-%+%+... =0 
holds between the currents, the positive sign being Ms 
given to those which flow towards the point and Fig. 60, 


the negative sign to those which flow away from 
it. We shall see later that the first law is an expression of the fact 
that when the currents in a conductor are steady there is no accumu- 


lation of electricity anywhere. 
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The second law applied to a circuit such as Fig. 61, leads to the 
equation : 
Ary + tgs + try + Urs = ©. 


If the circuit is a mesh of a network, it may happen that one or more 
of the currents is negative, and this fact must appear by a suitable 
change of sign in the equation. 

Wheatstone’s Net.—The most important application of Kirchhoft’s 
laws is in connection with the problem of the Wheatstone’s Net, an 
arrangement of conductors used very widely for the practical com- 
parison of resistances. 


Fic. 61. Fic. 62. 


Six conductors are arranged in trilateral symmetry about the point 
D. If the diagram, Fig. 62, be looked upon as the plan of a tetra- 
hedron of which ABC is the base and D the vertex, it will be seen that 
AD and BC are opposite sides of the tetrahedron, as are AB and DC, 
AC and BD, each pair being called conjugate conductors. 

ree Kirchhoff’s first law to the points A, B, C, and D, in turn 
we have 


for the point A, i,—-i,-—t,= 0 
” ” B, . SS 0 
” ” C, ty -+ ty —-%=0 


” ” D, ig@+%4—-%=0 


These four equations are not all independent, in fact, any one of 
them may be derived from the other three. 


Kirchhoff’s second law applied to the four possible meshes, gives the 
equations, 


for mesh ABC, tury + it, + torn = @ 
£ ABD, ary + ir, — ists = 0 
5 ADO, if’ — tyr, — igrg = 0 
s DBC, —igrg iggy + ur, = 


. Just as before, we can derive any one of these equations from the 
other three, so that they are not all independent. 
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If we take, say, the first three of cach set we have six simple 
equations from which to determine the six unknown currents, Ona Tate 
#,, 1;, 44. The process of solving the six equations is a very tedious one, 
but by means of the three equations from the first law, the number of 
independents currents may be reduced from six to the three, so that 
the process of solving the equations need only be applied to the last 
set. This is virtually the same process as that suggested by Maxwell, 
of assuming three circuital currents x, y, and z for the three meshes 
ABD, ADC, and DOB, and uniting the currents in the branches as 
the appropriate sums or differences of these three. 

If, in our case, we take i, = g, i, = b and 7; = 2; then from equa- 
tion B, 7,=b— 2; from equation D,i,=9 +2; and from C, 
2=b—g-— «x. Substituting these values, 


ABC becomes br, + (b —a)r, + (6-9 —a)r, =e 
ABD becomes (b — a)r, + gr, — vr; = 0 
ADC becomes (b — g — «)r, — (9 + @)r, — gr, = 0 


or, arranging the terms in b, a, and g, 


(7) + 2 + 175)b — (7, + 12)@ — ng = € 
nb—(r,+r)e+trng=O0}...a. 
2b — (ro + 74)@ — (Te +1, +7,)9 = 0 


These equations may be solved by ordinary algebraic methods, but 
the process is very tedious. It would be a great advantage if the 
student would spend the time in reading the elementary theory of 
determinants, as found in Hall and Knight’s Higher Algebra, rather 
than to attempt to solve the equations by unassisted algebraic methods, 
Thus solving for g, we have 


(r, = fr; + 1) aa (1% Sa 12) é 
T; —(r,+7;) 0 
i eee as tet ONS (8) 
{= (1 + % + 1s) — (r+ 1%) Sao 
12 —(etr) — Oe trt+ %) 


The numerator of this fraction is— 


=e{r(r + t's) = 1 (f2 + r4)} 


= (rar; — Ns) 


i geld, is zero, and 
Thus, when r,r, = Tor", t.e. when ear the aes g is : 
ter be placed in this branch, the current being produced 
e deflection will be zero when the resist- 


This is the 


if a galvanome 
by a battery in the b arm, th 
ances of the four arms 1, 2, 3, and 4 form a proportion. 
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condition used in the various modifications of the Wheatstone’s bridge 
commonly employed for comparing resistances. 

Sensitiveness of Bridge—On examining Fig. 62, it will be seen 
that if the battery and galvanometer change places, the same relation 
will hold for the current in the galvanometer to be zero, Any two 
conjugate conductors may be interchanged without disturbing the 
balance, and it might be thought that there would be no difference 
in the two arrangements. It is quite possible that the point of 
balance may be the same in the two cases, but in spite of that, the 
sensitiveness may not be nearly the same, To compare the 
advantages in the two cases, let us imagine that the balance is 
disturbed by a small amount, so that rgr, differs slightly from rr, Now 
that the balance is not perfect we cannot find the current in the 
galvanometer without evaluating the determinant in the denominator 
of the equation for g. This is equal to 


3 — (r+ 7) r 
(itrm+1%) —(ro+ 74) =(rtr+r,) 


‘ Yr. ug 
+t] epee 


r —(",+7s) 
r2 —(T2+74) 


—T. 


that is, 


(ntrtrs) [Cri +%s)ettat ts) tfo(t2+7s)|— (itr) [6 
eh ee )] ( it a) 1 rt+r+r,) 


which when multiplied out, with the terms collected, becomes 


rr (1 +re+rs+ ay) ai (7; = ts )(%s = r,) + rr ota 12) (15 = ie 1) 
a [riro(7s aa 1) =< rr 4(1; ta T2)| . 


Since the object of our investigation is to find whether it is more or 
less advantageous to place the battery and galvanometer as shown in 
Fig. 62 than with their positions interchanged, we may neglect the 
first and last terms in this expression, as their values will not be 
altered by interchanging r, and r,. Writing D, for the value of this 


denominator of equation B for the first position, as above, and D, its 
value when r, and r, are interchanged, we have 


D,- D, =", Gr Sli 13)(T af 1.) — (1+ 12)(%s + 1s 
+ PACK, aig 12)(1'3 + 14) = G M ae r,)| 
=(% — 1), — T4)(%, — Ts). 


Now, when a balance is nearl 


eae : ‘ ie 
ae ete y not quite attained, ry; is very 


and the greater the current i 

é “ g for a given small 
Eee ae Yofs tae the more sensitive will be ae test for 

alance. , then, two of the resistances are very diff 

t t erent 
in sci to the other two, it may make a considerable differ whether 
ue place the battery and galvanometer in the positions as shown or’ 
the reverse. Let us consider that r, and r, are great in comparison 
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with r, and r,; then the last two expressions in brackets are both 

_ positive, and if in addition r, be greater than r,, D, — D, is positive, 
or D, > D,, Hence, the denominator being greater in the first case 

_ than in the second, the current g is greater in the second than in the 
first, so that the second arrangement is the more sensitive, and the 
battery must be between A and D and the galvanometer between B 
and C. On the contrary, if r, > r,, then D, > D,, and the battery and 
galvanometer must be as shown in the figure. 

Thus, whichever (galvanometer or battery) has the greater resistance 
must be placed between the junction of the two arms having greater resist- 
ance and the junction of the two arms having less resistance. 

Again, if one pair of resistances be extremely small, say r, and r,, 
then the numerator of equation 8 would be very small, and the 

' current g would in turn be small, and the arrangement would then be 
insensitive under all conditions. This difficulty could not be got over 
by increasing the resistances r,; and r, as this would increase the 
denominator. Hence, the method of the Wheatstone’s bridge is un- 
suitable for comparing two very low resistances; other methods must 
be employed (see p. 100). 

Also it is an advantage to have the resistances of the battery and 
‘galvanometer as low as possible, as we then have as small a denominator 
of equation £ as possible and therefore as large a current for any given 

\ want of balance. 

An increase in e, the E.M.F. of the battery, is usually impracticable, 
as the resulting heating of the resistances, due to the larger current, 
would cause injury to the standard resistance coils. 

Resistance of Network.—The effective resistance of the network 

- from B to C may be found by solving the simultaneous equations a 
(p. 71), for the current in the battery, b; then, if R is the effective 
resistance of the conductors through the network from B to C, 


e 
be fur, 
R is evidently independent of the resistance of the battery, and we 


may, therefore, using a battery of negligible resistance, put r, = 0, and 


obtain R from the relation b = 7 or R = - 


From (a )— 
e —(rm +7) ate 
0 —(rn+7;) +r, 
Oia = (tart ty) nate ts + T,) A 
ie a Steet r,) = Gi + To) — 7% 
T; -—(% +1r;) Sale d 
ts —(tetrs) — (Metts + %) 
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“ ; e 
Putting r, = 0, and rearranging, remembering that R = 5 we 


have— 
(4 + 12) = . + a9 = it 
"Y =((Fp =P 5) +1, 
Pee to = et) «= Co eet) i 
‘rh —-(n+ Ts) ar bry, 


—(mn+%) —-@e+m+7,) 


a result which gives us the resistance of the Wheatstone’s net. 

Further, when rr; = rr, there is no current in the galvanometer 
circuit, and 6 is consequently independent of the resistance r,, and it 
follows that the value of R in this case is unaffected by putting r, = 0. 
The value of the numerator of the last equation, without r, being 
omitted, has been found on p. 72, and putting r, and r, both equal to 
zero in this expression, it reduces to 


vr; T2( 1s +5 14) + 1st (11 = g)s 
And thus— 
Pol "s + 1s) + rrg(ty + T.) 


R= 
Gi “te 13 )(To <P 1") 
1 Setp + tots + Mt, + T3l"g 
R © ryrers bets First 4 + Tor gg 


ry. + Tef"s es LU ie 
~ HyPat's bh Tata bets betty | MMs Hee bo tsts + ors 


Remembering that ry, = ryrs, 
u cS Mob Tots fe ry, + 13M4 
R™ (nite + rots) (3 + 14) (rire + srs) (1 + 2) 
1 1 


See 


A result which is in accordance with that obtained by the simple 
method on p. 63. 


CHAPTER 1V 
THE ELECTRIC CURRENT (continued) 
MEASUREMENTS 


Galvanometers.— The name galvanometer is applied to those instru- 
ments which are used for the measurement or detection of very small 
currents. Although there is no absolute line of demarcation between 
these on the one hand, and ammeters which measure relatively large 
currents, and voltmeters which measure large differences of potential, 
‘on the other, still, the latter have as a rule a definite fixed scale, 
graduated to read amperes or volts, while the scale used with a 
galvanometer is not as a rule part of the instrument itself: and the 
value of the scale divisions, which for many purposes need not be 
known, is found for each experiment, when required, by some process 
of calibration. 

In the case of the tangent galvanometer described in the last 
chapter, the expression for the current flowing in the coil is— 


Pee ata 
Ce pe eet 


and for reasons connected with the use of such a galvanometer, r is 
always great. This is no disadvantage so long as the current to be 
measured is large, but if the current is extremely small, r must 
obviously be as small as possible, and at the same time n must be as 
great as possible. Thus for high sensitiveness, many turns of small radius 
must be employed. Obviously, the number of turns cannot be 
indefinitely increased without making the radius of the turns so great 
that they are of very little value, and even act detrimentally by 
unduly increasing the electrical resistance of the galvanometer. 
Having reached the limit of any increase of sensitiveness obtained 
by modifying the coil, we then: turn our attention to the method of 
measuring the deflection. The scale and pointer method is only 
applicable for very rough instruments, and is replaced by the scale and 
mirror method described on p. 8. ‘The scale being situated at some 
distance from the needle, and the rotation of the reflected beam of 
light being double that of the mirror, it follows that for deflections of a 
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considerable number of scale dimensions, the angle turned through by 
the needle is so small that tan @ may be replaced by 6 itself, and this 
may be taken as proportional to the deflection in divisions on the 
linear scale. This is thoroughly justified if the reading is near the 
middle of the scale, but if the deflections are large the scale must be 
directly calibrated. 

The calibration of a galvanometer scale may be most easily effected 
by means of a standard cell and a high resistance box. The box, the 
cell, and the galvanometer are joined in simple series and the resistance 
adjusted until the deflection is the greatest allowable. The resistance 


e 
and E.M.F. being known, the current is calculated (current = 7 On 


increasing the resistance by suitable steps, other readings of the 
deflection may be obtained, and the corresponding current calculated, 
and the result may very suitably be represented by means of a curve, 
deflections being abscisse and milli-amperes (thousandths of an 
ampere) or micro-amperes (millionths of an ampere) ordinates. 

If the controlling magnetic field, H, which brings the needle into 
the plane of the coil, when no 
current is flowing, is the hori- 
zontal component of the earth’s 
field, the range of sensitiveness 
of any given galvanometer is 
restricted; the only changes 
that can be made are effected 
by altering the coils or the 
method of reading the deflec- 
tion ; but if H can be varied, 
we have a great extension of 
the range of usefulness of the 
instrument. This is usually 
accomplished by means of a 
controlling magnet M (Fig. 
63). Thus, if H be increased 
by lowering M, its 8S pole point- 
ing north, and its N pole 


given current will produce a 
less deflection, but if the N pole 
of M point north, or if instead | 
M be raised, the controlling field H is weakened, and the given 
current will produce a greater deflection. Thus the sensitiveness may 
be considerably altered by means of the controlling magnet. 

The use of a controlling magnet has the further advantage that the 
oh of light may by means of it be easily adjusted to the zero of the 
scale. 


Another device for increasing the sensitiveness is to arrange the 


pointing south, we see that a 
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suspended magnetic system in such a way that the controlling field 
_ exerts an extremely small turning effect upon it. ‘Two magnets are 


Fig. 64. Fig. 65, Fic. 66, 


connected rigidly together in such a way that the couples exerted 
by the controlling field upon them are very nearly equal and 
opposite. They must not be exactly 
equal and opposite, in which case the 
system is said to be astatic, or the control 
H would be zero, and the arrangement 
would be unworkable. The coil only 
surrounds one of the needles (Fig. 64), 
so that the deflecting couple acts on one 
~ of them only. In the Kelvin type of 
instrument two coils are employed, one 
surrounding each magnet, the coils being 
so connected that the couples due to the 
current both turn the systems of needles 
in the same direction (Fig. 65). A 
further arrangement due to Professor 
Broca, modified by Dr Harker, is shown 
in Fig. 66. Two steel wire magnets 
are rigidly attached together vertically, 
one of which has N poles at its end, and 
consequent S poles in the middle, and 
_ the other S poles at the ends with con- 
sequent N poles in the middle. This 
~ arrangement allows powerful magnets to 
be used without having a large moment 
of inertia for the moving system. Fic, 67. 
Fig. 67. illustrates a galvanometer 
of the Kelvin type made by Messrs. Nalder Bros. & Co. 
The Suspended Coil galvanometer has largely superseded the 
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galvanometer with the suspended magnet, for two important reasons— 
the instrument is not susceptible to disturbance by varying external | 
magnetic fields, and the suspension is much stronger. On the con- , 
trary, its sensitiveness cannot be varied at will, and the damping is , 
usually much greater. This latter is not always a disadvantage ; in 7 
fact, for deflection measurements and those involving the finding of 
an electric balance as in the case of the Wheatstone’s bridge, it may 
be a great advantage, but in measurements of the ballistic type, as we 
shall see in Chapter IX., it is a serious objection. 

The principle involved in the use of this type of galvanometer must 
be deferred to Chapter IX., but on general grounds it may be seen that 
if a magnet experiences a couple due to the current in a coil, the coil 
experiences an equal and opposite couple, so that if the magnet be 
fixed and the coil suspended, the latter will be deflected when a current 
flows in it, and further, the couple is 
proportional to the current. To make 
this change, a radical alteration in de- 
sign is necessary. Since the magnet is 
fixed we may make it as large and 
heavy as we please, while on the other 
hand, the coil, being suspended, must 
be as light as possible. 

A typical arrangement for this form 
of galvanometer is shown in Figs. 68 
and69, A permanent magnet, usually 
of the horseshoe type, has soft iron 
pole-pieces N and8. The coil B, which 
is commonly rectangular, is suspended 
between these pole-pieces by a fine 
phosphor-bronze strip, which also serves 
as a conductor to bring in the current, 
After passing round all the turns of the 

Fia. 68. coil, the current passes out by means of 
the second phosphor-bronze strip CD, 
When the current flows, the coil experiences a couple, and will rotate 
until the couple due to the twist in the suspension becomes equal and 
opposite to the deflecting couple. The couple due to this twist in 
; the suspension is proportional to the angle 
of twist itself, provided that the coil is 
always in a magnetic field of the same 
strength. To ensure this the soft iron 
cylinder E is situated between the pole 
faces, and serves the double purpose of 
: making (by the presence of the poles u 
4 the field stronger and also eee i radial, as Been in Dae 
plan (Fig. 69). We shall see in Chapter IX. that the couple acting 
on the coil is proportional to the current i, to the number of turns n, 
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and to the area of each turn A, and to H, the strength of field in 
which the sides of the coil are situated. 


.. Couple « iAnH. 


The controlling couple is proportional to the deflection 6, and to 


the couple ¢ for unit twist 
(one radian) of the suspen- 
sion, the upper end being 
fixed. Thus, for equilibrium 


tAnH « c6, or, ix aH 

Hence for a well-designed 
instrument the current is 
proportional to the deflection 
itself, since the field is cer- 
tainly of constant value until 
6 attains much larger value 
than that occurring in any 
probable experiment. To in- 
crease the sensitiveness, c may 
be diminished, and A, n,.and 
Hsincreased. ¢ cannot be 
diminished without limit, as 


Fig. 70. 


the suspension must be strong enough to carry the coil. It is usually 
made of phosphor-bronze, as this has a tensile strength approaching 


that of steel and is not readily oxidisable. The coil is made as res 
as possible by constructing it of thin high-conductivity insulate 
copper wire, but it may be noticed that we can never use as great a 
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number of turns of wire in the coil as in the case of the suspended | 
magnet instrument, and for this reason the suspended coil galvano- 
meter has generally a lower resistance. The loss of sensitiveness due 
to having fewer turns is, however, made up for by the very high value 
of the magnetic field employed. The permanent magnets are generally 
built up of several hard-steel horseshoe magnets to ensure permanence 
and great strength of field. 

Galvanometers of the suspended coil type are frequently called 
d’Arsonval galvanometers after their inventor. 

In Figs. 70 and 71 are two types of galvanometer having a single 


Permanent MAcsaer 


Fic. 72. Fic. 73. Fig. 74. 


suspension, and Fig. 72 is a galvanometer of the Crom i 
oe ine SU is ae the current passing comers bias 
metallic strips and u i i 
anc coil are given - Figs. 73 acer ae # i mae 
= the Thermo Galvanometer due to Duddell, the heating produced 
a _ wire is measured by an arrangement similar to that used in 
s oys’ radio-micrometer. A loop of silver wire hangs between the 
BS es Ne a permanent magnet and the loop ends in two little pieces 
ee oy and the other of bismuth. These are in contact ab 
laa ote yee and are situated over the heater H (Fig. 75), 
‘eae co pee tobe measured. Whena temperature difference 
- Sep t S lower Bi-Sb junction and the rest of the circuit, 
* Stag . oportional to this temperature difference flows in the 
loop, which then rotates until the torsion in the suspending quartz 
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fibre F brings it to rest. The rate of production of heat in H is 
proportional to the square of the current, and this is also found to be 
proportional to the deflection. The heaters are made of various 


__ resistances from 4 ohms to 1000 ohms, those of lower 


' resistance being metal wires and those of high resist- 

ance consisting of a deposit of platinum on quartz. 
With a scale at a distance of one metre, a current 

of 110 micro-amperes gives a deflection of 250 milli- 

metres, using a 1000-ohm heater, and with a 4-ohm , 

heater a p.d. of 7 millivolts gives a deflection of 250 

millimetres. The great advantage of the instrument | N S 

lies in the fact that it is equally applicable to the 

measurement of direct or alternating currents, and 

on being calibrated for one, may be used to measure 


the other, and it is therefore useful for the measure- | Br {l[]so 

ment of high-frequency oscillating currents of a few {fn 

micro-amperes. z 
Sensitiveness of Galvanometer.—The Figure of Fia. 75. 


Merit of a galvanometer is the current which will 
produce a deflection of one scale division. This depends upon the 
distance of the scale from the galvanometer and the size of division, 
and thus for facility in comparing different galvanometers it is usual 
to employ a scale of millimetres, placed at a distance of one metre 
from the mirror of the galvanometer. Provided that the deflection is 
not too large, we see that the current is proportional to the deflection, 
both for the suspended magnet and the suspended coil type of galva- 
nometer, and therefore we can obtain the figure of merit by observing 
the deflection for a given current, as in the calibration described 
on p. 76.° Dividing the current by the deflection the figure of merit 
is obtained. 

There is considerable difficulty in making a comparison of the 
efficiency of different galvanometers, since this depends so much upon 
the use to which the instrument is to be put. It might happen that 
an extremely small current produces a considerable deflection, and 
yet the resistance of the galvanometer may be so great that it is 
unsuitable for some purposes, as, for example, making measurements 
by the Wheatstone’s bridge. If a constant p.d. be maintained between 
the terminals of a given galvanometer, the deflection is independent of 
the resistance of the coils, provided that all the turns are equally 
effective in producing magnetic field, for the field is then proportional 
to the number of turns. But, on the other hand, the resistance is 
also proportional to the number of turns, so that the current corre- 
sponding to the given p.d. will vary inversely as the number of turns, 
and the deflection, being proportional to the ficld and the current, will 
remain unaltered. 

Again, the moment of inertia of the suspended part does not affect 


the steady deflection for any given current, but it does affect the 
G 


ss 


82 ELECTRICITY AND MAGNETISM CIIAP. 


period of swing and the time for which the needle goes on swinging, 
and a large moment of inertia may, therefore, render a sensitive 
galvanometer unsuitable for bridge work and for measurements in 
which a steady deflection is to be rapidly obtained. And, further, the 
suspended magnetic galvanometer is usually provided with a moveable 
controlling magnet, so that the controlling field, and therefore the 
sensitiveness, may be varied between wide limits. 

For these reasons it has been suggested that the sensibility of 
a galvanometer should be defined as the number of scale divisions 
deflection for a current of one micro-ampere when the scale is at 
a distance of 1000 scale divisions from the mirror, reduced to the 
corresponding value for the same rate of expenditure of energy 
when the resistance of the galvanometer is one ohm and the period of 
vibration one second. 

Let the deflection be 6 scale divisions for a current of one micro- 
ampere when the resistance is R ohms and the time of vibration T 
seconds. The rate of working is now R x 10-* watts (since current 
is one micro-ampere = 10-° amperes), and therefore to maintain the 
same rate of working with the resistance changed to one ohm, the 


current would be ,/R micro-amperes, and the deflection for one 
: Ae 6 
micro-ampere would, under the new conditions, be —=. To reduce 


the deflection to correspond to a period of vibration of one second, 


Sy 
remember that T = any / MH in the case of a vibrating magnet, 
where H is the controlling field (p. 23) ; 


i 


uulalice Te 


‘ 1 
But deflection « itt (p. 75); 


.. Deflection « T?. 


Hence to find the deflection if the periodic time were reduced to 
one second, we must divide by T*. 


. Sensibility = rar 


A similar process of reasoning applies to the suspended coil 


galvanometer, for in this case T = am / 4 where ¢ is the restoring 
c 


. . . 1 
couple for unit twist in the suspension, and deflection « . (p. 79). 


IV. GALVANOMETER RESISTANCE Sor 
.. Deflection « T?, 


_Galvanometer Resistance.—The resistance of the gal 

vary between wide limits, but that of the suspended ee ee ie 
- In general, greater than that of the suspended coil. The latter may 
have Sah Ae apo up to 2000 or 3000 ohms, but in the case of the 
suspended magnet instrument it reaches in exceptional 
as 300,000 ohms, although 4000 to 6000 ohms =. eisien ics ae 

There are many methods of measuring the resistance of a galvano- 
meter, but undoubtedly the most accurate is to clamp the coil and 
treat the galvanometer as an ordinary conductor, and measure its 
resistance by comparison with a standard, using the metre bridge or 
Post Office box. This involves the employment of a second galvano- 
meter, which presents no difficulty in a physical laboratory ; but there 
are several methods of determining the resistance without the use of 
this second galvanometer. For example, in Kelvin’s method, described 
on p. 98, the galvanometer itself occupies one arm of a Wheat- 
stone’s bridge. The following two simple methods will give the 
resistance approximately. r 

If the galvanometer has a low resistance G, connect it in series 
with a cell of E M.F. E volts, and a resistance box in which resistance 
R, ohms is used, 


E : : 
Then, I, Seay assuming that the resistance of the cell is 


negligible. Now change the resistance in the box to R, ohms, when 


E 
I, = 7 
~1_G+R, qo. Bb Bh 
a ee es 3s i 


I, and I, are proportional to the deflections in the case of a reflecting 
galvanometer, and to the tangents of the de- 

flections in the case of a tangent galvano- G 

meter. The method is applicable when the 

_galvanometer is not very sensitive, but in 

the case of a delicate instrument, R would 

have to be so great in order to produce a 

reasonably small deflection, that the method R 

is useless, and the next method may be em- ; 
ployed. A conductor of resistance 1, is E 

placed in parallel with the galvanometer and Fic. 76. 
another resistance R, in series (Fig. 76). 

Then R, being usually very great in comparison with the resistance of 


the cell, 
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Current in galvanometer, I = 


If now 7, be changed to r,, and R, be changed to the value R,, such 
that the current I in the galvanometer is the same as before, 


E hives E 1, 
1G m+G » 1G r,+G 
fot roe peer’ 
Us eg 2 
Ri, + RGa+7,G” Rez + RG + 7G 
ryro(R, — Rs) 


Galvanometer Shunts.—Resistances are sometimes placed in 
parallel with the galvanometer to reduce the sensitiveness, by offering 


‘\ 

\ 
\ 
st) 

\ 
\ 


Fig. 77. Fic. 78. 


I Ss 


an alternative path to the current, so that only a fraction of it goes 
through the galvanometer. Thus, if the galvanometer resistance be G, 
and that of the shunt § (Fig. 77), then for the current I flowing in the 


main circuit, that in the galvanometer is I . aa With the older 


galvanometers, boxes of shunts were supplied, whose resistances were 


respectively 3, ;, and ;4, of that of the galvanometer, and in this case 


Gis has the value ;4, 45, or yds) so that the sensitiveness of the 


galvanometer is reduced 10, 100, or 1000 times by the use of the 
proper shunt. Each galvanometer had its own shunt, which some- 
times led to great inconvenience, and hence the advantage of the 
Ayrton and Mather Universal Shunt, which may be applied to any 
galvanometer. 

The high resistance R is placed in parallel with the galvanometer, 
and the current I enters at A and leaves at B, Fig. 78, 
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R 
G+R 


current in galvanometer = J _—— 


If now the point at which the current leaves be transferred to D, 


‘ 1 
such that resistance AD = = (resistance AB), the two circuits AD (=), 
n 


and AGBD (a +R-— =} are in parallel, and 


aay 
current in galvanometer = I z = : misliodi 
pe cere =, G + It’ 


1 
that is, it is 7 of the previous current, 


By having a number of points such as D, for which n = 1, 10, 100, 
1000, etc., the effect of the shunt may be conveniently varied. Fig. 79 
shows the arrangement sometimes adopted in the Ayrton and Mather 
shunt: G and G are connected to the galvanometer and L L are the 
circuit terminals. With the rotat- 
ing arm as shown, the value of the 
shunt is 54. 

It should be noted that in moving 
the point of contact from B to D 
(Fig. 78), the effective resistance be- 
tween the leads falls from 


R R 
See (G+ -7) 
GHR R i 
i eS aaa 

/ R 

Oa eee 
Dee ( 4 Be 

n Gtk 


and the main current may be thereby altered. For the main current 
to be unchanged, these values of the resistance must be the same, 


R 
G+R—-—— 
ee oe, Roe nG. 
n 


Thus for any given value of the shunt, say ;, the effective resistance 
of the circuit is unchanged on employing the shunt, provided that the 
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resistance AB is ten times the galvanometer resistance. The sensitive- 
ness of the galvanometer is reduced on attaching the universal shunt, 


: , R ; R G 
in the ratio 1: Gan? that is by 100(1 — aH) or 100G TR 


G 100 
per cent.; but this is 100 Gt n@ when R=1G, or ear In the 


case when n= 10, this amounts to 9:1 per cent., which is unim- 
portant, and when n=100 or 1000 it is quite negligible. The 
resistance of the whole shunt should therefore be at least 100 times that 
of the galvanometer. 

Voltmeters.—Although the variety of voltmeters in use is very 
great, and many different principles are used in their construction, we 


may broadly distinguish between the electromagnetic type, which is 
simply a galvanometer of low sensibility having a fixed scale graduated 
to read volts, and the electrostatic type, which is a modified form of 
electrometer, the description of which will be left to Chapter VI. 
But one characteristic is common to them all; they must have very 
high resistance, the reason being that in connecting them between 
the two points whose p. d. is required, they must take only an 
infinitesimal current, so that no appreciable disturbance of the 
circuit is produced, and the heat produced by the current in the 
instrument itself shall be negligible. In the electromagnetic type 
of instrument the coil is situated in a strong radial magnetic field, as 
in the case of the galvanometer, but the control is produced bya spiral 
spring usually made of phosphor-bronze, and the coil turns upon two 
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jewelled pivots, Fig. 80 is a voltmeter made by Messrs Nalder Bros, 
and Thompson, Ltd. 

In Fig. 81 is shown the mode of suspension of the coil in an instrument 
made by Mr. Robt. W. Paul, which is supplied either as milli-voltmeter 
or as &@ micro-amperemeter according to the scale attached. It also 


serves the purpose of a galvanometer when great sensitiveness is not 
required, It is called a single pivot galvanometer on account of the 
fact that the coil is suspended by one pivot only, which is situated at 
the centre of the spherical soft iron core as shown in the figure. 
Ammeters.—A voltmeter may be used in conjunction with a 
shunt of low resistance to serve the purpose of an ammeter. If the 
shunt AB, Fig. 82, be placed in the circuit y 


“in which the current is to be measured, and 


the voltmeter joined to A and B, then if the 


resistance between A and B be known (say R 
, 4 


ohms), the current is also known, since I = BE 
If R. be 3, ohm, then the scale of volts multi- A B 
plied by 10 will serve as a scale of amperes. Fig, 82, 

This of course assumes that the resistance of 

the voltmeter is so high that the current in it is inappreciable, but 
even when this is not quite the case the instrument may be calibrated 
as an amperemeter by means of the voltameter or by comparison 
with a standard current balance (see p. 244), 

Many instrument makers place the shunt in the case of the instru- 
ment, and others supply sets of shunts, which enormously increase the 
range, in some cases up to several thousand amperes (Fig. 83). 

In all cases the resistance of an amperemeter must be very small ; 
in the first place so that no disturbance is made in the circuit in 
which it is placed, and secondly because the heat produced in the 
instrument must, in-spite of the large current, be negligible. 
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Hot Wire Instruments.—The heat produced by the passage of the 
current has also been employed in the construction of ammeters and 
voltmeters. The current passes through a fine wire which is thereby 
heated. The expansion is observed by some mechanical multiplying 
arrangement. ‘The Cardew voltmeter is.an example of this form of 
instrument. The advantage lies in the fact that the direction of 
movement of the pointer is independent of the direction of the current, 
and the instrument can therefore be used for measuring alternating 


currents. The hot wire instruments, however, are very liable to change 
of zero, and the fact that the heating is proportional to the square of 
the current renders the scale uneven, and further, the multiplying 
mechanism is a frequent source of uncertainty. . 
Soft Iron Instruments.—Soft Iron ammeters also are constructed, 
which read satisfactorily on both continuous aud 
alternating current circuits. The principle of 
such an instrument is illustrated in Fig.84. The 
current to be measured passes round a coil wound 
upon a brass cylinder, and therefore gives rise to 
a magnetic field parallel to the axis of the coil. 
Two soft iron bars, A and B, are situated in 
this field, with their axes parallel to it, and are 
therefore magnetised when the current flows 
in the coil, and to a degree depending upon the 
strength of the current. A is fixed to the 
brass cylinder, and B is part of a light frame- 
bth as centres O situated in the axis 
: of the coil, en A and B are magnetis 
ends situated together are poles of the same kind, that is ages 
both S, and the two bars therefore repel each other. The force of this 


Fig. 84, 


Iv. RESISTANCES 89 


repulsion is proportional to the product of the two pole strengths, and 
each pole depends upon the strength of current, and hence the repul- 
sion depends upon the square of the current. The control is usually 
gravitational, the moving system being so balanced that the pointer 
S is at zero on the scale when no current is flowing. ‘The relation 
between deflection and current is complicated, so that the scale must 
be calibrated by direct comparison with an ampere balance ; the scale 
is found to be more open in the middle than at the ends. 

Since the deflection depends upon the square of the current, its 
direction is independent of that of the current, and an alternating 
current will therefore produce a deflection. This type of ammeter, 
calibrated to read alternating currents, is very widely used. 


<i 
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Resistances.—For purposes 
of electrical testing, it is usual 
to arrange the standard sets 
of resistances in boxes, and 
the variety of ways in which 
this is done is very great. One 
very common arrangement is es EDs Fe 
shown in Fig. 85. The wire tw __—_————_ 
whose resistance is approxi- Hi 
mately that required, is sol- 
dered one end to each of the 
brass blocks, which are them- 
selves screwed to the ebonite 
base. The wire, which is usually 
of manganin on account of its 
small temperature coefficient, © 
is then doubled and wrapped 
round the bobbin as shown, 
and afterwards soaked in 
melted paraffin wax. The plugs are ground to fit into conical holes 
between the brass blocks, so that on inserting any given plug the 
corresponding resistance coil is short circuited. 
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Fig. 86 is a box of the ordinary type made by Mr. R. W. Paul, and 
Fig. 87 a box of high resistance made by Messrs. Nalder Bros. & Co., 
the total resistance of which is 100,000 ohms, the terminals being 
mounted on tall pillars to improve the insulation. This becomes 
necessary when the resistance of the coils is of the same order of 
magnitude as that due to leakage between the terminals, over the 
surface of the ebonite. Fig. 88 is a convenient form of dial box by 
Messrs. Nalder Bros. & Co. 

Owing to the change of resistance with temperature, resistance 


coils used for accurate purposes are provided with a thermometer to 
enable the temperature to be observed at the time of experiment. 
In Fig. 89 is shown a standard resistance coil of the pattern used 
by the Reichsanstalt, Berlin. The terminals are stout copper con- 
ductors, which are amalgamated at the tips to ensure good electrical 
contact with the mercury cups in which they rest. The whole is 
immersed in a liquid bath to maintain steadiness of temperature, and 
the hole enables a thermometer to be inserted so that the bulb shall 
be as near as possible to the resistance wire itself. 
Measurement of Resistance.—The easiest method of comparing 
resistances is that of simple substitution. A cell of steady E.M.F., 
. which need not be known, is placed in series with a galvanometer, a 
resistance box, and the resistance to be determined. ‘The current is 
adjusted to a suitable amount either by changing the resistance in the 
box or by shunting the galvanometer. On removing the unknown 
resistance from the circuit, the current is increased, and may be brought 
back to its original value by increasing the resistance in the box by 
an amount equal to that of the resistance removed, which is therefore 
known. 
The deflection method may be employed when the resistance to be 
measured is sufficiently high; the deflection § being observed when 
the unknown resistance R is in circuit. This is then replaced by a 
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known standard resistance R, and the deflection 6, observed (Fig. 90). 
If E is the E.M.F. of the cell, B its internal resistance, and G the 
resistance of the galvanometer— 


pee ee 
ioe Go . RE Bk @ 
I_ R+B+G_4 


Mae be Go 


R 
If R and R, are very great in comparison with B and G a= S 
21. 


The method is only employed in measuring very great resistances, 
such as that of the insulation of an electric cable, which is generally 
of the order of millions of ohms. The cable is immersed in a tank of 


Fig. 90. Fic. 91. 


water, and the current passed from the core B to the water of the 
tank, passing through the insulating layers of the cable. It will be 
seen that a leakage may occur over the surface of the insulation from 
A to B (Fig. 91), this current causing the results obtained to be false. 
To get over this difficulty Price? has suggested that a wire, C, be bound 
round the insulation near the end of the cable and so connected to the 
rest of the circuit that this disturbing current will not pass through 
the galvanometer. The current in the galvanometer may conveniently 
be reversed by means of the Pohl’s commutator, shown at D, and the 
mean of the readings on each side of the zero, taken as the deflection. 

A more direct method of measuring resistance is sometimes em- 
ployed when the conductor is carrying current, as, for example, in the 
case of an incandescent lamp, the resistance of which, when hot, differs 
greatly from that when cold. ‘The ammeter A (Fig. 92) indicates the 
current in the lamp, and the voltmeter V the potential difference 
between its terminals. By division we can obtain the resistance in 


1 W. A. Price, Electrical Review, vol. 37, p. 702. 1896. 
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ohms. The method does not admit of very great accuracy, but this 
is rarely required in such a case, 

On altering the current by means of the variable resistance R, the 
resistance of the lamp for different currents may be found, and if, 
instead of dividing the p.d. by the 
current, we multiply them together, 
the result obtained is the power in 
watts absorbed by the lamp. The 
candle-power for different currents 
may be found by the ordinary photo- 

Fra. 92. metric methods. A carbon filament 

lamp has about 50 per cent. less 

resistance when hot than when cold, while for a metallic filament 
the resistance when hot is two or three times that when cold. 

Wheatstone’s Bridge——The method of the Wheatstone’s net, 
described in the last chapter, affords the most accurate and frequently 
used method of comparing resistances, and it has the great advantage 
that it is a null method, the galvanometer being required to detect 
a want of balance and not to measure a deflection. 

Fig. 93 (i) is a diagrammatic representation of the Wheatstone’s 
net, and Fig. 93 (ii) shows the arrangement used in the Post Office bow. 


We have seen on p. 71 that when sage the current in the galvano- 


Q 8S 
iP : 
meter is zero. Hence, if the ratio a) and the value of KR in ohms be 


known, the resistance S can be calculated. In the Post Office box the 
p 
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(1i) 
Fie. 98. 
arms P and Q usually each consist of three resistances of 10, 100, and 
1000 ohms respectively, so that any decimal ratio from 1:100 up to 100:1 
may be used. The third arm R is an ordinary set of resistances, and the 
unknown resistance 8, which is to be measured, is made the fourth arm. 
In making measurements it is necessary to have a tapping-key in the 


battery and one in the galvanometer circuit, so that these are only. 
closed at the moment of making the test, 


: This is a necessary precau- 
tion, for if the current be left on for an app 2 eee 


reciable time the resistances 
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will be heated, and since they will generally have different tempera- 
ture coefficients, a disturbance will on this account be introduced. 
The battery circuit should be closed before the galvanometer circuit, 
as, when the reverse process is employed, a throw of the needle may 
take place owing to the difference in the windings of the various parts 
of the bridge. (See p. 323.) 

For measuring very high resistances the ratio 1:100 will be 
employed, and the resistance R, which gives a balance must be multi- 
plied by 100 to obtain 8. Similarly, for very low resistances the 
ratio 100 : 1 is employed, and R is divided by 100. Should an altera- 
tion of 1 ohm in R change the deflection from a few scale divisions on 
one side of zero to a few divisions on the other, the fraction of an 
ohm necessary for an exact balance may without error be calculated 
by proportion to the first decimal place. 

Metre Bridge.—For greater precision in comparing resistances the 
Metre-bridge may be used. 

The two resistances to be compared are placed at P and Q, anda 
point of balance upon the stretched wire is found, for which the 
current in the galvanometer is zero (Vig. 94), 


im 


Then ~=- S provided that the wire is uniform in cross- 
2 


section and material. The wire is usually a metre long, hence the 
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name of the bridge, and is stretched over the scale, so that the position 
of the point of balance may be read to within a millimetre. The 
connecting conductors are stout copper strips, the resistance of which 
is for most purposes negligible. : 
In the laboratory form shown in Fig. 95, P and Q are the gaps in 
which the resistances to be compared are placed, A and B being two 
additional gaps‘in which resistances can be placed whose function is 
to increase the effective length of the slide wire. For example, if the 
resistances at A and Bare each 10 times that of the slide wire, the 


_ . sensitiveness of the bridge is increased 21 times ; but it should be noted 


ls ae, 
AY 


that P and Q must now be nearly equal, otherwise the balancing point 
may not come on the slide wire. ; é 
The contact maker K rests upon three hemispherical feet, two of 
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which slide in the V groove running between E and F, This ensures 
that it shall always run exactly over the same path, and the groove 
being a piece of angle brass it also serves as a conductor to connect 
the contact maker to the battery or galvanometer, which is joined 
to E or F. This saves the loose running wire, which is a frequent 
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source of accident in the older patterns of metre bridge. Contact 
with the wire is made by pressing the ebonite-capped key, and the 
position of the contact with respect to the scale is determined by means 
of a fine scratch on the piece of glass let into the slider. 

Calibration of Metre Bridge.—Unless the roughest of measure- 
ments is to be made, several unavoidable errors of the bridge must 
be determined. The first, results from the fact that the zero of the 
scale may not be actually at the effective end of the wire, owing to 
uncertainty in fixing the scale, and also to the fact that the copper 
strips and the soldering at the ends of the wire may have resistances 
which are not negligible. 

Let the error at one end of the bridge be equivalent to a length a 
of the wire, and that at the other 8. Two resistances of known ratio 
P: Q are inserted, and a point of balance found at distance J, c.m,s. 
from one end. 


Ps tea 
Then, Q = 100 --+ 8 


P and Q are now interchanged, and a new point of balance found, 
at say 1, c.m.s. from the same end. 


’ Q = l, + a 
Then, p = 100-148 B 


From these two simple simultaneous equations a and 8 may be 
calculated, Of course P must not equal Q, or no change in the 
balance is produced on interchanging them. A convenient ratio is 
P32 Q 21020 

The second error is due to unevenness in the wire, and to correct 
for this, a calibration of the wire must be performed. To do this, the 
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wire is divided into a number of parts of equal resistance, whose 
lengths will, if the wire is not uniform, be different. Let them be 
L, le, Is... Uo, if the number of parts chosen is 10, The mean of 
L, 1, ...% is found by adding them and dividing by 10, and each 
one in turn is then subtracted from the mean. This gives the error 
over each section, and to find the resulting correction to be applied 
at any point, these errors must be algebraically added from one end 
to the point considered. By plotting a curve with lengths of wire as 
abscisse and corrections at the 11 points (counting the two ends, at 
which the correction is, of course, zero) as ordinates, the correction 
for intermediate points may be found. If, then, the end corrections 
a and 8 with signs reversed be plotted upon the same diagram and 
the resulting two points joined by a straight line, this line may be 
taken as a new axis from which the total correction at any point may 
be measured. 

There are many methods of performing the division of the wire 
into a number of parts having 
equal resistance, but the following, P Q 
which makes use of a principle due “4 a 
to Prof. Carey-Foster, is a very 
convenient one. 


This principle is, thatifa balance ‘--- - -- l,----- = , 
be obtained with two unequal ree ““~~~ ~~~ a rae? a 
sistance at M and N (Fig. 96), and Fic. 96, 


these be then interchanged, and 
a new balance be found, the difference between the resistances M and 
N is equal to the resistance of the bridge wire between the two points 
of balance. 

For, with M and N as shown in the figure, 


Po M+, 
Q Ny THt 
where J, is now the resistance of the length 7, of wire and T the 
resistance of the whole wire. On interchanging M and N we have 


ie yee 
Q M+T-2; 
M +1, Mio 


ee o7 MT 7, 
Hence, adding the numerator and denominator to get a new numerator 
in each case, 
M+N+T M+N+T 
NT 1, M+ T-— I,’ 
Since the numerators are equal the denominators are also equal ; 
. M-N=/,- |, 
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Tf N =0, M = 1, — l, and making use of this, the resistance of a 
length of the bridge wire may be found. 

To perform our calibration, N is a thick copper strip, and M a short 
piece of manganin wire soldered to two stout lugs which fit the 
terminals, its resistance being about ;, of that of the bridge wire. 
P and Q are two resistance boxes, and their resistances are varied 
until, with the contact maker near the end of the wire near M, say 
at J,, a balance is obtained. M and N are then interchanged and the 
new balance point on the wire is found, say at J,, Then /, — /, is the 
first section of the wire 
which has a resistance 
equal to M. Without 
moving the contact 
maker, M and N are 
placed in their first posi- 
tions, and P and Q 
varied until a balance is 
nearly obtained, the fine 
adjustment being then 
made by moving the 
contact maker. M and 
N are interchanged as 
before, and the process 
repeated until the end 
of the bridge is reached. 

For comparing two 
very nearly equal resist- 
ances, as in the case of 
two standard coils nomi- 
nally of the same value, 
the Carey-Foster bridge 
of a special form may 
be used. 

The ratio coils AA, 
and BB, (Fig. 97) are 
equal and are frequently 
Fie. 97, wound on one bobbin 

(From Henderson's “ Practical Electricity and for the convenient elimi- 
Magnetism.’’) nation of error due to 

possible difference in ~ 

temperature, The two coils, R and X, to be compared, are placed at 
IL and JJ;, and the balancing performed upon the short wire G, which 
must be previously calibrated. R and X may be interchanged in 
position with respect to the bridge by means of the thick copper 
conductors CDEF, which, for convenience, are mounted on one ebonite 


block, the rotation of which through 180° executes the required 
interchange. 
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Callendar and Griffiths Bridge.—This is another adaptation of the 
Wheatstone’s bridge to a special purpose ; in this case the measure- 
ment of temperature by the change in resistance of a platinum wire. 

_ _Pand Q (Fig. 98) are the ratio arms which are adjusted to equality 
and the platinum wire W is connected by internal leads to PP, and thence 
to the gap of the bridge T. An equivalent pair of leads joined together 
within the tube containing W, 
go to the gap C, and thus the 
disturbing effect of the leads 
on account of their variation 
in temperature is eliminated, 
the two pairs being in practice 
kept close together, and their 
two resistances being always 
equal and introduced in oppo- 
‘site arms of the bridge, which 
is adjusted for equality. The 
bridge wire MN is 50 cms. 
long, and at 1, 2, 4, 8, 16, 32, 
64, and 128 are placed resist- 
ances whose values are l, 2, 
4, etc., times the resistance of Fic. 98, 

20 centimetres of MN. Since 

this has a resistance of about 51, ohm per centimetre, the resistances 
of 1, 2, 4, etc., are therefore 0°1, 0:2, etc., up to 12°8 ohms, and with 
all of them in, W may have a total resistance of 23°5 ohms, The 
balance is obtained by moving the cross-piece which connects the wires 
AB and MN, all of which are made of the same material in order to 
avoid thermoelectric disturbances, ; 

If the balance is obtained with the slider at a distance J from the 
middle of MN, and p be the resistance of a centimetre of MN, then, 
since the ratio arms are equal— 


r+R+m+pl=r+T+m-— ol, 


where r is the resistance of the leads on either side, and m is the 
resistance of half of MN. 


a — = R > 2pl. 


The change of resistance of a platinum wire between 0°C. and 
100° C. when the resistance at 0°O. is 12°8 ohms, is 5 ohms, which is 
equivalent to 0:05 ohm for 1° change. If, then, p = 0:005, J must 

0:05 
change by 579-005 x 0-005 
ture rises 1°. Hence a millimetre of wire corresponds to a change of 
temperature of 5, degree, 


= 5 cms. to maintain a balance as the tempera- 


H 
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It was shown by Prof. H. L. Callendar ' that the resistance of a pure 
platinum wire may be accurately represented by the relation 


R, = RB, + af + BA) 


over a very great range of temperature, where R,, a, and 8B are con- 
stants which may be found by measuring R, at three different tem- 
peratures. For limited ranges, the resistance at —273°C. may be 
taken as zero, and those at 0°C. and 100°C. found by the usual 
method of finding the fixed points of a thermometer ; but for extended 
ranges the temperatures 0°C., 100° C., and the boiling point of sulphur 
at 760 mm. of mercury pressure (444°53° C.) are employed. 

Prof, Callendar has also shown that if the temperature ¢, on the 
platinum thermometer scale be calculated from the relation 


R, a Ry 
Rroo we R, 


where R,, Ry, and R, are the resistances of the thermometer at 1°, 0°, 
and 100° C. respectively, the difference (¢ — t,) between ¢, and the tem- 
perature ¢ on the air thermometer scale is given by the relation 


t t 
be (sop a 1) 500 
and Griffiths has shown that if pure platinum be employed, 6 has the 
value 1-5. Thus if a curve connecting ¢, and ¢ be plotted, the correc- 
tion to be added to ¢, to obtain ¢ for any value of t, may be read 
upon it. 

In order that the resistance between M and N shall be exactly 
2 ohm the actual resistance of the wire is slightly greater than this, and 
it is shunted with a fine wire whose length is adjusted until that of the 
combined resistance is exactly} ohm. This does not in any way alter 
the point of balance, and p is now ;4 of combined resistance between 
M and N. 

For temperatures up to 300° C. the thermometer consists of a 
platinum wire wound upon a mica frame and enclosed in a glass tube 
but for higher temperatures the tube must be of glazed porcelain.? 

Galvanometer Resistance (Kelvin).—The determination of the 
resistance of a galvanumeter by means of the Wheatstone’s bridge was 
first performed by Lord Kelvin, and is generally known as the Kelvin 
method. We have seen on p, 71 that the current g in the galvano- 


Od 


AR ep =< ae: R 
meter circuit (Fig, 93 i.) is zero when a) Figs and consequently the 
currents in the remaining arms are independent of rz The gal- 


: is halby Callendar, Phil. Trans., 178, 1. 1887. 
For experimental details of finding the fixed points and for calibrating the 


bridge, the student may with advant ‘ kK i 
Phyeica’’ by W. Te vantage consult ‘“‘A Text Book of Practical 


‘ment. In the case of a delicate galvanometer 


the current in K being zero, it is imma- 
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vanometer is therefore placed in the arm 8, Fig. 99, when, on making 
the battery circuit, a deflection will be produced. This may be 
reduced to a readable amount by one of two methods: a resistance, 
T, may be introduced into the battery circuit 
which reduces the whole current in the 
bridge, and therefore the sensitiveness of 
the test, or the spot of light may be brought 
back on to the scale by means of the con- 
trolling magnet in the case of a suspended 
needle instrument, or by twisting the torsion 
head in the case of a suspended coil instru- 


it may be desirable to combine the two pro- . Eye. 99.' 

cesses. The resistances in the arms are 

then adjusted until the spot of light is brought to rest, and will 
still remain at rest whether the key K be open or closed. When this 


et ee : Poe hk nes 
condition is attained q a 3° and § is, in this case, the resistance of 


the galvanometer, 

Battery Resistance (Mance). a tA: somewhat similar method due 
to Mance has been used for determining the resistance of a battery. 
The battery is placed in S, Fig. 100, ‘and the key at K. . When 


‘the key is closed a current flows in the 


circuit, and we may imagine this current 
reduced to zero by an appropriate E.M.F. 
in K. This additional E.M.F. would not 


produce any current in g when Pee , but 


Q 8 


terial whether the key be open or closed. 
Therefore the condition for the resistances Fie. 100. 

in the arms to be proportional is that the 

current in the galvanometer is unaltered by opening or closing K. 
The method is not a good one, owing to the fact that the current in 
the galvanometer at the time of the test is large, and also that an 
unknown current is flowing in the battery. The resistance of the 
battery generally depends upon the current flowing, and this should 
be known, as in the method on p. 105. 

Low Resistances.—The Wheatstone’s bridge is unsuitable for the 
comparison of very low resistances, for two reasons. The first has 
been discussed on p. 73, and refers to the want of sensitiveness of the 
bridge. The other important reason is that with low resistances, the 
connecting wires and the contacts at the terminals have resistances 
which are no longer negligible, and they may even be as great as, or 
greater than, the resistances to be compared, unless special precautions 
on this account are taken. 

By the method of direct deflection, the two low resistances may be 


= es 


Cr 
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i tors in 
compared. A steady current is passed through the two conduc 
ita and the galvanometer deflection produced by the p.d. between 
two points separated by a distance J, upon the first conductor, compared 
with the corresponding deflection for the distance 1, upon the second 
<--1,---> ~ --- lg- ---> 

— = 


Fig. 101. 


conductor. Then, if the galvanometer have a resistance which is high 
compared with that of the conductors under comparison (it is usually 
thousands of times as great), the current in the galvanometer will be 
inappreciable in comparison with that in the conductors. The current 
in the first case is proportional to E,, the fall of potential over /,, and 
the second to E,, the p.d. over J, Then if R, and R, are the | 
corresponding resistances, and 6, and 9, the deflections— 
kK, £ KR, oH, 0 
Current = — = — . = 
urrent Reais ‘hh ae 
But if 8, and 8, are the resistivities of the materials of the two con- 


conductors, and d, and d, their diameters, as determined by the 
micrometer gauge— 


R, d? Si 4 
86 ba 
“4 8, c* 2 : Ld? 


If it is desired to determine §, and S, in ohms for unit length and 
cross-section, a standard low resistance may be included in the circuit 
and the deflection due to the p.d. across it com- 


pared with that for the given conductors. 
ons EM By means of the Kelvin bridge a more accu- 
A D rate comparison of two low resistances may be 
Amy fam made, but in this case the lengths /,; and J, are 
adjusted until the resistances are equal, or in a 
Fre. 102. ratio very nearly equal to unity. 


AD and BC (Fig. 102) are two resistance 
coils whose mid-points are at E and F, which are connected to the 


. conductors under comparison as shown in Fig. 103, The current g 


ROA wie 
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: : r fe : 
in the galvanometer is zero when ror; raking w for the 
6 


= 2 4 
current in 73, y that in r,, and b that in the battery, and applying 
Kirchhof’s first law to the currents at the point A, we have— 


Current in r, = b — y. 
Similarly current in r, = b —y — x 


” ae gh oY 
” » Te=Y ate g 
” » Tg=b—- Uf ay) 
Applying Kirchhoff’s second law to the mesh— 
AFD, yrst ytg)re t+ br, = E 
for ABEF, (b — y)r, + ars + gr, — yrs = 0 
for BCE, (b-—y—«a)r,—-(a@—- Ae — xr; =0 
for FECD, (@ —g)r,+ (b-—y —g)r2-—(g + y)re — 9% = 9 
b % 
F 
Fie. 103. 
which equations simplified become— 
reg + 1,b +(r;+1)y =H 
ng + rb +re—(n+7;)y= 9 
rgtro—@z+trrmitr.) « —ry =O 
= (e+ y+ 1 + 75)9-+ Tob + rye — (2 + 1)y = 0 


Solving these equations for g in the form of determinants, we have 
for the numerator, the quantity— 


RUD 0 (5 +1.) rT; 1s —("-+rs) 
O- ty ig (tts) | E|r, —(.tnt+n) <<" 
0 Cr (r. 3 Ue “f- 1s) Rls To T, — (1p + 5) 
Ont " —(%+75) 
Dropping E, this is 
he UF S tr. pele, F "e Coe | 
nm ; 5 : é — (1 + 7%) Ly ne (To + 1) 
r, —(t +7 + 1s) 
= (1 + Ts) Tp "4 
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which reduces to 
: (rs + ras — Vos) + ATi". — Tats) + 113% — 14's) 


which is obviously zero if 7 = “2 = *, and therefore the current in the 
2 4 6 
galvanometer is then zero. : 

This arrangement is known as the Kelvin bridge. When the coils 
BC and AD are accurately bisected at E and F, the condition for a 
balance is r, = 7. The distances AB and CD (Fig. 103) are adjusted 
until the galvanometer deflection is zero, and then r; = 7. If, however, 
the coils are not accurately bisected, the ratio of 7, to r, is known when 
tg. U6 
mT | 
Having determined the lengths of the bars which have equal 
resistances, we may find the ratio of the resistivities as in the last 
method (p. 100). 

_The temperature of the conductors at the time of the experiment 
should be noted, especially if they are of different materials, since the 
temperature coefficients will in all probability be different for the two. 

Cells.—For the purposes of electrical measurements when very 
small currents are required, it is convenient to use one or more 
ordinary voltaic cells. Those most commonly employed, when great 
constancy of E.M.F. is not required, are the Daniell or the Leclanché. 
To produce large currents the secondary or storage cell is used, while 
for standards of E.M.F. we have the Latimer-Clark or the Cadmium 
cell, These will be described in Chapter VIT. 

The Daniell’s cell consists of a zinc electrode in dilute sulphuric acid 
(1 sulphuric acid to 10 of water by volume), and a copper electrode in 
concentrated copper sulphate solution. The solutions are separated by 
a porous pot of unglazed earthenware. Sometimes the outer vessel is 
of copper and forms the electrode. The E.M.F. of the Daniell is about 
1:1 volts. 

In the Leclanché cell the negative electrode is an amalgamated 
zine rod, and the positive electrode a carbon rod, packed round with 
manganese dioxide, and situated ina porous pot. The electrolyte is 
a saturated solution of ammonium chloride. The E.M.F. of the cell 
is about 1°45 volt, but quickly drops if much current be taken; it 
recovers, however, if the cell be allowed to stand idle. 

The dry cell now largely used for electric bells and telephones is of 
the Leclanché type, the manganese dioxide being mixed with sawdust, 
which contains enough moisture for the efficient action of the cell. 

Comparison of Electromotive Forces.—For a simple comparison of 
the E,M.F.’s of cells, a substitution method, similar to that employed 
for the comparison of resistances, may be used (p. 90). 

Two cells are in turn connected in series with a high resistance 
and a galvanometer. If the resistances of the cells themselves are 


RUA 
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negligible, the currents, and therefore the deflections, are proportional 
to the E.M.F.’s. 


HO E 
UD ee eee . y tan @ 
aoe g,? if a tangent galvanometer be used E, a 6, 


In order to avoid the error introduced by the resistances of the 
cells themselves, a sum and difference method is sometimes used. The 
cells are both together connected in series with the galvanometer, first 
with their E.M.F.’s acting the same way round the circuit, and then 
with their E.M.F.’s opposing each other. In the first case the total 
E.M.F. in the circuit is E, + E,, and in the second case E, — E, If 
I, and I, are the respective currents, we have, since the resistance of 
the circuit is the same in both cases— 


Potentiometer.—By far the best method of comparing electro- 
motive forces is that due to Poggendorf, and now generally known as 
the Potentiometer method. A steady current is maintained in a con- 
ductor, and the E.M.F.’s to be compared are balanced in turn against 
the potential fall over a known portion of the conductor. There are 
many forms of the potentiometer, but the simple slide wire, two or 
three metres long, comprises a very simple and effective instrument, 
The cell C (Fig. 104), preferably of the secondary or storage form on 
account of its constancy of E.M.F’. when producing current, maintains 
a current in the stretched wire AB, which may suitably be of platinoid 
or manganin of No. 22 gauge. 
One of the cells whose E.M.F.’s 
are to be compared, is placed 
at EH, with one pole connected to 
A, and the other through the 
galvanometer G to a movable 
contact D. If the fall of po- 
tential between A and D cor- Fia. 104. 
responding to the current is 
equal to the E.M.F. of the cell, there will be no current in the gal- 
vanometer, provided that the cell E is connected with its positive 
electrode to the end of the wire having the higher potential. When 
a uniform wire is used, the p.d. between two points on it is proportional 
to the length of wire between the points, and thus in the given case 
E, «J, The cell is now replaced by the omy a and another 

ef el 


balance obtained, at distance J, from A. Then i & Tt should be 


noticed that if the current in AB varies during the experiment 1 is no 


{ 
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longer proportional to E alone, and therefore it is advisable to repeat 
the experiment with the first cell to ensure that the current has not 
changed. The E.M.F. of C must, of course, be greater than that of E, 
otherwise there will not be a possible position of balance upon the 
wire. With a length of 3 metres of wire, and a secondary cell to 
produce the steady current, a balance may usually be obtained with 
certainty, to within an error of a millimetre of wire, even with a 
comparatively rough galvanometer, and thus for a balance near the 
middle of the wire the error is less than 1 in 2000. There is a 
further advantage in this method, in that the cell whose E.M.F. is 
being determined is not producing a current at the time at which the 
balance is produced, and hence the determination of E.M.F. is inde- 
pendent of the resistance of the cell. A simple and convenient form of 
potentiometer may be made by soldering the ends of a piece of No. 22 
platinoid wire to two copper lugs, A and B (Fig. 105), the length of 


P : Q ie 
Fia. 105. Fig. 106. 


wire between the lugs being 3 metres. These lugs are screwed down 
to the board, the wire passing round the small screws P, Q, R, 8, T. 
A piece of centimetre ruled squared paper having previously been 
pasted on, this serves as a scale for the measurement of 1. 

There is almost always a zero error of the potentiometer, chiefly 
due to the resistance of the lug and soldering. It may be readily 
found by passing a current through two resistances, PQ and QR, in 
series (Fig. 106), and finding the length of potentiometer wire 1, for a 
balance for the p.d. between P and Q, J, for that between Q and R, 
and J, for that between P and R. If a be the zero error to be added 
to each reading, then, since p.d. between P and R equals the sum of the 
p.d.’s, between P and Q, Q and R— 

h+ta+thta=l,4+a 
va=l—l—1, 


Measurement of Current by Potentiometer.—The potentiometer 
in conjunction with a standard resistance is a very convenient 
current measurer. 

Thus, suppose it is required to calibrate the ammeter A (Fig. 107). 
A suitable current is passed through it, the standard resistance R bein 
in series with it. The fall of potential over R is compared with that 


EERE as): ord 


Iv. RESISTANCE OF CELL 105 


of a standard cell C, which may be a Daniell’s cell if rough calibration 
only is required, but must be a Latimer-Clark or a Cadmium cell if 
we desire higher accuracy. Then if 1, be the length of potentiometer 
wire to produce a balance with the cell whose E.M.F. is B, and J, the 


I GOR as A 


Fig. 107. 


length for the p.d. over the resistance R when current I is flowing 
in it— 


p.d. for resistance R = E. ? 
i 

E 1 

and, I = R 7 


On varying the current by means of the rheostat W, and taking 
a number of readings for different points on the ammeter scale, a 
calibration curve may be constructed. 
Resistance of Cell.—The potentiometer may also be used to 
determine the internal resistance of 
a cell by the following method. E 
The length of potentiometer wire 
required to balance the E.M.F. of 
the cell is first found in the ordi- 
nary way. Let it bel,. E is the 
p.d. between the terminals of the r 
cell when it is not producing any 
current, and is the whole E.M.F. 
available to produce current. If 
now the terminals of the cell Fia. 108. 
be connected by a conductor of 


: E 
resistance r (Fig. 108), the current flowing in it will be Ru where 
R is the resistance of the cell. Further, this current flowing in 

E ‘ 
the conductor r means that a p.d. of ‘hommes exists between the 


ends of the conductor, and this is proportional to J, the length of 


106 ELECTRICITY AND MAGNETISM CHAP. 


potentiometer wire whch will now produce a balance. Calling this 
p.d. e, we have— 

E 

R+ 

R 


ity 
A 

40. EG 
f. OF a0: ay 


from which R may be found. 
It is an interesting experiment to take a cell of the Leclanché type 
and determine its internal resistance a num- 
ber of times, using values of r equal to 100, 
p 50, 20, 10, 5, and 1 ohms respectively. It 
N will be seen that the resistance of the cell 
Q increases with the current in it. 

The reason for the method may be made a 
little plainer by drawing the E.M.F. — Resist- 
ance diagram for the circuit. Let OE (Fig. 

oO tL M 109) be the E.M.F. of the cell; then, if the 
Fig. 109. resistances of the different parts of the cir- 
cuit be plotted along OM so that OL=R, 

LM =r, and the last point M be joined to E, 


E 
tan EMO = eng = current ; 


further, we see that so long as Ohm’s law holds good, the line, such as 
ENM, drawn upon the E.M.F. — Resistance diagram must be a straight 
line, since the current is the same at each cross-section of a circuit, and 
is represented on the diagram by the slope of the line, When the 
circuit is broken, the resistance r is infinite, and the point M moves to 
infinity ; that is, the curve 
becomes the horizontal 
straight line EP, In the 
potentiometer experiment, 
OE is measured in the first 
case (1,), and LN in the 
second case (/,), and we 
see from the figure that— 


Rayleigh Potentiometer, 
—A potentiometer method 
in which two similar resistance boxes are employed in place of the 
stretched wire, was used by Lord Rayleigh in his work on standard 
cells (Fig. 110). The boxes are joined in series with a cell, to maintain 
steady current, and one set of plugs taken out. Any alteration in the 


NX 


Pe RO 
renee | 


er A Ler Baa ae 
has} v 


Iv. CROMPTON POTENTIOMETER 107 


resistances is made by transferring plugs from one box to the corre- 
sponding resistance gap of the other box, so that the total resistance in 
the two boxes remains constant, and the current therefore does not 
change. The E.M.F. of the cell E is then proportional to the 
resistance in the box A when the galvanometer indicates a balance. 
Crompton Potentiometer. — It will have been noticed that the 
smaller the current in the potentiometer wire, the greater the length of 
wire for a given p.d. and the more sensitive is the arrangement. For 
measuring very small E.M.F.’s, such as we have in the case of thermo- 
electromotive forces, which may be only a few millivolts, the sensitive- 
ness may be sufficiently increased by including a resistance in the wire 
circuit, to reduce the current. But this decreases the range of the instru- 
ment, unless the added resistance has a value which is known in terms 
of the length of the potentiometer wire, in which case it may be included 
in the balancing part of the circuit when required. Thus if the balancing 


Fie. 111. 


wire AB (Fig. 111) be 100 cms. long, and the resistances AC, CD, DE, 
and EF are each equal to the resistance of AB, then, when the balance 
is attained for the point, say 35, upon AB, this corresponds to a p.d. 
proportional to 35 if the other contact is at A ; but to 235 if at D, and 
435 if at F, etc. This method of increasing the sensitiveness with- 
out sacrificing the range is used in the Crompton potentiometer, Fig. 112. 
ab is the balance wire; and at c there are fourteen coils, each of which 
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Fie. 112; 


has a resistance equal to the whole of ab, and so arranged that the 
potential terminal from the source under measurement may be con- 
nected directly to a or to the junction between any of the fourteen 
coils, by means of the rotating arm, d is a key which enables any of 
the external sources of E.M.F. to be compared, these being joined 
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to A, B, and ©, ete., to be rapidly and easily brought into action. 
Two adjustable resistances, e for rough and f for fine adjustment, 
enable the current to be varied, and if a standard Clarke cell be 
connected to A, the temperature being 15° C., the E.M.F. is known to 
be 14345 volts, so that the whole 14 coils at c are switched in, and 
the contact set at the point 34°5 upon the wire, the current may be 
varied by these resistances until a balance is attained. Every unit 
of bridge wire will then correspond to 5355 volt, and in this way the 
scale has been made to give readings directly in millivolts. This 
adjustment having been made, any other source connected to B may 
be measured directly in millivolts. Since the smallest scale division 
is one-tenth of a unit, and a balance may be made to say half a small 
division, electromotive forces down to 35355 Volt may be measured. 

If the electromotive force being measured be the difference of poten- 
tial between the ends of a standard resistance of 545 or ;;45 ohm carrying 
a current, a unit on the slide wire will correspond to 0-1 ampere or 
1 ampere respectively, Hence the usefulness of the instrument in 
conjunction with a standard resistance for current measurement. 

For measurement of large p.d.’s a volt box must be used. This is 
a high resistance, to the ends of which the p.d. to be measured 
is applied, the potentiometer terminals 
being joined to two points of the high re- 
sistance, separated by a small resistance 
which is some convenient fraction of the 
whole. Thus in Fig. 113 the resistance 
between G and H is ;4; of that between 
C and F, ;4; of that between C and E, 

Fig. 113. and +, of that between C and D. If then 

a p.d. of say 120 volts exists between C 

and E, that between A and B is 1-2 volts, and on measuring this in 

the ordinary way by connecting A and B to the potential terminals of 

potentiometer, the observed value must be multiplied by 100. When 

C and D are used, the observed p.d. between A and B must be 

multiplied by 10, and when C and F are used, by 1000. Voltages 

rE. hee 1:5 volts are measured directly without the aid of the 
volt box, 


CHAPTER V 
ELECTROSTATICS 


Fundamental Considerations—In the last two chapters we have 
repeatedly used the expression ‘electric current” without con- 
sidering whether there is anything actually flowing along the con- 
ductor. Magnetic phenomena, which we have chiefly used for 
recognizing and measuring the current, are essentially of a statical 
nature, and so far as they alone are concerned we might have 
difficulty in deciding whether an electric current is a flow or a 
mere statical condition of the conductor. The phenomena of 
electrolysis and of the production of heat in a conductor both 
suggest that the current is of the nature of a flow, since both these 
effects are proportional to time, that is, they are both rates, the former 
being measured by a rate at which certain chemical actions take place, 
and the latter the rate at which heat is produced. Following, then, 
the suggestion that a current is a flow, that is, a rate of passage of 
something along the conductor, it is desirable to see whether this 
something which we consider to flow along the conductor is a quantity 
of a physical nature, or is merely a mathematical abstraction. 
Consider two conductors, A and B (Fig. 114), connected to the 
poles of a battery. When the circuit is completed by connecting A 
and B by a metallic wire, a current flows, and 
the current may be recognised by any of the |)|)}), | 
methods previously given. From these methods 1| I tf | | 
we have derived a system of units for measur- 
ing the current, and we have given as an (B) 
explanation, that there is a difference of 
potential between A and B, maintained by Fig. 114. 
the battery. The question now before us is, , 
to decide whether A and B owe their difference of potential, and 
the current owes its existence, exclusively to the fact that A and B 
are connected to the battery or not. Let the connections between 
A and B and the battery be removed before A and B are connected 
together ; then on connecting A and B a current will flow for a short 
time, and will rapidly fall to zero. It may be recognised by a 
delicate galvanometer, and will be greater, the greater the linear 
dimensions of A and B and the more cells there are in the battery. 
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But the important point is that the current flows, although there is no 
connection with the battery, and the act of establishing the potential 
difference by means of the battery is really the storing of something 
upon A or B or both, and the current consists in the flowing of 
this along the wire until the store of it is exhausted. This ‘ some- 
thing” we call Electricity. 

The positive direction for the current is conventionally determined 
by the direction of its accompanying magnetic field, and the sign which 
we give to the electricity is thus a matter of convention. Thus we may 
say that positive electricity flows from A to B, or negative from B to 
A, or both; it is a matter which need not concern us now. We say 
that A is charged with positive and B with negative electricity in the 
given experiment, and that the current flows until these charges have 
disappeared. According to theories which have been held at different 
times, we may say that the current is a flow of positive electricity 
from points of higher to points of lower potential, or of negative 
electricity from points of lower to points of higher potential, or both ; 
it is a matter of indifference so far as the representation of the results 
of experiments are concerned, and only need begin to concern us when 
we seek for an explanation of the nature of electricity. 

The fact that a positive charge exists upon A and will flow 

towards B directly a conducting path is pro- 


11 |t|t---- 41] vided for it, leads to the conclusion that 
there is a force driving it from A to B, and 
AB it is extremely unlikely that this force is 


due to the conductor; hence we naturally 
' suppose that there is a force driving the 
' charge residing on A towards the conductor 
Fig, 115. B, whether the two are connected by a wire 
or not. Also, from the two-sided nature of 
a force, we conclude that the charge upon B is driven towards A, and 
we are led to seek for evidence of this force between the charges upon 
A and B. It becomes evident in performing the last experiment that 
if there is such a force it is a small one; but if A and B are made of two 
light mobile bodies, such as a pair of gold leaves (Hig. 115), the force 
between them becomes evident, In the event of a considerable number 
of cells being employed to test this action, it is advisable to place a 
sheet of mica or other badly conducting material between the gold 
leaves to prevent metallic contact and the consequent short circuiting 
of the battery when they approach each other. Or a high resistance, 
say 100,000 ohms, may be placed somewhere in the circuit, which will 
keep the current to small value. 

The experiment shows us that not only are the charges upon A 
and B urged towards each other, but the conductors upon which the 
charges reside experience corresponding forces. 

_ Electroscope.—The experiment may be varied by constructing B 
in the form of a metallic box—wire gauze will do—and making A of 
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two gold leaves hanging from the same conductor, as in Fig. 116. 
Each gold leaf is still urged down the grade of potential, that is 
towards the walls of the enclosure. Whether 
we say that the gold leaves are pulled apart 
owing to the proximity of the negative charge | | l--- | | 
upon B, or repelled owing to the similar positive 
charges upon the leaves, is a matter of unim- 
portance; they represent two different ways 
of looking at the same phenomenon. If the 
connections from the battery to A and B be 
reversed the observed result will be the same, 
but in this case we may say that the negative 
charges on the leaves are urged up the grade 
of potential, that is towards the walls of the enclosure, or that they 
are attracted by the positive charge upon the walls, or that the negative 
charges upon the leaves repel each other. 

Early Electrical Experiments.—The above experiments are given 
in order to establish a relation between electricity in motion and 
electricity at rest, between the electric current and static electricity, 
but it must not be imagined that tke evolution of the science of 
electricity followed any such lines. The earliest electrical experiment 
of which we have any record is that of the attraction of light bodies 
by a piece of amber that had previously been rubbed. This experiment 
is of unknown antiquity, but William Gilbert (1540-1603), when 
investigating this and other allied phenomena, introduced the word 
“electricity,” from the Greek word 7\«xzpor, signifying “amber.” Other 
substances exhibit similar properties, and if, for example, a piece of 
ebonite be rubbed with a piece of dry fur, then on separating them they 
will be seen to attract each other ; on bringing the ebonite near the fur 
the individual hairs of the latter will bend towards the ebonite. If then 
the ebonite be brought near the gold leaf A (Fig. 115), it will be seen 
to attract it, while B will be repelled by it, and the fur will attract B 
and repel A. We may therefore conclude that the ebonite has a 
negative charge and the fur is positively charged, but care must be 
taken in performing the experiment, or the effect will be masked by 
another one. On bringing the fur or the ebonite near the point A 
(Fig. 116) with the battery removed, the leaves will diverge, in the 
former case because the leaves are brought to a higher potential than 
the gauze box, and in the latter case to a lower potential. 

About a century after Gilbert’s time, it was found that all substances 
taken in pairs become oppositely electrified when rubbed together, but 
in the case of conductors, the electrification disappears as soon as the 
bodies are separated. If, however, a metal rod be held by an insulating 
handle it can easily be electrified by rubbing with fur or silk. ' 

The arrangement of gold leaves inside a conducting enclosure is 
one that is very widely used for the detection of electric charges ; in 
the earlier experiments pith balls hanging by a conducting thread from 
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a common point were employed. It is since the time of Cavendish that 
the gold-leaf electroscope has been introduced, anc it is quite recently 
that it has been adapted to electrical measurements of an exact nature. 
Faraday’s Ice-pail Experiments——By means of the electroscope, 
Faraday was enabled to establish several important laws of electric 
phenomena. He used anice pail, which gave its name to the experiments, 
supported on an insulating stand and connected 
with an electroscope (Fig. 117). On lowering 
a charged conducting body by means of an 
insulating silk thread, into the ice-pail, the 
leaves of the electroscope diverge more and more 
until the charged body is well inside the pail, 
and then movement of the body about inside 
the pail produces no further change. If the 
Fic. 117. charged body be removed without having touched 
the pail, the leaves collapse completely, but if 
before removal it be allowed to touch the pail on the inside, no altera- 
tion in the divergence of the leaves is produced on touching, or when 
the body is removed. Its charge has therefore passed completely to 
the outside of the pail. It is, therefore, reasonable to suppose that the 
divergence of the leaves depends upon the amount of charge on the body 
lowered into the pail, and equal charges may be compared by lowering 
them in turn into the pail and noting that the divergence is the same 
for each, Further, if equal charges of opposite kinds be obtained upon 
two separate bodies, that is, two charges of opposite kinds that would 
each producethe same diver gence when used alone, 
then when placed inside together, whether the 
bodies touch or not, there will be no divergence of 
the leaves, showing that the effect of adding equal 
and opposite charges is to produce a neutral condition. 
A similar experiment may be made, to show 
that the amounts of electricity produced in two 
bodies in the act of rubbing are equal, and that 
ah they are of opposite kind. An ebonite cylinder, 
SS (Fig. 118), Se acleneen ioosalagiatata Polls 
QWV]VMCMU;U;|E cylinder, F, lined with fur, and the two are placed - 
Fic. 118. inside the ice-pail. If now C be given a few turns 
by means of the handle, there is no divergence of 
the leaves of the electroscope, but on removing C the leaves diverge 
on account of the chargeon F. On removing F and putting C in the 
pail, the leaves diverge to the same extent as for F, but when F and O 
are both in the pail together the divergence is always zero, showing ~ 
that the electric charges on the two are equal and of opposite sign. 
Potential Gradient due to Charge.—In the experiment, Fig. 114, 
the fact that a current flows from A to B when these are connected 
by a conductor is evidence that there is a difference of potential 
between them. This difference of potential accompanies the fact that 
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A is positively and B negatively charged, and as soon as these charges 
have disappeared on account of the passage of the current, the diffor- 
ence of potential has ceased to exist. That a charge produces a poten- 
tial gradient in its neighbourhood may easily be shown by connecting 
two electroscopes, C and D (Fig. 119), one to either end of a conductor, 
AB, On bringing a positively charged body near to B a potential 
gradient exists, B being at a higher potentialthan A. Hence a current 
takes place in the conductor, and will flow from B to A until the 
accumulation of positive charge 
at A and its attached electro- A B 
scope D, and the accumulation of 
the negative charge on B and C, 
restore the whole of the con- 
ductor to uniform potential, when 
the current ceases, If we then 
remove the positively charged 
body, we at the same time re- Fie. 119. 
move the potential gradient due 
to it, and the reverse potential gradient due to the accumulated charges 
will cause a current from A to B until the potential of the conductor is 
again uniform. We may note here that when there is no current in a 
conductor there must be a uniformity of potential throughout it ; in fact, 
the distinction between a conductor and an insulator is that a potential 
gradient cannot exist in a conductor without producing a current, while 
in an insulator a potential gradient 
can exist even when there is no 
current. The distinction resembles 
very much that between a fluid and 
a solid, the former being unable to 
support a shearing strain without 
flowing, while the latter can. 

For convenience, we frequently 
consider the potential of the earth 


(ii) 


to be zero, and a body has then a (iii) 
positive potential if, when con- - B 
nected to earth by a conductor, a Bra. 120. 


current will flow from the body to 

earth, and a negative potential if the current flows from earth to the 
body. For this reason the gauze or metallic envelope of the electroscope 
is usually connected to earth, so that the leaves have no divergence when 
their potential is that of earth. Then, if we bring a positively charged 
body A near an originally uncharged body B, the potential of B is 
thereby raised above that of earth, that is it is positive, and an electro- 
scope connected to B will show a divergence on this account (Fig. 120 
(i)). If B be now connected to earth there is a positive current to 
earth, which flows until B’s potential is zero. The leaves are now 


collapsed, since they are at the same potential, as in case (ii). It should 
I 
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be noted that in this condition, the negative charge on B produces a 
negative potential at B and the electroscope, exactly equal to the 
positive potential due to the charge on A, point for point; in fact, a 
flow must occur until this condition is fulfilled, On breaking the 
earth connection and then removing A, the negative charge on B only 
is present, and will produce a negative potential (iii), the leaves of the 
electroscope again diverging. This process has been called “ charging 
by induction,” but the term is not a good one, as the word “induction” 
is used in a special sense. ‘Charging by influence” has also been 
suggested, and is not open to that objection. The process itself is a 
very useful one for charging a conductor, from a charge situated upon 
an insulator which may have been produced by rubbing, as it is more 
convenient than attempting to bring all parts of the insulator into con- 
tact with the conductor and has the further advantage that the original 
charge on the insulator is not lost. 
Electrical Machines.—Apart from the frictional machine, which is 
extremely inefficient and cumbersome, the prototype of the electrical 
machine is a piece of ebonite, which may be 
rubbed with a piece of fur, and a metal sheet 
with an insulating handle, which may be 
lowered on to it. . It is called the electro- 
B phorus (Fig. 121). The brass plate B is 


PoeX : ; 
ENTS charged by influence from the rubbed ebonite 
5 Lae plate A, as described in the last paragraph. 


Fra. 121. A is frequently provided with a brass sole, 

8, attached to which is a brass pin, which 

passes through A and earths B automatically, when this is lowered on 
to A, but the sole S is not essential to the electrophorus. 

It will be seen that if a number of plates such as B, be attached to 
arms so that the whole can revolve, each plate moving in its own plane, 
coming over the plate A at some part of its path, and being discharged 
into a receiver at some other part of its path, an electric charge would 
be continually produced, so long as the rotation is maintained. This 
is really the principle of the Wimshurst machine, but instead of one 
conductor moving past a charged piece of ebonite, two sets of con- 
ductors corresponding to B rotate in opposite directions, the charges 
on one set being utilized to produce the charges on the other. Two 
parallel circular glass plates are mounted coaxially so that they can be 
driven in opposite directions, the conductors corresponding to B 
being metal strips cemented on to the plates. Owing to the difficulty 
of drawing the connections for the flat plates, these are represented in 
Fig. 122 as circles, and their actual appearance will be seen in Fig. 123. 
When the machine is running, the positively and negatively charged 
conductors B and B’ come opposite to C and C' at the instant that the 
latter are connected together by two light brushes carried by a wire. 
Then a potential difference exists between C and C’, and a current flows 
from C to C’. Since these were uncharged before, C will now be 


{. a» 
ae 


-them on to the sector and 
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negatively and C’ positively charged, and the charges, moving on as the 
plates revolve, play a similar part in charging the outer sectors at B” 
and BY”. The result of the two processes is that positively charged 
sectors B are continually being brought into the neighbourhood of the 
collector EK, and C into the neighbourhood of E’, while the negatively 
charged sectors are brought to Fand F’. From the collectors E and E! 
the positive charge passes to the conductor P, and from F and F" the nega- 
tive charge goes to Q. The method by which the collection of the charge 
by E and F takes place may 
be noted. As the positive 
charge approaches E it in- 
duces charges upon E, as in 
the experiment described on 
p. 113 (Fig. 119), but the 
negative charge, being situ- 
ated on the points nearest to 
the sectors, passes readily from 


neutralises the positive charge 
there, the sector being thereby 
discharged, and a correspond- 
ing positive charge remaining 
upon the conducting system 
EP. A similar process occurs 
at F, but in this case itisa 
negative charge that remains / 

on FQ. The action of a point et 

in facilitating a discharge is described on p. 138. 

Force between Charges.—It has already been seen that charges of 
opposite signs tend to approach each other, and that charges of the 
same sign to travel away from each other, and although we have 
explained these effects in terms of existing potential differences or 
gradients, which method would follow naturally from the aspect of elec- 
trical phenomena adopted by Faraday, and later by Maxwell, still the 
phenomena may, as regards their results, be equally well explained by 
saying that like charges repel each other and unlike charges attract 
each other. The latter view is historically much older than the 
former, the earlier experimenters explaining all the electrical phenomena 
with which they were acquainted, in terms of the action at a distance 
of one charge upon another. It is chiefly to Faraday that we owe the 
conception that the forces upon the charges are due to some special 
condition of the medium in which they are situated, which condition 
may be a state of strain; but since we are unacquainted with the 
structure and nature of this universal medium, we are always driven to 
interpret the state of strain in terms of the forces on electrical charges. 
Thus the only evidence for discriminating between the two theories is 
that the electric phenomena require time for their propagation from 
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place to place ; a charge suddenly produced at a point does not produce 
a steady potential at every surrounding point, with the, corresponding 
electrical field, instantaneously, but they are propagated outwards 
with a finite velocity. This consideration led Maxwell to calculate the 
velocity with which an electrical disturbance should be propagated, 
and the coincidence of his calculated value with that afterwards 
determined by experiment has completely vindicated the superiority of 
the “‘ medium ” over the ‘ action at a distance ” theory. 
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From analogy with the gravitational force between two masses, it 
would naturally be suggested that the force between two small 
electrical charges would vary inversely as the square of their distance 
apart. By means of his torsion balance, Coulomb established roughly 
the truth of this law. He balanced the force between the charges on 
swo gilt pith balls, one of which was fixed, and the other on the cad of 
a light rod suspended by a fine silver wire, against the force produced 
by the measured twist in the wire. On halving the distance between 
the balls the necessary twist in the wire was increased four times, and 
soon, Further, by removing the fixed ball and sharing its charge 
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with an equal one, the charge on the original ball, by the principle of 
symmetry, being supposed to be halved, and replacing the ball, it was 


found that the force as indicated by the torsion balance was halved. 


Coulomb concluded that the force between two charges may be repre- 


sented by the expression a , where g, and q, are the magnitudes of 


the charges, and d their distance apart, the positive sign indicating 
that the force between the charges is of the nature of a repulsion. 

From this relation we may define the unit of electrical charge as 
that which, situated one centimetre from an equal charge in air, will 
repel or attract it with a force of one dyne; and adopting this new 
electrostatic unit of quantity and measuring gq, and q in terms of it, 
we have— 


Force between charges = i dynes. 


By analogy with the magnetic case (p. 3), we may define the 


strength of electric field, or electric intensity, or electric force at a point 


as the force in dynes, which would act on a unit positive charge if 
placed at that point, and we see then that the electric intensity at a 


distance d centimetres from a charge q is 4, and that the force on any 


charge at a point at which the electric intensity is EH, is equal to Eq. 
Proof of Inverse Square Law.—The proof of the relation F « on 
by means of Coulomb’s torsion balance is not very satisfactory, 
because the charges are not situated at points, but are distributed 
over metallic spheres, and although this would not matter if the 
charges were uniformly distributed over the spheres, this condition 
cannot be fulfilled, since the presence of each charged sphere would 
disturb the distribution of charge upon the other. Also charges will 
be produced upon the case of the instrument, and upon all other con- 


-ductors in the neighbourhood, and further, the holders of the charged 


balls are not perfect insulators, so that the charges will gradually leak 
away ; and finally the amount of torsion and the distance apart of the 
balls cannot be measured very accurately. We have, therefore, to 
fall back upon indirect methods of proof, that is, to calculate certain 
results on the assumption of the truth of the law, and then put the 
results to the test of experiment. 

The following proof is due to Cavendish; and at a later date 
Maxwell reperformed the experiment and succeeded in showing that 
the inverse square law is certainly very near the truth. To find the 
strength of electrical field at a point P (Fig. 124), situated within a 
charged spherical conductor, draw through P a cone having its vertex at 
P, and whose solid angle, dw, is very small. This cone cuts the sphere 
in two small areas, ds and ds,, which may easily be found from the 
distances r and r, of P from ds and ds, respectively. The area of the 


118 ELECTRICITY AND MAGNETISM CHAP. 


right section of the cone at ds is r°dw, and this makes angle « with ds, 

dw re ¥ 5 d rdw, 
0 OS Sa? and similarly ds, = ae 
situated with respect to neighbouring conductors, the charge upon it will 
be uniformly distributed. Let the amount 
of charge on each unit of area of surface be 


. rodw 
o; then the amount on ds is -——, an 
COS a 


Tf the sphere is symmetrically 


roodw 


that upon ds,, Ea If, then, the 


strength of field due to a charge varies 
inversely as the nth power of the distance, 
the field at P due to the charge on ds will 


rodw radu 
be ———., and due to that on ds,,—_. 
7” COS a 11" COS a 


Fie, 124 These are obviously equa] when n= 2, 

pact es and since they are oppositely directed, the 

resultant field at P due to the charges on 

ds and ds, is zero. The whole sphere may be divided by cones into 

pairs of surfaces in the same manner, and consequently the electrical 
intensity at P due to the whole charge on the sphere is zero. 

If n > 2 the component of intensity due to ds is greater than that 


1 : : 
ee will then be greater than Prey ee being greater 


due to ds,, since 
than 7, and all the elements on the same side of the plane APB 
(Fig. 124) as ds, give rise to components at P greater than those due 
to the corresponding elements on the same side of the plane as ds,, since 
for ail these pairs r, > r, and if the charge on the sphere be of positive 
electricity, there will be a resultant field towards the centre of the 
sphere. On the other hand, if n < 2 it follows in a similar manner 
that there will be a resultant field which will be directed outwards 
from the centre. - 

Cavendish, and at a later date Maxwell, supported a sphere, A, 
inside a second sphere, B (Fig. 125), so that the two are inde- 
pendently insulated, except when connection is 
made between them by the hinged wire at the 
top. 8B is first positively charged; then A is 
connected to B by means of the wire, and the 
connection is then broken so that A is again 
insulated. From the reasoning given above, 
A would be positively charged if n > 2 and 
negatively charged if n < 2, and uncharged 
if n= 2. Cavendish, using a pith-ball electro- 
Fia. 125, scope, could not detect any charge upon A, 

and from the result of his experiment concluded 
that n must certainly be within one per cent. of the value 2. Later 
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Faraday, with a gold leaf, failed to detect any charge within a closed 
conductor, and in 1870 Maxwell re-performed Cavendish’s experiment, 
using a quadrant electrometer to detect the charge, and again failed to 
find any. From a measurement of the smallest charge upon A that 
could be detected by the electrometer, Maxwell concluded that n cannot 
differ from 2 by more than ;;4,,. There is no reason to suppose that 
greater accuracy in making the observation would do more than reduce 
the uncertainty in the amount by which n differs from 2. For all pur- 
poses, the truth of the inverse square law is taken to be established. 
Dielectrics—The variation of the force between two charges with 
their distance apart, does not in any way depend upon the nature of 
the medium in which they are situated, provided that this is uniform, 
but it has long been known that the medium plays an important part 
in determining the absolute value of the force. Thus Franklin found 
that it is the glass of the Leyden jar which carries the electric charges, 
the tinfoil merely serving to short-circuit simultaneously the whole of 
the two surfaces of the glass; and Cavendish observed that two 
metallic surfaces held a greater amount of charge when separated by 
glass than would have been expected had they been separated by air. 
Faraday, by means of an experiment to be described later, measured 
the effect of various non-conducting substances in increasing the 
capacity of two metallic conductors separated by it. The law of force 
between charges must therefore be modified in order to take into 
account the influence of the medium in which they are situated, and 
keeping to our definition of unit charge on p. 117, we say that— 
NI2 
Force = kr 
where & is a constant, the value of which depends upon the medium in 
which the charges are situated, That & is a constant quantity for 
each non-conducting substance can only be proved indirectly, and we 
shall consider this to be established if the results obtained upon 
this assumption are afterwards found to be in accord with observation. 
Faraday gave the name specific inductive capacity to this constant, and 
owing to the fact that insulators only can support an electric field, he 
called them dielectrics. Hence the name dielectric constant is now 
generally applied to this quantity. : 
According to our definition of the electrostatic unit of quantity of 
electricity, & should be unity for air, but since a vacuum is the best 
dielectric known, it would be more natural to take its constant as 
unity, and from this, define the electrostatic unit of charge as that 
which repels an equal charge with a force of one dyne when situated 
one centimetre from it in vacuo. The value of & for air at atmo- 
spheric pressure is then about 1:000590, and for hydrogen 1000264. 
These numbers are so nearly equal to unity that, unless specially 
mentioned, we shall take k as unity for air. ; 
Taking for the definition of electric intensity, the force on unit 
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positive charge placed at the point under consideration, we now see 
that in a dielectric whose specific inductive capacity is k, the electric in- 


tensity due to a single charge is is and for any distribution of charges 


1 ; 
the intensity is 7 of that when the medium is air, or rather vacuum. 


Potential_—In the case of a magnetic field we saw on p. 13 that 
there are two ways of representing it, one in terms of the force on 
unit charge, or the magnetic force at every point, and the other in 
terms of potential; so likewise in the electrical case the force upon 
unit charge at every point gives us a complete representation of the 
field, and we must now see how far the idea of potential will assist us. 

Potential is a quantity whose rate of variation in any direction is the 
electric intensity or force in that direction. 


Thus E = = mi where V is electric potential. This may also be 
t : 


written in the form— 
adV =—Edz. 


Edz is the amount of work done, when a unit charge is moved 
through the infinitesimal distance dx. Hence if the unit charge be 
carried from a point @ to a point b along a path whose direction every- 
where coincides with that of E, the total work done is 


“b 
—| Ede 
~ & 
b -b 
But, | dV =— Eda 
J@ @ 
that is, V, — V, = work done in carrying unit charge from a to b. 

We may, if we choose, define potential from this relation as a quan- 
tity the difference in whose values at two points is the amount of work 
which must be done in carrying a unit charge from one point to the other. 

The signs are so chosen that a positive field is directed away from 
& positive charge, points nearer to it being at higher potential than 
those further away. Hence from the last relation we see that work is 
to be considered as negative when the charge is moving down the 
grade of potential, and therefore positive when up the grade of 
potential, Thus work is to be considered to be positive when it is 
done upon the charge by any external agency. 

It is immaterial what path is followed by the charge in passing 
from a to b, The component of E along the path at a point such as P 
is E cos @, and the work done for the element dl measured along the 
path is E cos §. di. 

dV 
Also, Qo = — Ecos 4, or, dV = — Ecos 6. dl 


> 
W. -V,=| E cos 4. di. 
a 
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The work done in passing along the path aPb (Fig. 126) is equal 
to that in traversing aQb, for if it were not there would be a balance 
of work done in describing the cyclical path aPbQa, so that a would 
have more than one potential. In purely electrostatic phenomena 
there is only one value of the potential at each point, and the truth 
of our proposition depends upon this fact, 
although it is by no means true for all E 
possible cases ; in fact, we shall see later —) 
that the integral / F cos @.dl for a closed q 
path, which we call the line integral of the 
field F round the circuital path, measures Fig. 126. 
in some cases the flux of some quantity 
through the plane of the circuit. In these cases, however, the 
phenomenon is not purely statical. It will be discussed more fully 
in Chapter IX. (see p. 230). 

The definition of potential given above is consistent with that for 
potential difference on p. 59. For the current being the amount of 
electricity which passes through a given section of the conductor per 
second— 5 


t=4 or, Gait, 


Hence the work done by the current in the section of the conductor 
between the points a and b for a charge q to pass, is—- 


q(V,— Vs) =i(V, — V,)t. 
Thus the work done per second is i/V, — V,), that is, the product of 
current and p.d. It must be remembered, however, that different units 


of quantity of electricity are used in the two problems. For convenience 
in studying electrostatic effects, the electrostatic unit of quantity de- 


_ fined on p. 119, which is derived from the force between charges, is 
~ employed, while that which is derived from the force between magnetic 


poles, by way of the magnetic field, and electric current is called the 
electromagnetic unit of charge. The relation between the two units 
is a very important one, and will be discussed in Chapter XIII. _ 
The potential due to a charge + q measured in electrostatic units, 
follows from our knowledge of the electric intensity due to +4. 
Thus, if a, z, and b are the distances of these points from + q 
(Fig. 127), then at «— 


=, e 

q aE > gy 6 ee 

bei dx” +g ane 0 
dV =—- £ da. Fia. 127. 


Thus the work done in carrying unit positive charge from b to 
a in opposition to the force due to q is the excess in potential at a over 


that at b, and thus, oe 1 ae 
Vine Vio—9 <a! els a  b 
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If the unit charge were carried from a to b instead of from 6 to a, 
work would be done by the field upon the charge, and V, — V, would 
be negative. Thus a has a higher potential than b in accordance with 
our convention (p. 120). 

Potential is only measurable by its differences, and therefore there 
is no absolute zero of potential. It is convenient, however, to 
consider all points at infinity to be at zero potential, since the field at 
an infinite distance from our electric charges is zero. Thus if the 
point b be situated at infinity, : = 0 and potential at a ist 

Equipotential Surfaces.—An equipotential surface is one drawn 
through a system of points which are at the same potential. In Fig. 
128 the equipotential surfaces due to a charge + 20 units are spheres 
which appear in section as circles in the diagram. Those due to the 


Fie. 128, 


second charge of 20 units are also shown, and in the left-hand upper 
half of the figure the resultant equipotential surfaces are shown as 
dotted lines, for the case in which this second charge is negative. The 
potential at any point is the algebraic sum of the potentials due to 
the two charges. In the right-hand upper part the equipotential 
surfaces are drawn for the case in which both charges are positive, 
The electric intensity at any point is at right angles to the equi- 
potential surface passing through the point, for if this were not the 
case, it would have a component along the surface, which is only 
another way of saying that the potential varies as we pass from point 
to point along the surface, The surface would then not be one of 


ek kv 
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equipotential. Thus if the equipotential surfaces for a given field be 
known, the direction of the intensity at every point may be found by 
drawing a system of lines that cut the equipotential surfaces every- 
where at right angles. Lines drawn in this way would be curves of 
a similar shape to those in Fig. 9 (i) when the charges have opposite 
signs, and to those in Fig. 9 (ii) when both charges have the same sign. 

The surface of a conductor upon which any charges which may be 
present are at rest, is necessarily an equipotential surface, since if this 
were not the case there would be an electric intensity other than zero 
directed along the surface, in which case a current would flow. It 
follows that in-any electrostatic problem we may imagine a conducting 
surface to coincide with any equipotential surface, on giving it the 
requisite potential, without in any way changing the conditions of the 
problem. This device is often of great convenience, as we shall see 
later. : : 
Energy of Charge.—The process of placing a charge upon a con- 
ductor necessitates the expenditure of a certain amount of energy, which 
may be derived from a variety of sources. In charging a body by 
friction, equal amounts of positive and negative electricity are in 
contact until the bodies on which they reside are separated, and 
the action of separation requires a mechanical force to overcome the 
attraction between the charges, Similarly, work must be done in 
removing the charged metal plate from the oppositely charged ebonite 
sheet of the electrophorus ; and the plates of the Wimshurst machine 
require the expenditure of work in turning them in opposition to 
the attraction between the oppositely charged conductors B and C 
(Fig. 122.) The work done is stored up as potential energy upon the 
charged body, and supplies the energy necessary to drive the current 
when the conductor is discharged. 

The energy possessed by the body on account of the charge residing 
upon it, may be expressed in terms of the amount of charge and the 
potential of the body. Thus if v is the potential of the body, this 
represents the amount of work necessary to bring a unit charge from 
a point at zero potential and place it on the body ; so that, to add the 
infinitesimal charge dq, the work necessary is vdg. But we have seen 
that at every point in the neighbourhood of a charge, the potential 
due to it is proportional to the charge ; 


.". 0 = ag, where a is some constant, 
and work for increase of charge dq, is agdy 


.. work for finite charge Qis, | agdg = $«Q? 
0 
But the potential for charge Q is,— aQ = say V, 
“. energy = $QV. 


If the body be discharged by a conductor, the heat produced in 


Se 
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the conductor is therefore 1QV, provided that none of it is used in 
producing chemical action, light, or sound, etc. ee 

If the charge be brought from a place whose potential is not zero, 
but say A, the energy of the charge is originally }QA, but when 
situated upon the conductor which has a potential higher than A by 
the amount V, the energy is }Q(A + V). The difference 2QV is then 
the work done upon the charge Q in passing from one place to another, 
when the difference of potential between the two is V, and this 
amount of work can be obtained by allowing the charge to pass in the 
reverse direction. 

The inverse of the quantity a, we shall see in the next chapter, is 
called the capacity of the conductor, and the energy of the charge may 


be expressed in terms of it. Thus if C = = 


Q?2 
Energy of charge = kG 


or since Q = CV, 
Energy = 1QV = }0V?. 


Loss of Energy on Sharing Charge——We can see that when 
charge passes from a place of higher to one of lower potential, 
electrical energy is always lost. 

For let the conductor of capacity C, at potential V, be connected 
to another of capacity C, at potential V,. Then if V, > V2, charge 
passes from the first conductor to the second until the two come to 
the common potential V. 

If q be the charge which passes from the first conductor to the 
second, 


q=(Vi — V)C, =(V — V,)C, 
“V= SO Bs NS 
ove aia Caaes 

Energy at start = 1C,V,? + 4C,VZ, 
and energy after the charge q has passed from one to the other 
CLV, + GVay 
a eM Beet 3 
(Or + Cf C, + ©, 
_ (Vi + 0,¥,) 
"| GEG, 


.. diminution of electrical energy 


= a0,V2 + 40,V2 = 
= {O:0,(V, - Noy 
7 OTe C. 
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This quantity is essentially positive, whatever the signs of V, and 
V,, and therefore the electrical energy always diminishes when charge 
flows from one conductor to another. The loss appears as heat in the 
connecting conductor, or in the spark if the discharge takes place 
through air. 

Theorem of Gauss.—Since an electric charge is surrounded by an 
electric field whose intensity has a definite value at every point, we 
should expect that a knowledge of the intensity at every point of a 
closed surface surrounding the charge, would enable us to determine 
the charge; just as in the case of the uniform extrusion of a fluid from 
a point source situated within the fluid, we can calculate the rate of 
extrusion by finding the total volume of liquid which crosses a closed 
surface, surrounding the point, in unit time. In fact the two problems 
are mathematically very similar, the solution for the case of an incom- 
pressible fluid being of the same form as that for an electric field. 

In the electrical problem, the quantity 
to be evaluated for the whole closed surface 
is called the normal induction, and we shall 
define it as the surface integral of the quan- 
tity k. E cos 6.ds over the whole surface. 
If E is the electrical intensity at a point 
P of the surface (Fig. 129), due to the 


change + q, H = pe and E cos 6, the com- 


ponent perpendicular to the surface is Fie. 129. 


is cos 9. Hence the normal induction contributed by the surface ds 
in the immediate neighbourhood of P is 


kf. cos 6. ds = 1. cos 4. da. 


But a — st is the solid angle subtended at q by the surface ds, 


and calling this dw, we have— 


Normal induction for element ds = qdw ; 

.*. total normal induction for whole ) _ d 
closed surface ice 

= 47q 


since q is constant, and the solid angle /dw subtended by the whole 
closed surface is 47. 

If there be more charges than one within the surface, each charge 
q contributes an amount 47q to the normal induction over the whole 
surface, and if q is positive it is directed outwards, if negative, inwards, 
so that Gauss’s theorem may be stated— 


wo As 
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The total normal induction over a closed surface is 4 times the total 
amount of charge within the surface (47q). 

' Jf there is no resultant charge within the surface, >47q = 0, and 
therefore the total normal induction over it is zero, and vice versd. 

We can easily see that if a charge be situated outside the surface, 
it does not contribute anything 
to the total normal induction 

dw 0 over the surface. For at P 

D (Fig. 130) the normal induc- 
tion for an element of surface 
is —qdw, the negative sign 

Fic. 130. being taken when the inten- 

sity is directed inwards, and 

at Q it is +qdw, the direction being outwards, so that these two 

elements together would give a resultant of zero for the normal 

induction. Similarly for any other cone drawn through g to cut the 
surface, and the total normal induction is therefore zero, 

If the dielectric constant be everywhere unity, Gauss’s theorem 
states that the surface integral of E, the electric intensity over a closed 
surface, is equal to 4 times the charge within the surface, since in this 
case the surface integral of E is the total normal induction. 

- ilectric Intensity near Charged Sphere.—Many useful problems 
may be very simply solved by applying Gauss’s theorem. Thus the 
electric intensity at a point D near a uniformly charged sphere may be 
found by choosing our closed surface to be a sphere, concentric with 
the charged sphere and passing through D (Fig. 131). The area is 


af, 


sy - 


Fig. 131, Ere. i382: 


4rr°, and by symmetry, the electric intensity is the same at every 
point of the sphere. Let it be E, then total normal induction is 
4x7°kH, and by Gauss’s theorem it is also 4irq ; 


ity ey 

eel = 

that is, the strength of field at D is the same as though the charge q 
were all at the centre of the charged sphere. 

The intensity inside a sphere throughout which there is a uniform 

density of charge of p units per unit volume at once follows, for the 
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sphere may be divided up into thin concentric shells, and the effect of 
each shell which does not enclose P, the point at which the intensity 
is required, may be found by imagining the charge within it to be 
concentrated at the centre. ‘The shells which enclose P do not add to 
the intensity at P (Fig. 132), as was seen on p. 118. The whole charge 
upon the shells which do not enclose P is equal to ¢xr*o. And the 
intensity at P is therefore 


The intensity is therefore greatest at the surface of the sphere, and 
falls off to zero at the centre. 

Electric Intensity near Charged Cylinder.—In a similar manner 
the value of E due to an infinite cylinder 
which has a charge of q per centimetre length 
may be determined. We can see by symmetry 
that the field is everywhere radial and equal 
at equal distances from the axis. Hence, draw 
a coaxial cylinder through P (Fig. 133), and 
terminate it by two planes, unit distance 
apart, normal to the axis. E is parallel to 
these planes, and the normal induction over 
them is therefore zero, The area of the 
curved surface of the closed cylinder is 2z7r, 
and the total normal induction over the closed 
figure is therefore 2rrkE, But the charge 
within it isg ; therefore, by Gauss’s theorem— 


2arkEi = 47q 


2q Fia. 133, 
and, 1) = a 
Since this is independent of the radius of the charged cylinder it holds 
also for a linear charge. 

Intensity near Plane Sheet of Charge. 
—The value of E near an infinite plane 
sheet, having a charge of surface den- 
sity o) units per square centimetre, may 
be found by drawing a prism whose 
edges are normal to the plane, to 
cut the surface in unit area. If the 
plane is infinite in extent, we see by 
symmetry that the field is everywhere 
normal to the plane, and is of the same 
strength on each side of it, The charge 
within the prism is o, and therefore the Fia. 134, 
total normal induction over it is 47a». 


The normal induction over the sides of the prism is zero, since they 
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are everywhere parallel to E, and if the ends P and Q (Fig. 134), be 
planes parallel to the sheet, the area of each is unity, and they are 


both normal to E. 


then, total norma] induction = 2kE = 4zo, 


2rray 
. 


~ &k& 


It will be noticed that this is independent of the distance from the 
sheet, and the electric intensity at any point near an infinite plane 


Qa 
sheet is therefore ae 


= ; and further, that the charge is not situated 


upon a conductor, but is merely a sheet of charge with dielectric on 


both sides of it. 


The electric intensity in the neighbourhood of a thin charged plane 
conducting sheet may be found from the last result by considering o, to 
be the surface density of charge on both sides taken together. If these 


Fig. 135, 


two happen to be equal, which in practice is unlikely 
to be the case, the surface density upon each side is 
°° Calling this o, we see that the intensity near 
a plane conductor on each surface of which the 
density of the charge is o is equal to 4zo. It is, 
however, more satisfactory to establish this relation 
by drawing one of the closed ends Q of the prism, 
within the conductor, as in Fig. 135. Then the 
normal induction over Q is zero, since there is no 


electric intensity inside a conductor when the charges are at rest upon 
it. The whole induction 47a passes through P, and since this has 


unit area, 


kE = 4xo, or EK = ao 


This is known as Coulomb’s law. 
Region inside a Conducting Surface—We may also prove from 


Gauss’s theorem that the space within a closed equipotential surface is at 


uniform potential when there is no electric charge within the surface. 


Fig. 186. 


For let A (Fig. 186) be the equipotential 
surface ; then if the space within A is not at 
the potential of A, a second equipotential 
surface B can be drawn just inside A. The 
potential of B is either above or below that 
of A. If above, there is a field everywhere 
directed from B to A over the surfaces, and 
if below, this field is directed from A to B. 
‘In either case /kEds is equal to 47 times the 


charge within the surfaces, and since by hypothesis there is no such 
charge, k/Eds =0. But since in either case E has the same sign all 
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over the surfaces, E must be zero at all points of the surface. That is, 
Bis at the same potential as A. The same argument applies to the 


whole of the space- within A, which is therefore at uniform potential, | 


and there is no field within A. 

_ It also follows that there cannot be any charge on the inner surface 
of a hollow conductor unless there be a charge in the hollow space | 
within the conductor, and if there be swch a charge in the hollow space | 
there will be an equal and opposite charge upon the inner surface of the 
closed conductor. Consider B to be the inner surface of the conductor of 
which A is the outer surface (Fig. 136). Imagine a closed surface to 


_- be drawn between A and B and surrounding B. The intensity over | 


this surface is everywhere zero, since the surface lies entirely in the | 
conducting medium, and, by Gauss’s theorem, the total charge within ‘ 
it is therefore zero. Hence, if there is any charge within B there 
must be an equal and opposite charge upon B, which establishes the 
second part of our proposition. 


When there is no charge in the space within B there might still Litt® 
( 


conceivably be equal and opposite charges upon different parts of B. 
Let a closed curve be drawn upon any part of B which may be 
supposed to have a charge upon it, and draw a closed surface to 
intersect B in this curve. The part of this closed surface within the 
conducting medium has no normal induction across it, for E is every- 
where zero within the medium, and the part in the space within B has 
also no induction over it, as we have just seen, since Ei is zero within 
it. Hence the charge within our closed surface is zero, and that on 
the small area of B considered is also zero. That is, there is no charge 
at any point of B, 

This proposition and the preceding one make general the problem 
proved on p. 118 for the sphere—that there is no field inside a con- 
ductor due to a charge outside it. It is also of importance in practice, 
for we see that a closed conductor constitutes a perfect electric screen 
for points inside it, Whatever the distribution of electric charge or 
intensity outside it, the conductor, since it is an equipotential surface, 
reduces the intensity inside it to zero. , 

Tubes of Induction and Lines of Force.—The important part played 
by the dielectric in electrical phenomena, led Faraday to imagine tubes 
or lines of strain to exist in the medium situated between charged 
conductors, the positive charge upon one conductor and the negative 
charge upon the other being merely the ends of these tubes of 
Maxwell gave these tubes a quantitative significance, and showed that 
the forces between the charges could be eae represented by 
assuming the tubes to be ees tension equal to = in the direction 


2 


E 
of the tubes, and a pressure abe normal to them, and showed that 


such a system of tensions ,and pressures in a medium would be in 


equilibrium. Thus, the tubes tending to shorten, owing to this tension, 
K 
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would pull the opposite charges together, and the pressure of the tubes 
upon ade Aner ak Sigh angles to their direction would push like 
charges apart (see Fig. 9). ; ’ : 

Consider eee pi S, (Fig. 137) drawn in an electric field with 
its plane at right angles to the direction of the field, and through its 
boundary let lines be drawn whose direction shall every- 
where be that of the field. These lines enclose a tube, 
and if a second area S, be drawn anywhere at right 
angles to the field, it follows from Gauss’s theorem, 
since there is no induction over the side of the tube, it 
being everywhere parallel to the field, that the induc- 
tion over S, is equal to that over S.. 


charge in the element of space situated between S, and 
S,, and so the normal induction over any section of the 
Fre. 137. tube isa constant quantity. Calling the normal indue- 
tion per unit area N, we have KE = N, and N,S, = NS. 

If the tube be traced back to the charged conductor upon which it 
arises, we can, by applying Gauss’s theorem, as in proving Coulomb’s 
law (Fig. 135), show that 4<{cS) = NS, where o is the surface density 
of the charge upon the conductor, and oS is therefore the charge upon 
which the tube arises. If this is a unit charge, the tube is said to be 
a unit or Faraday tube, and we see that the number of Faraday tubes 
is numerically equal to the charge upon which they arise, each unit of 
charge giving rise to one tube. Thus with a surface density of charge 
o there are o Faraday tubes arising upon each square centimetre of 
surface. Calling D the number of Faraday tubes per square centi- 


SS EE 


Thus &,E,S, = k,ES, provided that there is no | 


metre, we see from the last equation that— st ad ahah ee 
4D =N=kE —— 
kE ~ 
“D=j— ' ae” 


D is called by Maxwell the electric displacement in the medium, by 
which he means, the amount of electricity which is caused to cross 
each unit of area of the dielectric on account of the electric intensity 
at that point. Thus, if there is an electric intensity (which Maxwell 
calls an electromotive force) acting in a conductor, the charge continu- 
ally moves on account of it; but in a dielectric this motion is not indefi- 
nite ; the displacement reaches a limiting amount which is proportional 


to the force producing it. Thus the displacement and intensity are — 


related to each other in the electrical case, like the strain and stress in 
the case of elasticity. Since a tube of induction starts upon a positive 
and ends upon a negative charge, the positive charge may be looked 
upon as a displacement in one direction at one end of the tube, and 


@ negative charge as a displacement in the opposite direction at the 


other end of the tube, and throughout the tube, the displacement is 


continuous, but its value changes with the area of cross-section of : 
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me R the tube. The more general ‘name of polarization has also been 
used for this quantity, as it is of a more general character than 
_“ displacement,” and the analogy with the case of magnetism is more 

_o “directly suggested. 

2 From the relation N,S, = N,S,, or D,S, = D.S,, we see that for 

a given tube of induction, the number of Faraday tubes per unit area 


4nD 


is inversely as the cross-section of the tube; also, since H= — hk? 
iy 


we see that so long as & is constant at all parts of the medium EF is 

proportional to D, 7.e. to the number of Faraday tubes per unit area, 

If, then, instead of representing the field by tubes, we draw a line 

down the middle of each tube, the number of such lines per square 

centimetre is equal to D. It is more usual, however, to draw 4x 
_ lines for every Faraday tube, and the number per unit area is then 
equal to N. These are called lines of induction. If, further, k = 1, 
the number of lines per square centimetre is equal to the strength of 
field E. Such lines are called lines of force. This conception of lines 
of force and lines of induction is a very useful one for the graphical 
representation of fields of force, and is used very frequently in the case 
of magnetic as well as electrical problems. 

Energy in Medium.—From the analogy with problems in elasticity, 
we should expect that in a dielectric there is an amount of energy per 
unit volume, corresponding to the quantity (stress 

x strain). Consider an element of a tube of induc- 
tion whose length dl is so small that the electric 
intensity, and therefore the area of cross-section, may 
be considered to be constant. 58, being at right angles 
to HE, are equipotential surfaces (Fig. 138), and there- 
fore if we arrange two conducting surfaces, one to 
coincide with each, and each having the appropriate 
potential, we shall not alter the problem with respect Fic, 188, 
to the space between them (see p. 123). Upon one 
of these there will be a surface density of charge -+-o and upon the 
other —o, and E = =e , the charges at the ends of the tubes being 
+oS and —cS respectively. The force upon unit charge is H, and 
hence work done in carrying unit charge from one end to the other 
is Edl, which is therefore the difference of potential V between 
them (see p. 120). But energy = $QV, and Q in this case is 05 ; 


.. energy = 4.05.E. dl 
es, Sd. = 2 8.dl 
aria os 


Sdl is the volume of the element, and therefore the energy per unit 


volume is 3—; 
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4xD 
or since, E= ———, 
27D? 

energy per unit volume = =o = 4ED. 


Thus, if E is of the nature of a stress, D is the corresponding strain. 
It may be noted that in calculating the energy, the charge at 
one end only of the tube is used. This is in accordance with our 
procedure in calculating the energy }QV for a given charge Q (p. 123). 
For Q is the charge placed on the given conductor, and although there 
must be an equal and opposite charge at the other end of the tubes of 
induction arising upon Q, we did not take this opposite charge into 
tbe term Q used in calculating the energy. 
Force on Surface of Charged Conductor.—The expression for the 
energy in the medium might have been obtained by first calculating 
the outward force per unit area acting 
normally upon a charged conducting sur- 
“pi face, and then imagining the surface dis- 
placed through a small distance. Let p be 
a point very close to a conductor upon 
Fic. 139. which the surface density of charge is o 
(Fig. 139). The electric intensity E may be 
considered to consist of two parts, f due to the charge situated in 
the neighbourhood of p, and f’ due to all other charges. Then 
f+f=E. At the point p’, inside the conductor and indefinitely close 
to p, f’ is the same as at p, but f is reversed in sign since p’ is situated 
on the opposite side of the neighbouring charges to p, which charges 
are of course on the surface of the conductor. The resultant intensity 
is therefore /’—f. But this is zero, since p' is inside the conductor, 


eee 
J=af= 3» @ result originally due to Laplace. 


Now, the charge o upon unit surface is situated in the field f’ = a 
Pat eee 
and the force on it is therefore i) ote f 4 
But, E = eee 
2 2 
.. force per unit area of surface = aa8 = al 
k 87° 


If, then, the surface be displaced in the direction of its normal, 
j 2 

through distance dl, work done per unit area of surface = aa 3 but 
T 


the volume swept out by unit area is dl, therefore work done in 
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producing unit volume of electric field is — which is therefore the 
a 


energy associated with unit volume of the dielectric. ; 
; This outward pressure due to the electrification of a surface may be 
emonstrated by charging a soap- 
bubble. The tube upon which the 
bubble is blown is held in a block 
of paraffin wax, for the purpose of 
insulating it. On giving the bubble 
a charge by means of an electro- 
phorus, the outward pressure will Witla 
cause an increase in size. On giving 
the bubble successive small charges GffYww Yj 
by bringing the charged conductor 
near to the glass tube, small in- Fig. 140. 
creases in size of the bubble will be 
seen, but owing to the want of symmetry in the field, the bubble soon 
loses its spherical shape, and will eventually be driven off the tube. 

Sir J.J. Thomson has used this outward pressure to explain the fact 
that minute corpuscular charges of electricity will enable condensation 
to start in a supersatuated vapour, owing to its direction being. 
opposite to the inward pressure due to surface tension, as the drops are 
forming. This will be more fully discussed in Chapter XV. 

Stresses in Tubes of Induction.—On the assumption that electro- 
static phenomena are due to stresses in the medium, we should 
expect, from the fact that there is a pull upon a charged 

9-T)2 


27D 


conductor equal to a tension of bk? that this pull is due to tension in 


the tube itself, and it follows that if the tubes are in a state of tension, 
they must also exert a lateral pressure upon neighbouring tubes, since 
if this were not the case, the tubes passing from a small positive charge 
to a similar negative one, would shrink until they became straight 
lines joining the charges, and the rest of the medium would be entirely 
free from them. As this is not the case, we must assume that they 
exert a Jateral pressure upon each other, and we will now find the value 
of this pressure which is necessary to produce equilibrium with the 
tension in the tubes. 

Consider a small section of a tube of induction, the sides AH, BF, 
COG, and DH (Fig. 141) being parallel to the field, and the ends 


ABCD and EFGH equipotential surfaces. The aes jf, and Paes 
2rD,? 27D, 
the faces ABCD and EFGH are due to the tensions =I ~ and = 


at the respective faces. 
; 2rD? 
Then, fh= jae Bal 


Ir D,? 
and j= a ay 
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where a, and a, are the areas of the faces, and D, and D, the corre- 
sponding displacements, 


2 
Bow Hi — fry (Dia, — D/’a,) 
—t (D,D,a, — D,D,a,) 
since D,as==D,a, (p. 131), — 


D 
fi = fee =O (a, — a). 


a; i by To Since a, > a, it follows that Sr > Sis 

‘ ie ie and there is a resultant force acting in 

yeas the direction of f;. Also, if the thickness 

ee of the slice is small, we may write D® in 
One! place of D,D,. 

yo ; .. resultant force in the direction of f, is 

10; 27D? 
Fic, 141. (1 — 42). 


emit O, is the centre of curvature of AB and EF, r, the radius of 
curvature of the sides EF and GH, and 6, the semi-angle subtended at 
the centre of curvature by EF, 


ER==2r,6,, and, AB== 2(r, + dr)0,. 


In a similar manner, FG = 2r,6,, and, BO= 2(r, + dr)6,, so that 
a, = 4ryr.6,0,, and a, = 4(r, + dr)(r. + dr)O,0.. 
Neglecting the small quantity (dr)*, we have— 


a, — t= 4(r; + 12)6,0. dr, 
27D? 
and, fo — l=; -4(r, + 12)0,0,. dre 


For the section to be in equilibrium, the pressures over the sides 


must produce a resultant force in the direction f,, equal and opposite 
to the above. 


Again, if p be the lateral pressure ; force over side ABFE = p. 2r,6,. dr, 
and this is inclined at angle G — 6,) to f,. Hence component parallel 


to to is 2.pr,6,.dr.sin 6, But if the element is small 6, may be 
written for sin 6,, so that— 


force parallel to f,, for side ABFE,=2pr,6,6,dr, 
and for the two opposite sides taken together===4pr,6,0,dr. 


Tn an exactly similar manner we see that the component due to 
the pair of sides BCGF and ADHE is 4pr,6,6,dr, 


.”, resultant force parallel to f.==p. 4(r, + 12)0,6.dr. 


\ 
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Comparing this with the value of f, —f,, we see that for equi- 
librium— 


22D? 
=; 


When the two ends of an element of a tube are parallel to each 
other, we have just seen that the stresses over the ends are in equili- 
brium with the pressures over the 
sides; but in an electric field the ae pat 
tubes are not in general straight, Ta, 
and where they are curved, the ten- 
sions over the two ends of an ele- 
ment of the tube have a resultant 
at right angles to the tube, and it 
is necessary for us to see whether 
the tube is stillin equilibrium under 
the equal longitudinal tension and Ay 


2 ghee 
lateral pressure ie . If the tube ns 


is curved, let the plane of the dia- ‘O 
gram (Fig. 142) be taken through Fie, 149, 

the direction of curvature. Let 

the section of the tube considered be short enough for us to take D as 


oF. 2¢ 1? 
constant over its length, then the tension a at each end will 


2 
give rise to forces oe - bdr, and since these are equally inclined to 
the median line BO, and @ is small— 


22D? 
Resultant force along BO== 2 —b ar, 0, 


D is the mean displacement over one end, but it is different at the 
outer and inner sides A and B; for, the ends being equipotential 
surfaces, the p.d. as measured along A from one face to the other is 
equal to that as measured along B; that is— 

E,(r + dr)O=E,r6. 
47D, 


- and, L= i 


4 
But, i= 
ane Dp . (r + dr)==D, ft. 


27D? 
Thus p,, the lateral pressure over A, is = +, and the resultant 


2rD? 
force over the outer face A is = ~2(r + dr)6.b, and that over 


ID. 


B is 


Or OaiOs 
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Since these both act in the line BO— 


4 
Resultant force on element = 2 -6b{D P(r + dr) — D?r} 


= = 6b{D, Dr — D,D,(r + dr)} 


= MaDiD erg, ae 
k 

This is directed outwards, and writing D? instead of D,D,, we see 
that this is equal and opposite to the resultant of the forces over the 
ends due to the tension, and the element is in equilibrium. Since the 
27D? 
ie 4 


2 
result is obtained on the assumption that p,; = ae and p, = 
we see that our assumption is justified. 

Limitations of Maxwell’s Theory.—That the electrostatic forces 
on charged conductors may be represented in terms of Maxwell’s 
tension in the direction of the electric field and pressure at right 
angles to it, is undoubtedly true, but directly we attempt to form 
an idea as to the nature of the medium in which these stresses exist, 


we meet with grave difficulties. It has been pointed out by Poincaré? 
: kK? 
that if the energy 


7 
the medium, any change in its value for a given space can be calculated 
in terms of the changes in position of the 
walls of this space: for simplicity let k = 1, 


1D 2E 
Then, w= —, and, dw = heeds 
87 Sar 


Consider a unit cube in the dielectric, with 
tensions acting over the faces A A, and pres- 
sures over B B and C C (Fig. 143). If the 
medium possesses elasticity, we shall have a 
| displacement, say e, outwards for A A and 
Fic. 143. inwards for B B and C OC, and if e changes by 
the amount de— 


is potential energy due to a state of strain in 


io ° 


Work done on account of displacement of A A = ~ de 
e - .. PS Bee Ede 
‘ vs . x CC= Fede 
oendep tes eee = =, from above equation, 


1 H. Poincaré, ‘ Electricité et Optique.” 
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ona —de = = 
and on integrating, —-e=2log E+C, 


This result is absurd, for when the medium is in equilibrium 
EK = 0, and therefore, from our last equation, e = 0. Hence Max- 
well’s idea of a state of strain in the medium, although extremely use- 
ful in studying electrical effects, breaks down, as Poincaré has shown 
directly we attempt to give to the medium the properties of ordinary 
matter, 

We shall see in Chapter XIV that, to account for the great velocities 
with which electrical disturbances are. propagated in “empty space,” 
the medium must have an elasticity greater than steel (Lord Kelvin), 
and in order to account for the fact that the motions of the heavenly 
bodies are not appreciably retarded by its presence, its density must 
be infinitesima]. These difficulties, however, arise from our fundamental 
ignorance of the nature of electricity and of the medium in which 
electrical forces are transmitted. Electrical and magnetic phenomena 
can be satisfactorily explained in terms of the ether, but all attempts 
pure a mechanical explanation of the ether have so far resulted in 

ailure. 

Motion of Tubes, and Electric Current.—The phenomenon of 
the electric current may be explained in terms of these tubes of 
induction. Electric charges are the 
ends of the tubes, and these are free to 


A 
move upon the conductor, and will - 
therefore slide along it until the tubes bal sleet chehotbto hed 
in the surrounding dielectric are in D B 


equilibrium. Thus, if the conducting 

plates A and B (Fig. 144) are oppo- Fig. 144. 

sitely charged, the ends of the tubes 

will slide along A and B until equilibrium is established. If, then, the 
plates are connected by a conductor CD, the opposite ends of the tubes 
néarest to CD, can approach each other, and owing to their tension 
these tubes will contract until they vanish. This removes the lateral 
pressure to the left of the tube EF, and hence the pressure upon the 
right will push this tube towards CD, and it will in turn vanish, The 
process will go on until all the tubes have disappeared, ‘The motion 
of the positive ends along B and the negative ends along A constitutes 
the current. 

The magnetic field in the neighbourhood of an electric current has 
been interpreted by Sir J. J. Thomson in terms of the lateral motion 
of the Faraday tubes (p. 414). 

Distribution of Charge upon a Conductor.—The fact that the 
surface of a conductor must be one of equipotential, aids us in deter- 
mining the way in which a charge is distributed upon it. In the case 
of a symmetrical surface, such as a sphere or an infinite plane, the 
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problem presents no difficulty, the lateral pressures due to the tubes of 
induction ensuring a uniform distribution of charge. When this 
symmetry is departed from, the problem of finding exactly the dis- 
tribution of charge and field presents great difficulties, but general 
reasoning will show us that on any given conductor in an open space 

the charge is distributed so that 


“OE a the surface density is highest on 
EF parts of greatest convexity, be- 
Ry ap. Tee Sk coming infinite at an actual 
2 ale Jeli ETE A point. 


Taking a conductor of the 
form AB (Fig. 145) and drawing 
the equipotential surfaces in its 
neighbourhood, we see that near 
to it they follow its outline very 
closely, since the surface of the 
conductor itself is an equipoten- 
tial surface. Owing to the great 
curvature of the equipotential 
surfaces in the neighbourhood of 
a point such as B, a tube of 
induction such as BC has a very great divergence, that is, its cross- 
section varies rapidly as we pass from C and B. Now, for any given 
tube the product of electric displacement and area of section, that is, 
DS, is constant (p. 131), and therefore, as S becomes very small on 
approaching B, D necessarily becomes very great. 

At adistance from the conductor, the equipotential surfaces, such as 
F G, are approximately spherical, and each unit tube of induction has 
here the same cross-section. The convergence towards B being greater 
than that towards A, the cross-section of a unit tube is less at B than 
at A, and the electric intensity at B is therefore greater than at A. 

In the event of B being a point, S becomes zero and D infinite. 


: 47D 4 
Remembering that E = “ = es we see that the electric intensity 


in the neighbourhood of a point, and the surface density of charge on 
the point, are both infinite. But long before this condition is reached,’ 
the insulation of the air or other dielectric surrounding the conductor 
breaks down, and the charge passes from the point. 

It has long been known that fine points facilitate the discharge of a 
conductor, and produce what is called anelectric wind. This discharge 
from fine points has been used for many purposes, as in collecting the 
charge from the sectors of an electrical machine (p. 115). 

A further examination of the equipotential surfaces of Fig. 145 
shows us that we can easily obtain an idea of the surface density at all 
points of the conducting surface, and of the electric intensity of the 
field, for we cross the same number of equipotential surfaces in going 
from the conductor to the surface FG by whatever path we go, and 


an 


_the body to move from one place to 
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therefore the longer the path the less closely are the surfaces together. 
This means a less potential gradient and a weaker field. From B to C 
is the shortest path, and here we find the strongest field. 

.A similar method enables us: to follow the effect of want of 


' symmetry of the surrounding conductors upon a body itself symmetrical. 


For, taking a charged sphere AB inside a conducting sphere; both 
spheres are equipotential surfaces, and therefore in passing from A to 
C (Fig. 146) we cross as many equipotential surfaces as in going from 
B to D. Hence the field between A and C is stronger than that 
between B and D, and in the approximate ratio of the distances 


BD : AG, Remembering that E =a, we see that the surface 


density of charge upon A is greater than that upon B. 

Force on Uncharged Body.—The force on an uncharged body 
situated in an electric field may be determined in direction by a simple 
consideration of the energy of the field. In a uniform field of intensity 

2 2 
of induction N, the energy per unit volume is so = s , since N=&H, 
Tv TT 


N2 
so that for a body of dielectric constant & situated in the field, anh is the 


energy per unit volume of the body ; whereas if the space occupied by 


the body had been occupied by air the energy per unit volume would 


2 
have been s Since & is usually greater than unity, the energy of the 
T 


field when occupied by a body is less than when the space is occupied 
by air, and for such a body situated in 
air, the energy of the whole system of 
air and body is less when the body is 
present than when it is not. If the 
field be uniform, the energy is the same 
wherever the body may be situated, and 
there is consequently no tendency for 


another. If, however, the field is not 
uniform, the energy of the whole system 
is less when the body occupies a position 
where N is great than in one where N 
is not so great. Now, it is a general Fig. 146. 

principle in dynamics that a system will 

always tend to that configuration for which the total potential energy 


_ is least, so that in our case the body will experience a force urging it 


from points of weaker to points of stronger field. Owing to the | 
difficulty of determining the distribution of N in the case of a body 
situated in a field which is not uniform, we cannot, as a rule, employ 
the above reasoning to calculate the actual force on the body, but 


the general principle holds that. the force acts towards the place of 


greatest field. 
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In the case of a conducting body, the induction N inside it is zero. 
The energy within the body is therefore zero, and from the above 
principle of least potential energy, the conductor will experience a 
force urging it from weaker to stronger parts of the field. 

The above reasoning explains why a charged body will attract an 
uncharged one, as in the case of the rubbed amber or ebonite attracting 
light bodies, such as the pith ball. 

Boundary Conditions.—At the surface of separation of two different 
dielectrics, certain conditions must hold, which conditions may be 
obtained in quite a simple manner. For convenience we shall first 
study the condition applying to a field whose direction is parallel to the 
surface of separation, and then consider the case of a field normal 
to this surface. 

(i) Field Parallel to Surface of Separation—Let k, and k, be the 
dielectric constants of the two media, and E, and E, the fields in each. 
Draw two equipotential surfaces A and B (Fig. 147) through the 
surface of separation and an infinitesimal distance di apart. Then 
A and B must be parallel, since equipotential surfaces are always 
perpendicular to the field, and, further, the potential difference 
V. — V;,z is for the first medium E,dl, and for the second E,dl, 

Since these are equal, H, = E,, so that our first boundary condition 
is, that ihe tangential components of the electric intensity are the same 
on the two sides of the surface of separation. 

(ii) Field normal to Surface of Separation —In this case, we take a 
small closed surface with ends parallel to the boundary and sides 


Fig. 147. Fie. 148, 


normal to it. Then, if N, and N, are the normal inductions taken 
positive in the direction from medium 2 to medium 1 (Fig. 148), the 
total normal induction over a, is N,a,, and over a, is N,a,, and if a 
charge q be situated on the boundary we have, from Gauss’s theorem— 


N,a, — Na, = 42g 
or since a, = a.— 
N, — N, = 47, because ¢ = 2 
a 


In the particular case when there is no charge upon the surface of 
separation— 


o=0, and, N,|=N ~ 


na = AUMUAY i igae ON tenn sAanems LSehirrte Saengan cei mth 


Beviat el Ee Pea = REewO Als 
= Vv. 
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thus the second condition is that the normal component of the induction 
is the same in both media. 

Since N = £E, condition (ii) may be written ,E, = h,E,, 

These two conditions are of great importance in the study of the 
problem of the reflection of electromagnetic waves, by a surface of 
discontinuity. 

The two boundary conditions enable us to find the change in 
direction of the field as we pass from one medium 
to another. For let 6, be the angle between field 
and normal (Fig. 149) in the first medium, and 6, 
that in the second. 

The first boundary condition gives us 

E, sin 6, = E, sin 6,, and the second, 
k,E, cos 6, = k,E, cos 65. 
Therefore dividing one equation by the other— 


tan 6, ky 

tan 6. = k Fic. 149. 
In the equation N, — N, = 470, or k,E, — k,E, = 410, o is a 
charge which may be placed upon the surface or removed from it, and 


- does not owe its existence to the discontinuity at the surface of separa- 


tion. When this is zero, k,K, = &,E, Maxwell considered the 


difference in field E, — E, on the two sides of the medium to be due to ; | 


a fictitious charge upon the boundary, which will, of course, disappear 
when the inductions N, and N, disappear. Thus, if the dielectric 
constants upon both sides of the surface become equal to unity, the 
intensities will remain unchanged, provided that this fictitious surface 
charge o’ remains upon the surface, o’ being obtained by putting 
k, = k, = 1 in the above equation. 
Then, > KE, - BE, = 4iro’ 

Remembering that &,E, = %,E, when there is no other than the 
fictitious charge on the surface, we see that— 


= k, k, — k, 
a al : : 
iv kk — 
eahees =e, = 75 =, 


If %, becomes equal to k,, which is not unity, we still obtain o’ as 
before. But in this case— 
dro’ = k,(Ey — EK.) + & Cem b= 
‘Thus for any given problem the intensities on tne two sides of the 
boundary will be unchanged if we change the original dielectric 
constants &, and &, to unity and add a surface density of charge 


4a 1 
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Uncharged Sphere in Electric Field——By the aid of this idea of a 
fictitious surface density we can solve the problem of the distribution 
of intensity in the case of a sphere situated in a medium whose 
dielectric constant differs from that of the sphere. 

Let the dielectric sphere of constant &, be situated in a medium of 
dielectric constant k,, and let the field 
be uniform before the introduction of © 
the sphere, the intensity being every- 
where E. When the dielectric constant 
of the sphere changes to k,, we have for 
the surface condition for the normal 
component of the induction at the point 
P, Fig. 150, the relation k,E, cos 0, 
= k,E, cos 6, where E, and E, are 
fields just inside and outside the sphere 

Fig. 150. at P. Wemay now produce exactly the 

same fields normal to the surface of the 

sphere, if we make the dielectric constant pe bel k, and introduce 
a fictitious surface density o’ given by = 


- ne 
IE, cos 6, — k{E, cos 6, = 4x0’ (p. 141), 
or, k,H, cos 6, — kK, cos 6, = 470" 
fi, E, cos 0. (ke ee! ky) Le, fe ld hur Ss Uhn anne 


o 
dar : + commen rns lanl sete hth, ) 
The dielectric constant being now everywhere k,, we have evel'y where 
the original field H, together with that due to the fictitious surface 
' density o’. 

A distribution of surface density which may be made to satisfy the 
conditions of the problem, was suggested by Poisson. Let the sphere 
be considered to have two volume densities of charge, + p and — p, 
which coincide when there is no external field; but the sphere of 
positive charge is displaced relatively to the sphere of negative charge, 


ages Maye Fig. 152. 


in the direction of the field, by the amount OO! = AA’ = BB’ (Fig. 
151), owing to the field E. MANA’ is then a layer of positive charge, 
and MBNPB ' asimilar layer of negative charge, and throughout the rest 
of the sphere the charges neutralize each other. When this displace- 
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ment is very small, the surface density at a point P is represented 
by the length of a radius intercepted between the spheres, which length 
is OO’ cos 4. 
Then the surface density at P is p.OO' cos §.. 
tg ’ To find the field due to this distribution of charge, all that is 
_ necessary is to find that due to the two spheres, At a point Q the 
intensity due to the sphere, whose centre is O, and having volume 


density of charge +p, is equal to ii OQ.p (see p. 127), and may 
be represented by the vector OQ (Fig. 152); that due to the other 
sphere is pit 00-p, and is represented by QO’, The resultant 
intensity may therefore, by the triangle of forces, be represented by 
the vector OO’, and the intensity is i. OO'p; and since this is 


parallel to OO’ and is independent of the position of Q, the field inside 
the sphere is uniform and parallel to the original field. By finding 
the value of the intensity due to this distribution everywhere, and 
combining it with E, we get the resultant field everywhere. 

Within the sphere, the field due to the charges is opposite in 
direction to the original field, so that the resultant field E, is the 
difference between these, is everywhere parallel to E, and is constant. 
For the boundary condition at the surface of the sphere to be satisfied, 


_ E, cos 4 
— 4a 


U 


(Ie, — ky) 


and since the surface density due to the volume distributions is 
p* OO’. cos 6, we have 


OO’ = E(k, ty k,) 
Fe Zz 4a s 


: 


; | 
And again, since, E — HE, = Va 47. OO’. p, 
1 


E, 3 
= ie (kt, — ke) Fane h(E a! E.), v 
E,(k, — k,) + 3E,k, = 34,E, 
3k, 
a | 


The field outside the sphere may be found by combining the uniform 
field E with that due to the charges +37a‘p situated at O, and 
—tra’p situated at ©’, remembering that the dielectric has a con- 
stant k,. 
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In the case of a conducting sphere situated in air, k, =o and 
ky => ile —. 
E 
oe E, = me =U 
which is in accordance with fact, since the intensity inside a conductor 
is zero. Also when 6, = 0,— 


3 
o = 00'.p=4° 


and since E, = 0, and k, = 1— 
a a) at the points A and B (Fig. 151). 
At any other point of the sphere o’ = E cos 6. 


It may be shown that the field inside an ellipsoid with one axis 
parallel to E is also uniform, and the case of the sphere deduced from 
that of the ellipsoid by making the axes equal. The problem presents 
mathematical difficulties which preclude the discussion of it here, 


oe 

ie ee 

ee 

2a ere ee eee 
Fig. 153. Fic. 154, 


but the student may find it in “ Absolute Measurements in Electricity 
and Magnetism,” by A. Gray. 

In order to determine the field outside the sphere we may calcu- 
late that due to the two charges + 47a°» and — 4za%p, placed at 
O and O! respectively. From analogy with the case of a small 


magnet (p. 5) we can see that the field is equal to that due to 
a magnet of moment 


g7a°p .OO’, or, a®k,(E — E,) = avl( 1 = ah \E 


ley + 2h, 
= go tie = i) 5 
k, + 2k, 


Fig. 153 represents the resultant field f h h 
In Fig. 154, hy < hy OF SeEEAET gy Wnen eae 


SY 
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Electrical Images.— Conducting Plane.—The distribution of charge 


upon conductors may in several cases be most simply found by the method 


of electrical images, due to Lord Kelvin. Let us find the distribution of 
charge over a plane conducting surface, due to the presence of a positive 
charge + q situated at P (Fig. 155), when the plane 

is maintained at zero potential. At P’, a point on 

the opposite side of the plane to P, so that PL=P'L, 

and PLP’ is normal to the plane, place a charge 

—q. This charge is said to be the electrical image 

of P, the name being suggested by the optical 

analogy. We must show that this analogy may be 

pushed further ; in fact, for all points on the P side 

of the plane the effect of the plane is exactly the 
same as that produced by the image, the plane being 

removed, 

In the first place, the potential at M is 


Fig. 155, 


q aes 
+ pm ~ pm =% 
so that if the conductor were removed and the charge — q placed at 


P’ instead, every point of the plane LM would still be at zero potential. 
Again, the electric intensity E, at the point M is given by 
wh eet 
poe NL 6 eM 
2g wld 


ree Me 


E (compare with field due to magnet, p. 4) 


But if —o is the surface density of charge at M, we have from 
Coulomb’s law (p. 128) 


K = —470 
and if these two are to be the same, _ 
2q¢.PL 
—A TO = ana 
joe PM 
ep eee 
= ~OrPME 


which determines the value of o at all points on the plane. The two 
distributions + g and — q on the one hand, and + q and — o on the 
other, both make LM a surface of zero potential, and both produce 
the same intensity at points immediately in contact with the plane, 
and since the component of the intensity due to P at any point is the 
same in both cases, it follows that the intensity near the plane due 
to —q at P’ is identical with that due to —o on the plane. 


Moreover, it follows that if +q and —q on the one hand, and +q 
L 
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and the distribution —o on the other, each make the potential of 
the plane zero, the intensity at every point on the E side of LM, due 
to the two distributions, must be the same. For if possible let the 
intensity due to the former arrangement be E, and that due to the 
latter E,, In the second case reverse all the charges, E, becoming, 
of course, —E,, with charge —q at P and distribution +o upon the 
plane. If we now superimpose the second distribution on the first, 
the charge is everywhere zero, and the field at the given point is 
E, — E,. But the space to the right is surrounded by an equipotential 
surface made up of the plane LM and the rest of the enclosure at 
infinity, and as there is no charge within it, it follows from the theorem 
on p. 129, that the intensity within it must be everywhere zero, that 
is, E, - E, = 0 or E,=E,, and thus the intensity due to the two 
distributions is everywhere the same. 

Further, we can show that if the given distribution — o, which 
produces a field everywhere on the P side of LM, produces an intensity 
equal to that due to — q at P’; no other surface distribution can do so. 
For if possible let another — o’, whose value is not everywhere the 
same as — o, give the same intensity as—o. Let this latter charge 
—o’' be reversed and superimposed upon —o. The intensities now 
cancel out everywhere, but the charges do not. Thus at a given point 
on the plane, the resulting surface density is o' — o, and on drawing 
a closed surface to enclose this, the. normal induction over it is 
4r(o’ — 0), but P does not lie within the surface, and therefore by 
Gauss’s theorem + q cannot contribute to the total normal induction 
over it, and the field due to o and o’ is everywhere zero; hence the 
total normal induction over this closed surface is zero, and co =o. 
That is, there is only one distribution of o that can satisfy the problem, 
and since one has been found, it must therefore be the only one 
possible. 

Thus the charge +q situated at P produces a surface density 


PL 
—5 py at the point M of the conducting plane. There is evidently 


an attraction between +q and the negatively charged plane, the value 
of which can be found by replacing the charge on the plane by the 
electrical image of P, 
06'S oe 
Hotes = OP Dy sate | 

Electrical Images.— Conducting Sphere——The only other case of an 
electrical image which we will consider in detail is that of a charge + gq, 
produced by a spherical conducting surface at zero potential. Let 
the point PY within the sphere of radius r (Fig. 156) be found such 
that OP.OP' = 7°, 

OP OM 


Then, OM = 0p 


a" 
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Thus the triangles OPM and OMP’ are similar, and 


PM OP 
PM =oOmM= constant, 


lf the charge dey be placed at P’,— 


potential at M due to +q at P= + Pat’ 


: rE eue : PM 1 
and potential at M due to — pu? 2 P'= -9-py pay 
epee 
ria i 


Therefore the two charges together produce zero potential at every 


Uy 


point on the sphere. As in the previous case —q ea placed at P’ 


is the electrical image of +q at P, since it reduces the potential at 


+q 


Fia. 156. 


any point of the surface, such as M, to zero, 
Taking OP = d, we have— 
| PM (OM ng 
ey top 4: 
The force between the charge and the sphere is found as in the last 
case, by taking the image in place of the charge on the sphere— 


etd : 
i a: ary: 
rq 
d(d — OF’)? 
2 
But OP’ = ie 
F r 2 qrrd 
— — So 
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To find the surface density of charge —o at the point M, resolve 


the intensity _ along OM, and parallel to OP. From Fig. 156, 


SMR, is the triangle of forces, and is similar to OMP, so that the 
component M§ along the radius is equal to 
eS q OM “¢r 
PM?'MR~ PM?*PM~ PM* 

Also the triangles MV W and MOP’ are similar, and the component 

of MW, or dear” ey in the direction of the radius OM is 
eM a MNe® q OM _ qr _ _@t 
7PM ’°PM?'° mw PM.PM ‘PM ~ PM.P'M? ~r. PM 


Similarly the components MX and MY parallel to OP are 
og MARS stor BOE qa os 
PM" RM PM. PM PMY 


PM ls OF q OM 4q r _ qd 
1-PM‘' PM?’ PM ~ PM.P'M*PM~ PM?°P’M ~ PM? 
respectively, and are therefore equal and opposite. The resultant is 
therefore along the radius, and the intensity is 


Bg ant (bee a 
: B= pyp — =p = Pa! -# 


But by Coulomb’s theorem (p. 128), E = 4zo, 


; * qr 3 d? 
0 = 7 pl - 3} 
We therefore see that the surface density of charge on a sphere 
when a point charge is brought into its neighbourhood ceases to be 


uniform, but the attraction between the two may nevertheless be 
calculated by means of the method of electrical images. 


CHAPTER VI 
ELECTROSTATICS (continued) 
MEASUREMENTS 


Capacity—We have seen that for any given dielectric, the ratio of the 
induction to the electric intensity is called the dielectric constant or 
specific inductive capacity. The absolute constancy of this quantity 
has only been established for media such as the gases, for which the 
value of & is very nearly unity: in other cases its value depends 
upon the time for which the field is applied. Thus, if its value be 
deduced from measurements made with very rapidly alternating fields, 
the value’of k& is found to diminish as the alternations become more 
rapid. For the present, however, we shall deal with k ‘as though it 
had a definite and constant value for each substance. 
Sphere.—Consider an insulated sphere whose potential is originally 
zero ; when a charge q is placed upon it, the potential at the surface of the 


sphere becomes - where a is the radius of the sphere, provided that 


the charge is uniformly distributed over it, and that the sphere is 
surrounded by air. The potential is proportional to the charge, and 
the ratio of one to the other is called the capacity. 

Thus for the sphere, V = - or + = a, and the capacity is equal to 
the radius. 

In any case the capacity of a conductor is the ratio of the charge 
placed upon it to the resulting change in potential, or is the amount 
of charge which will raise the potential by unity. 

Concentric Spheres.—The capacity of a sphere of radius a sur- 
rounded by a concentric sphere of radius 6 maintained at zero potential 
may now be easily found (Fig. 157). 

The inner surface of b, being conducting, is an equipotential surface, 
and therefore when a charge + q is placed on a, there will be an equal 
and opposite charge — q situated upon the inner side of b (see p. 129). 


Then potential of a due to its own charge is + z, and the potential 
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throughout the space inside b due to the charge on the inner surface 


of b is — i. 
‘ ‘ : _% Gig 
“. resulting potential of a = roy Nae 
e * = ag. 
But capacity = yj» 
1 ab 
CF Tl home 
a b 


This is necessarily greater than a, and 
therefore the capacity is increased by the 
Fia@. 157. presence of b. 

For practical purposes the zero of potential 
is taken as that of the earth. Since potential is only recognizable by 
its differences, we may take that of the earth as zero without affecting 
our calculations. Thus we say that the sphere b is “ earthed.” 

Cylindrical Condenser.—The capacity per unit length of a cylinder 
surrounded by an earthed coaxial cylinder is determined by finding 
the difference of potential between the inner and outer coatings when 
the charge per unit length of the inner one is + q. 

The electrical intensity at a distance r from the axis (Fig. 158) 


2 
due to the charge upon a is ze (see p. 127). Therefore p.d. between 


inner and outer cylinder,— 


b 


But if b is earthed, V, = 0, 


-. capacity per unit length = nae ye 
Fig, 158. 2loge = 


Parallel Plate Condenser..-—The capacity per unit area of an insu- 
lated plate at a distance ¢ from an earthed plate parallel to it may be 
found by giving the insulated plate a charge of surface density + c. 
This is the surface density of the charge which faces the earthed 
plate, and will, unless there are conductors brought near the remote 
side of A (Fig. 159), be practically the whole of the charge upon A, 


Ni EFFECT OF DIELECTRIC ON CAPACITY 151 


If such conductors are brought near A, of course the problem is changed, 
but we are only concerned here with the charge on the side facing B. 
Electric intensity in the space between A and B is 47 (p. 128).- 


x 
“Va— Va={ Amo . dt cnr or tags oar 
B Syl ty 
= Arot, 
. capacity of ea eo: 1 E 
area of A > ar ae ery Fig. 159, 


Effect of Dielectric on Capacity.—The effect of a dielectric other 
than air separating the conductors is to increase the capacity in all 
cases. 


Thus for the cylindrical condenser, E = ce 


kr? 
a 
eee =a LTS 
, ar 
2 
Vq= % loge -, 
, k 
and, capacity = b 
2 log. - 
a 
4ro 
For the plates, field between A and B = —~ (Fig. 159), 
“. Va-— Va= =a, 
: k 
and capacity = Int’ 


In fact, in any case, since the electric intensity is everywhere 
diminished in the ratio 1 : k, the potential is diminished in the same 
ratio, and the charge required to bring the potential back to that for an 
air condenser must be increased in the ratiok:1. It was owing to 
the increase in capacity caused by various dielectrics, that the effect of the 
medium was first noticed. Faraday measured the dielectric constant, 
or, as he called it, the specific inductive capacity of a number of 
substances by comparing the capacity of two similar condensers, one 
having the substance, and the other air, as dielectric. 

Condensers.—The most commonly used form of capacity is the Leyden 
jar (Fig. 160), which is frequently a glass jar coated inside and outside 
for about two-thirds of its depth with tinfoil, the remaining glass surfaee 
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being coated with shellac varnish, to improve the insulation. The 
outer coating is usually sufficiently well earthed by standing on an 
ordinary table, and contact with the inner coating is made through a 
metallic knob and stand. If A be the area of the inner coating, and 


t the thickness of the glass, the capacity is about = the dielectric 


constant of the glass being about 6. 

Many standard condensers are constructed of layers of tinfoil 
separated by sheets of mica, the alternate layers of tinfoil being 
connected respectively to the terminals T and T’ (Fig. 161). The 
mica being an extremely good insulator, and at the same time very 
thin, a great capacity can be obtained without the necessity of great 
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Fig. 160. Fig. 161. 


bulk, The dielectric constant of mica is about 6. For convenience 
in use, condensers are made up in a manner similar to that of resistance 
boxes, but it must be remembered that to add the capacities, the con- 
densers must be placed in parallel, not in series. With the plugs as 
ae in Fig. 162 the whole capacity, namely, one microfarad, is being 
used. 


Condensers in Parallel.— Thus in Fig. 163, C,, ©,, C; are three 


Fig. 162. Fi¢a. 163. 


condensers connected in parallel between A and B, and the same p.d 
exists between the terminals of the three. Let pd: =: x 


Then if q,, q2, and q, be the charges upon each, 
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ie CV, q = CY, = C,V, 
and, at qe + a3 >= (C, air Cc, a5 C,)V. 


total charge 
oo 


—~atG + 4 
V b] 


But, total capacity C = 


= C+ Cr+ CO, 


Condensers in Series.—I£ the condensers are connected in series 
as in Fig. 164, the combined capacity may be found from the fact that 
the charges upon the opposite plates of each condenser are equal. 
Thus if the charge +4 is situated upon one plate of C,,—q is situated 
on the other. Hence the charge + q has passed to the first plate of 
C,, and so on. 


Then, Ve=Viz= a : 
1 E F B 
Ve-Vr=@) | 
! Go *Gs 
Va aa Va = a. Fig. 164. 


But, aa is the combined capacity C, 


Va 


Pete 21 ot 
eer oc, .C, 


In the case of most condensers used for practical purposes, the 
capacity has been found by comparison with a standard, whose value 
can be calculated from its geometrical form. The simplest case is that 
of a sphere whose capacity is equal to its radius, but a sphere would 
have to be of such great size to have a sufficient capacity for practical 
purposes that this consideration alone would prevent its use. But in 
addition, we have the fact that the sphere must be at an infinite 
distance from all other bodies for the surface density of charge to be 
uniform and the field everywhere radial. A pair of concentric spheres 
would get over both these difficulties, but then we meet with the 
objection that it is difficult to construct the spheres and to arrange 
them to be concentric, and the insulation of the inner sphere would 
also give trouble. 

Guard-Ring Condenser.—The first satisfactory standard condenser 
to be made was the guard-ring condenser of Lord Kelvin, In the 
case of the parallel plate condenser, an uncertainty in the effective 
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area of the insulated plate arises from the fact that the field near the 

edge of the plate is not uniform (see Fig. 165). Lord Kelvin got over 

this difficulty by making the insulated plate circular and surrounding 

it by a guard-ring, so that the irregu- 

G A G larity of the field does not occur at the 

CUTOUT) edge of A, but at that of the guard- 

B ring G. There is still a slight irregu- 

i larity in the field where the gap between 

| E A and G occurs, but if this gap is not 

Fia. 165. very wide, Kelvin found that the effec- 

tive area of the plate is the arith- 

metical mean of the area of the plate’A and the circular hole in G. 
Calling this effective area A, 


Capacity = = 


Fig. 166 illustrates the guard-ring condenser,! the left-hand half of 


Fiq. 166. 


the figure being in section. h, the guard-ring, and k, the plate, can be 
insulated or connected together, and the parallel earthed plate e can 
be raised or lowered by means of the micrometer screw f. The distance 
apart of the plates is measured by bringing e into contact with & and 
h, The reading of the micrometer screw is observed and e is then 


1 J. Hopkinson, Phil. Trans., 169, p. 17. 1878, 
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lowered by turning the screw, and the reading again taken. On sub- 
tracting one micrometer reading from the other, the distance ¢ is 
obtained. In using the instrument, e is earthed, and # and & connected 
together and charged. On then earthing h, the charge upon & remains 


- and has the value corresponding to the capacity = 
TT 


Sliding Condenser.—Another convenient form is the sliding or 
cylindrical condenser, also due to Lord Kelvin. A and C (Fig. 167) are 
two coaxial cylinders of the same diameter, with a small gap separating 


oe i, ee SS SS Cc 


—_———$——$—— 


TE] 


Fic. 167. 


them. The smaller cylinder B is coaxial with the other two and is carried 
by a support which slides upon C, so that the length lying within A can be 
varied and measured. A is insulated and B and C are earthed. Then, if 
Bis caused to slide in or out of A by the distance J, the change in capacity 


of Ais —. A is surrounded by an earthed metallic tube to pre- 

2 loge; 
vent its capacity from being varied by the movement of conductors in its 
neighbourhood. This condenser 
has not a capacity of known 
absolute value, but its change in 
capacity for any movement of B 
is known from its dimensions. 
If a scale of lengths be attached 
to the slider, and the absolute 
capacity be determined experi- 
mentally for one position, that 
for other positions of the scale 
will then be known. 

Another useful variable con- 
denser is made by Mr. A. C. 
Cosser, shown in Fig. 168, A 
number of semicircular plates 
are insulated, and between them 
and parallel to them are a num- 
ber of similar plates mounted i 
upon an axle, so that they may be rotated to occupyany position 
from lying entirely within or entirely external to the fixed plates. 
This is really a multiple parallel plate condenser, and the relative 


Fic. 168. 
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position of ‘the plates may be determined by means of a pointer moving 
over a circular scale. The condenser is not an absolute one, and the 
scale must be calibrated by experimental comparison with known 
standard condensers. 7% 

Elect: ometers.—For the comparison of capacities, some measurer of 
potential is necessary. The electromagnetic voltmeter described in 
Chapter IV. is, of course, useless, since its reading depends upon the 
existence of a current, which is exactly what must be avoided in deal- 
ing with electrostatic charges; in fact, the difficulties met with are 
largely due to faulty insulation, which allows minute currents to flow, — 
and hence the charges to leak away. 

Faraday used the gold-leaf electroscope as an electrometer, but its 
low sensitiveness and the uncertainty in the value of its readings 
restrict its use. Quite recently the gold-leaf electroscope has been so 
modified in form that its use as an electrometer has been greatly 
extended (see p. 498). 

Attracted Disc Electrometer.—More exact electrometers, depend- 
ing upon a measurement of the attraction between two conductors, 
maintained at different potentials, have been 
designed, and after many modifications, the 


N instrument took the form of the Attracted 

s Disc Electrometer, which, in the case of Lord 

Cc C_ Kelvin’s pattern, is an “absolute” instru- 
rae mY. ment, the potential difference being found in 


terms of a force, a length, and an area, The 
arrangement is shown diagrammatically in 
Fig. 169. <A is the attracted plate, which 
is carried by a spring 8, and situated in the 
plane of the guard-ring C, just as in the 
case of the guard-ring condenser. A is main- 
tained at a constant potential, and B, which 
Fia. 169. can be raised or lowered by means of the 
micrometer screw M, is brought in turn into 
contact with the bodies, the difference of potential between which it 
is required to determine. 
To calculate the attraction between A and B, let their potentials 
be V, and V, and their distance. apart ¢, The electric intensity E in 


the space between them is therefore —— 


E aoe Ya 


t 


Also from p. 132, we know that the force per square centimetre of 


either is gz? 80 that if A be the area of the plate A, the total force 
upon it is— i 
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or, Va — Vg = ta ee 


In using the instrument, the plates are to begin with, all earthed, 
and a small known weight m is placed upon A, This depresses it 
_ below the plane of C, and it is raised by means of the screw N until it 
again comes into the plane of C. The small weight is then removed, 
when, of course, the spring S pulls it above C, but if subsequently the 
attraction between A and B pulls A again into the plane of C, we 
know that the force acting on it is mg dynes, where g is the accelera- 
tion of gravity. A and C are now insulated and charged to a potential 
which is kept constant by means of a small electrical machine, the 
prototype of the Wimshurst machine, called the Kelvin replenisher, the 
constancy being observed by means of a second guard-ring condenser 
with fixed spring control and fixed position of earthed plate. B is 
then connected to the first of the points the p.d. between which we 

wish to measure, and its position adjusted by means of M until A is in 
the plane of C. The force on A is then mg, and if V, be the potential 
of the first point, and the micrometer M is read— 


Wir -V, = t, Re. 


B is now connected to the second point, whose potential is V., and the 
adjustment again made. 


yay pp fe 
A 


Therefore, V, — Vi=(4, — &), M es 


Thus V, — V, is known in terms of the difference of the two 
micrometer. readings, the area of the plate A, and the weight of a 
small mass m. It is not necessary to know either the actual distance 
between A and B or the potential of A, but the latter must remain 
constant.’ . 

Quadrant Electrometer.—The Quadrant Electrometer bears a 
certain resemblance to the galvanometer, in that both give deflections 
proportional to the quantity to be measured, the deflection in each case 


a For a detailed account of the construction of the absolute electrometer and 
its use, the student may consult ‘Absolute Measurements in Hlectricity and 


Magnetism,” by A. Gray, 
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depending upon a number of constants of such an uncertain value, 
that the instrument is used for purposes of comparison only. The 
quadrant electrometer, like that of the attracted disc type, is evolved 
from others of simpler type and achieved its first satisfactory form at 
the hands of Lord Kelvin. 

The Fig. 170 shows a typical arrangement of the instrument. Four _ 
hollow quadrants are connected in pairs AA and BB. A paddle- 
shaped conductor C, frequently called the “needle” from analogy with 
the galvanometer needle, is maintained at a high (or low) potential and 
is therefore positively (or negatively) charged. When A and B are at 
the same potential, the needle hangs symmetrically between them, but 
on establishing a difference of potential between A and B, the field 
produces a couple which rotates C until the control brings it to rest. 


Fiq. 170. Fic. 171. 


The deflection is approximately proportional to the potential difference 
between A and B. To prove this, imagine that the needle is charged | 
to a high potential V,, and the quadrants to potentials V, and V,, 
where V,>V,. Let these potentials be maintained by connection 
with sources of supply such as cells. Consider the needle to be held 
for a moment in its zero’ position and then released. It will then 
be deflected towards the B quadrants; that is, down the grade of 
potential. The requisite energy is all drawn from the source of 
supply, and is used in twisting the suspension and in increasing 
the potential electrical energy associated with the quadrants and 
needle. Equilibrium is attained when the first equals the sum of 
the other two. 

If the resulting deflection is 6 (Fig. 171), an area of needle equal 
to zr’0/7 = r°@ has been transferred from the A quadrants to the B 
quadrants, and, remembering that there are two faces to the needle, 
the effective area transferred is 2r°6. This is equivalent to diminishin 
the capacity of the A-C condenser by an amount 2r°0/4at = 1°0 /2zt, 
and increasing that of the B-C condenser by the same amount, 
t being the thickness of air space between needle and quadrants. 
Thus an amount of charge 1°6(V, — V,)/2zt has been lost from the 
A-C condenser, and the corresponding loss of electrical energy is 
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(Vo — V,)r (Vo — V,)/2rt = (VV, — V,)?/2nt, since the potentials 
have remained constant throughout. Similarly the amount of ener 

gained from the sources of supply on the B-C side is r°4(V, — V3) /2at 
Thus the total energy supplied to the electrometer from the sources 


a is—— 


r°6 ré Vi, Ve 
Tei t(Vo — Vs) — (Vo Val} = (Va — Va) Vo - +5?) 
Again, the potential energy of the charges residing on the A-C 
condenser has been reduced by }(capacity)(p.d.)? = r°6(V, — V,)?/4at, 
and the gain on the B-C side is r°@(V, — V,)?/4zt. Therefore the 
gain of potential energy of the charges residing on the electrometer is 
r° Wacko: 
(Va — Vs)(Vo- oe 
Also the work done in twisting the suspension is | “cbd6 = lef’, 
0 


where c is the couple for one radian twist, 


6 Vi = 48 Vii 
“ 36° + == (Va Vi) Vo— at 2) (Va Va Vo 4E*8) 


2 oa 


7? V+ V. 
or, =~ (V,- Vo)( Vo = ~ 7), 


We see, therefore, that the deflection is proportional to is , which 


is a constant, to the difference of potential between A and B, and to 
the difference between the potential of C and the average potential of 
A and B. The last term is very nearly constant if V, is great and 
Va and Vz change very little during the experiment, and we may 
then say that— 

6 = K(Va — Vo) 
where K is a constant. 

The shape of the needle is immaterial, provided that the change in 
area within each pair of quadrants is proportional to the deflection, 
which condition is fulfilled when the outer edge of the needle is cir- 
cular, and the radial edges of the needle lie well within the quadrants. 

In the method of use described above, the conductors A, B, and C 
are all at different potentials, and the instrument is said to be used 
heterostatically, It may ‘also be used idiostatically by connecting C 
to one pair of qaadrants, say B. Then V, = Ve, and the equation 
for the deflection becomes— : 


r 
6 =5-7(Va — Vo)? 
=x K'(Vg Sav 
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In this case the constant K’ is much smaller than K, since V, is very 
great (2K'V, = K). Hence for a given deflection, Va — Vy will 
generally be greater when the use is idiostatic than when heterostatic. 
The range of usefulness of the instrument is therefore considerably 
extended. It should be noted, however, that when the method is 
idiostatic, the deflection is proportional to the square of the p.d. to be 
measured. This is for some purposes inconvenient, but on the other 
hand it has the great advantage, that the deflection is in the same 
direction whether the p.d. is positive or negative, and the electrometer 
will therefore give a deflection with an alternating potential difference. 
This point will be dealt with in the chapter on alternating currents, 

In the Kelvin instrument V, is maintained constant by means of 


Fia. 172. 


a replenisher and a trap-door indicator, as in the case of the guard- 
ring electrometer, and further the constancy is assisted by placing C 
in connection with the insulated coating of a condenser of large 
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capacity. Also the control is produced by means of a bifilar 
suspensicn.? ' 

The type of quadrant electrometer most commonly used at the 
_ present time was designed by F. Dolezalek, and is shown in Fig, 172. 
_ The quadrants are of brass, and are mounted on amber pillars A to 
ensure good insulation. The needle N is of paper, thinly coated with 
metal, or in the latest instruments it is of thin aluminium. It is 
suspended by a quartz fibre which is made conducting by dipping 
it into a strong solution of calcium chloride, which, being very 
hygroscopic, maintains the surface of the fibre sufficiently conducting 
to keep the needle charged by means of a battery. The quartz fibre 
produces such a feeble control that a high sensitiveness is obtained, 
without the employment of very high potential for OC. With a 
suitable fibre and a p.d. of 50 to 100 volts between the needle and 
earth, one volt will cause a deflection of 200 to 400 millimetres with a 
scale distance of a metre from the mirror. The deflection is usually 
observed by means of a lamp and scale, as in the case of the reflecting 
galvanometer. If the absolute values of the deflections are required, 
the scale must be calibrated by some known source of p.d., as for 
example a standard cell. If an insulating quartz fibre be used for the 
suspension, this will enable the needle to keep the charge for some 
time. The needle may always be 
recharged by means of the contact 
maker K. 

Several lectrustatic Voltmeters 
have been designed on the principle 
of the quadrant electrometer. 

The Kelvin multicellular volt- 
meter is essentially a quadrant elec- 
trometer, having a number of alter- 
nating quadrants, used idiostatically. 
It is provided with a pointer moving 
over a scale which has been experi- 
mentally calibrated. The moving 
sectors are suspended by a metal 
strip which also supplies the control. 

Lord Kelvin has also constructed 
electrostatic voltmeters having a 
gravity control. AB is a fixed and 
CD a movable conductor (Fig. 173), 
the latter being supported on knife- 
edges at e. The p.d. which is established between AB and CD causes 
© to approach A, and D to approach B, and the couple is balanced 
against gravity. The range of the instrument may be varied by 
altering the little weight 6. ‘The scale is calibrated in volts, the range 


1 For further description of the Kelvin quadrant electrometer the student is 


referred to the pamphlet issued by Messrs. Kelvin and White of Glasgow. 
M 


Fig. 173. 
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of the instrument with the largest weight extending up to several 
thousand volts. 

Comparison of Capacities—On p. 151 we saw that the capacity of 
any conductor is directly proportional to the dielectric constant of the 
medium in which it is situated, and therefore the measurement of the 
constant of any dielectric generally devolves upon the comparison of 
the capacities of two condensers, one with and the other without 
the given medium as dielectric. 

Faraday’s Method.—The first determination of dielectric constant 
was made by Faraday. He constructed two spherical condensers of 
the pattern shown in Fig. 174, as nearly as 
possible alike, and tested their equality in 
capacity by charging the inner sphere of one 
of them and then sharing its charge with the 
other, the outer spheres being earthed. He 
found that the potential fell to half, on the 
sharing of the charge taking place. The lower 
half of one of them, B, was then filled with 
shellac, and the other one, A, which had only air 
between the spheres, was given a charge. On. 
sharing A’s charge between the two, the poten- 
tial did not fall to exactly half, showing that 
the capacities were no longer equal. Thus, if 
V, is the original potential of A, and V, the 
final common potential, the original potential 
of B being zero, calling C, and C, the capaci- 
ties of A and B— 

The charge passing from A to B, that is 
T= Ca( Vx = V.) = CrV2, 

Fig. 174. ‘Of ee 
ee CG, => a 

In this way it was found that C, = 1:50C,, Remembering that 
only half of B is filled with shellac of dielectric constant k, and that 
without shellac the capacities are equal, 

C, . Og C 


“150 = eres, 


SSSA, 


which gave k = 2 for shellac. 

In a similar manner Faraday found the dielectric constant of 
sulphur to be 2:2. 

A considerable improvement in the comparison of capacities by the 
above method may be made by using the electrometer instead of the 
electroscope, but in this case the capacity of the electrometer itself 
may be appreciable, and should be taken into account. 
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If A be a standard condenser, it is first charged by depressing the. 
key p (Fig. 175), and the electrometer deflection noted; let it be 0, 
The key p is then opened and q closed, and the new deflection 6, noted. 
Since the potentials in the two cases 
are proportional to 6, and 6,, and the 
capacity of the electrometer (C) must 
be added to that of A, we have as 
before the relation, 


Cy _ a — % 
ERR A 


C may be found by charging A 
and the electrometer and noting the 
deflection 6,. The electrometer is 
then insulated, discharged, and again connected to A and the deflec- 
tion 0, noted. 

The charge which passed from A to the electrometer being q, 

¢= CAV; — V,) = CV, 
~ Va 10; — 6, 
OS oye Te Sa ee 

Tf C is very small, the experiment does not give an accurate deter- 
mination, owing to the smallness of 6,—0,; but it should be noted that 
the smaller that C is, the ‘less is the importance of knowing its value 
accurately. 

Tf one of the capacities, say C,, be very small in comparison with 
the other, it may be charged a number of times from the other, pro- 
vided that it is discharged between the successive chargings. When 


II 


Fig. 175. 


C, is first connected to C, the charge remaining on C, is Qu Ti G, 


where Q is the initial charge upon C,. IfC, be then discharged and 
again connected to C,, the charge upon the latter falls to 


(e-falla ta) = aeto): 


For n charges and discharges, the charge upon C; falls to 


Cz ii 
Az, - Cy d = /¢ 
and the potential falls proportion- 
ately. Thus, if V, is the initial poten- ¢ Sete Kt. G; 
tial of Cz, and V, the potential after n he mao? 
sharings— 
E E 
Vn (© 3 Fic. 176. 
Ae * Ci -b C3 y 
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Vn and V, being proportional to the electrometer deflections and 
Cy and n being known, C, may be calculated. Fig. 176.shows how 
the repeated sharing may be performed by means of the key K. 
Kelvin’s Methods.—The following null method of comparing 
capacities is due to Lord Kelvin. Four condensers are required, of 
which one must be variable, and these are arranged as in Fig. 177, the 
points A and B being joined to some source of electromotive force. 
Then if the points E and F remain at the same potential, the 
electrometer needle will be undisturbed, but if not there will be a 
deflection. If a balance is not obtained, the capacity of the variable 
condenser is altered and the experiment repeated. When a balance 


is reached the p.d. between A and E, i.e. a, is equal to that between 
1 


Aeeeiiliee an at \ 


ORs | 
cee ; 
C, ~~ G, 
Similarly, & = &, 
2 4 
.. from the two equations, a = - 
2 4 


f Re 


Fie. 177. Fig. 178. 


A second null method, also due to Lord Kelvin, is frequently 
employed for comparing capacities, and it has the great advantage 
over the previous method, that only one standard condenser is required, 
and this a constant one, the balancing being effected by varying the 
resistances in two boxes, R, and R, (Fig. 178). When the keys 1 
and 2 are depressed, the condenser OC, is charged by the p.d. between 
the ends of the resistance R,, the value of which is iR,, where 7 is 
the current produced by the battery in the circuit R,R,, A and B 
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being earthed. Hence the positive and negative plates of C, have 
charges + iR,C, and —iR,C, respectively. 

Similarly, the charges on C, are +iR,C, and —iR,C, On 
releasing the keys, the positive plate of C, is connected to the negative 
plate of C,, and the charge + i(R,C, — R,C,) will remain. If, now, 
the key 3 be closed, there will be a deflection unless the remaining 
charge is zero, in which case R,C,=R,C,, The test is made with 
various resistances R, and R,, until this condition is fulfilled. This 
is known as the method of mixtures, and the electrometer may be 
replaced by a sensitive galvanometer, in which case a transient current 
flows on closing the key 3, when the balance is not perfect. 

Gott’s Method.—This is a modification of the last. On closing the 
key 1, D and F (Fig. 179) will in general have different potentials, 
and on closing key 2, a deflection will be 
produced. If, however, the resistances be Cc 


/ Cc 
adjusted so that there is no deflection, the e— G 
p.d. between B and D is equal to that 
between Band F. If, then, E is the p.d. 
between B and earth 2 
z 


2 


B 
pd. between Band F = E.p~ "yy, E PR, | F 
1 E 
p.d. eee end = 7 ie | II | 


Orne Cs Fia. 179. 


since & ve - is the reciprocal of the combined capacity of the con- 
1 2 


tars 
densers in series, and T T is therefore the charge on each plate of 


| C,* G, 
the condensers (see p. 153). 


ER Rol E 
ite ge Carel al’ 
C, 2 
Een adgeeneh 
R, +R, OC, + C2 
ae RG, = RC. 


Further methods for measuring capacities will be described in 


Chapter XIV. \ : 
Determination of Dielectric Constant.—The dielectric constant of 
several solid substances was measured by Boltzmann’ in 1873 by 


1 L, Boltzmann, Wien. Akad. Sitzwngsber., 67, (2), p. 17. 1873. 
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somewhat resembling that of Faraday. A parallel plate 
ae is used,* between ah plates of which could be inserted 
a slab of the substance. The capacity is compared with that of the 
electrometer and a fixed condenser together, by means of the method 
of sharing the charges, both with air be- 

S a tween the plates, and when the slab to- 
[id '% ~~ gether with an air space separates the 
plates. In the latter case one plate of 
Fra. 180. the condenser could be moved away from 

ad id the other until the oe is Oe to 

i iginal amount, and the dielectric constant is then known in terms 
a eee of the slab and the displacement of the plate. Thus, 
if ¢ be the distance apart of the plates and d the thickness of the 
slab (Fig. 180), N being the electric induction, which is uniform (see 
p. 154), since the field is everywhere normal to the slab ; the electric 


intensity in the air space being E, that in the slab is } and if V, and 
V, are the potentials of A and B, 


E 
Va—- Vo = E(t-—d) +7 
/ d 
=Bt-d+ ) 
But, E = 47, 
where o is surface density of charge on plates, 

o 
4iro (¢ —d+ .) 

A 
ee 
4n}i—a(a ~ 5 )t 
Thus the effect of introducing the slab of thickness d, is the same 


1 
as would be produced by diminishing ¢ by the amount a(a - x without 


introducing the slab, so that if t be increased by this amount when 


the slab is in, the capacity will again be brought to the value it had 
without the slab, Calling this displacement h, 


.. capacity per unit area of plate = 


and, capacity of area A = 


1 
h= (ies 
d 
MA TESE ma 


The values of & found for sulphur, ebonite, 


and paraffin were 
respectively 3°84, 3-15, and 2°32. 
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The attracted disc electrometer may b 
1 ° y be used to measure th 
quantity h of the last equation, As in Fig. 169, we see that the fae 


per square centimetre of A is aa and the total force F = aS 
} T 
But, E = —2= —, ; 
t—d(1l—= 
aay 
oy 7 (Le 
na 8a ) 


or, Ve — Vp = jt — a1 = tee 


Thus, if the p.d. between the plates is maintained constant and the 
slab introduced, F increases and the charged plate is pulled down. On 


then lowering the earthed plate by the amount h = a( - i) the 
kc 


charged plate will return to its original position. 

Electric Absorption.—The earlier measurements of the dielectric 
- constant were all subject to error, owing to the fact that media other 
than gases. do not instantaneously acquire their maximum induction 
in an electric field. This phenomenon of “ Electric Absorption” is very 
similar to that exhibited by various complex substances, such as glass, 
when subjected to torsional strain.1 It was noticed by Faraday in 
conducting his experiment with the spherical condensers (p. 162), that 
a smaller result is obtained for & when the condenser containing the 
shellac is charged first and its charge shared with the other, than 
when the condenser without the shellac is charged first, and the 
change in the value of & obtained is greater the longer the interval 
that elapses between the charging of the shellac condenser and the 
sharing of the charges. 

If a Leyden jar be given a charge and its potential be measured 
by means of an electrometer, it. will be found that the potential will 
fall for some time, but will eventually become constant. On dis- 
charging the jar the whole induction in the medium does not disappear 
immediately ; successive discharges, gradually getting smaller, may be 
obtained. The charge, which does not disappear at the first discharge, 
has been called the residual charge. 

This phenomenon renders it important that in making measure- 
ments of the dielectric constant, the time for which the charging takes 
place, and the interval between charge and discharge should be known, 
Tn most cases the result obtained on charging and discharging a con- 
denser within half a second is sufficiently constant to be used in 
defining the capacity of a condenser for practical purposes. 


1 See “ Properties of Matter,” by Poynting and Thomson. 
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Hopkinson’s Method.—Dr. J. Hopkinson! used a modification of 
the method of mixtures for finding the capacity of a guard-ring con- 
denser, and employing the slab method (p. 166) found the dielectric 
constant of various substances. The charging battery (Fig. 181) is 
earthed at its middle point and the terminals connected to the plate 
A of the guard-ring condenser and the inner cylinder D of the sliding 
condenser. These are consequently at equal and opposite potentials, 
and if the two capacities are equal, the charges received are equal 


D 


Hitt 


Fic. 181. 


and opposite. On disconnecting the battery and joining A and D, 
the resulting potential as indicated by the quadrant electrometer will 
be zero. The sliding condenser is adjusted until this condition is 
fulfilled. The slab is now introduced between A and B, and the 
equality re-established by means of the sliding condenser, the change 
in capacity being therefore known. A special key is used to enable 
’ the various connections to be made with great rapidity. 

As a result of an extended series of experiments, Hopkinson found 
that the dielectric constant for glass is constant for times of dis- 
charge varying from z,1,5 to 1 second, for measuring which short 
periods he used a pendulum for connecting A and D at a known 
short interval after the charging. 

By a modification of the sharing of charges method (p. 162) 
Hopkinson,’ using the pendulum make and break, also determined 
the dielectric constant of certain liquids (Table, p. 171). 

Silow’s Method—A method differing entirely from the last has 
been employed by Silow* for determining the dielectric constant of 
certain liquids. The liquid is made to replace the air in a 
cylindrical electrometer. The conductors A and B (Fig. 182) are four 
strips of tinfoil attached to the sides of a cylindrical glass vessel. The 
needle C is also cylindrical and is made of platinum. It is suspended 
by a fibre, its deflection being observed in the ordinary way. One pair 
of conductors, say B, is earthed, the other pair, A, being maintained 


1 J. Hopkinson, Phil. Trans., 169, p. 17. 1878. 
* Tbid., 192, p. 855. 1881, 
* P. Silow, Pogg. Ann., 156, p. 389. 1875. 
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at steady potential, C also being earthed. The deflection is then 
proportional to the dielectric constant of the liquid filling the vessel. 
For, the capacity of a condenser being proportional to k, we may 
introduce this quantity into our calculation for the deflection of the 
needle of the quadrant electrometer (p. 159), and we then find that, 
when used idiostatically 


kr? : 
0 = 574 (Va — Vo) 


that is, the deflection is proportional to k. 


5) ahaa balan Aes re len Tre. * 
. e . 


Fie. 182. Fic, 183. 


Cohn and Arons.—Using a modification of Silow’s method, Cohn 
and Arons’ employed an alternating p.d. for the determination of the 
dielectric constants of a number of liquids. 

An ordinary quadrant electrometer and one constructed on Silow’s 
principle to take the liquid, are connected, as shown in Fig. 183. The 
two electrometers are used idiostatically and are connected in parallel, 
the p.d. being supplied from an alternating source. Since they are in 
parallel the p.d. is at every instant the same for the two, and therefore 
from the equation on p. 159, 6= K'(V, — Vz)’, the deflections when 
both eleetrometers have air as dielectric are given by, 


0; = K,'(Va a V3)’, 
6, = K.{(Va — Vo)”. 
2 
K, and K,' being the values of oa for the electrometers. Since 


Va — Vo is the same at every instant for the two, 


however Vy and Vz may vary. Ii, now, the liquid be introduced 
into the Silow electrometer, and two new deflections, 6,’ and 6,', are 


simultaneously obtained— 


1 ®. Cohn and L. Arons, Wied. Ann., 83, p. 18. 1888. 
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6, “t- Ky 

6, re EK” 
Rag lal: 
ee k T= (ee * 02 


Landolt and Jahn! also employed the last method to determine k 
for a number of liquids. The method has the advantage that ex- 
tremely rapid charging and discharging is used, so that the absorption 
effect is negligible. 

Dielectric Constant of Gases.—The dielectric constant in the case 
of gases has been determined by Boltzmann,” and also by Ayrton and 
Perry,’ in both cases the change in capacity produced in a condenser, 
when the pressure of the gas is altered being found. The methods 
employed are modified forms of the method of mixtures. 

It is found that the change in dielectric constant for a gas is very 
nearly proportional to the change in pressure, and thus, taking the 
- value of & for a vacuum as unity, we have for a gas at any pressure p, 


ee 


ews ie: 


m being a constant. 

Thus the value of & at a pressure of 76 cms. of mercury at 0° C. is 
1+m. Change of temperature does not directly alter the dielectric 
constant of gases, but may, through changing the pressure, affect it 
indirectly. 

The relation between temperature and dielectric constant has been 
investigated by Cassie,‘ using the two-electrometers method, and he 
found that for carbon bisulphide there is a decrease of 0°0040 per 
cent. per degree Centigrade rise in temperature. For glycerine. the 
value is 0°0057, for olive oil 0:0029, and for parafiin oil 0°0024, the 
change being in the same direction in all these cases. In the case of 
glass at 30° there is an increase of 0-2 per cent. per degree rise, for 
mica 0°04, and ebonite 0:07. 

Further methods of measuring capacities will be found on p. 257, 


and of determining the dielectric constant for high frequency oscil- 
lations in Chapter XIV, 


1H. Landolt u. H. Jahn, Zeitschr. f. phys. Chem., 10, p. 289. 1892. 
* L. Boltzmann, Wien. Akad. Sitzwngsber. (2), 69 p. 795. 1874. 

* W. E. Ayrton and J. Perry, Asiatic Soc. of Japan, April 18, 1877. 

* W. Cassie, Proc. Roy. Soc. Lond., 46, p. 357. 1889. 
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Dirtxcrric Constants (x). 


Substance, k Observer, 
Ordinary glass ... . 8°45 Hopkinson (Phil. Trans., 169, 17, 
1878; and 172, 885, 1881). 
Plateslasss . 2s. . 4-67 Lecher (Wied. Ann., 42, 1891). 
Wrownteglassi 6 i. ol 6°96 Hopkinson. 
BEG CIASS | os sk ee 6°61—9:096_| Hopkinson. 
Ebonite o: “Giles on eae 3°15 Boltzmann (Wien. Ber. (2), 66, 1, 
1872; 67, 17, 1873). 
Sulphur ee - 3°84 Boltzmann. 
MGGHrath es 5s : 6°64 Klemencic (Wien. Ber., 2, 96, 1887). 
ESURMAITU sic aM chs 90) cs 2°32 Boltzmann. 
2°29 Hopkinson. 
Paes ae ees eee 3°10 Winkelmann (ee ass teen 
, ” , b 
Rock salh ae 50. 6 18 Hopkinson. 
eetroleum 4.6 6 a 8s 1:92—2°10 Hopkinson. 
2°054 Silow (Pogg. Ann., 156, 1885). 
2:04 Cohn and Arons (Wied. Ann., 33, 24, 
1888). 
Ethylalcohol. . .. . 96°5 Cohn and Arons, 
@ither. = « oy ee 4°75—4'95 Hopkinson, 
“NEG Ao ine ear har 76 Cohn and Arons. 
80 Nernst (Zeitschr. f. phys. Chem., 14, 
1894), 
80°6 Drude (Zeitschr. f. pls. Chem., 28, 
1897). 
Air (76 cms. pressure). . 1:000590 Boltzmann. 
1:001500 Ayrton and Perry. 


1000586 Klemencic. 

Hydrogen (76 cms. pressure) 1000264 Boltzmann. 
1:001300 Ayrton and Perry. 

1:000264 Klemencic. 

S@arbon dioxide . .. . 1:000946— Boltzmann. 
1:002300 Ayrton and Perry. 

1000984 Klemencic. 


CHAPTER VII 
ELECTROLYSIS 


Ionic Charge.—In Chapter III. we considered Faraday’s laws of 
electrolysis, and saw that the amount of an ion liberated from a 
solution by an electric current, is proportional to the strength of the 
current and to the time for which it flows; from this we may now 
conclude that the amount of the ion liberated is proportional to the 
amount of electricity which has passed through the electrolyte, since 
the current itself is the amount of electric charge passing per second. 
Taking the ampere as the unit of current, the corresponding unit of 
charge is called the coulomb, and is the amount of charge passing when 
one ampere flows for one second. We can then define the electro- 
chemical equivalent of a substance as the amount liberated by the 
passage of one coulomb—in fact, Faraday’s first law of electrolysis is 
usually stated to be, ‘‘ that the amount of deposition is proportional to 
the quantity of electricity which has passed through the electrolyte.” 
The second law of Faraday, from this point of view, states that a 
given quantity of electricity passing through the electrolyte liberates 
an amount of substance proportional to its chemical equivalent, and it 
follows, that the amount of a monovalent ion liberated is proportional 
to its atomic weight, of a divalent ion to half the atomic weight, and 
so on. Thus 107-88 grammes of silver, 35°46 grammes of chlorine, 
62 grammes of NO,, 3178 grammes of copper, etc., are each liberated by 
the same amount of electricity passing through the cell. This amount 
may conveniently be taken as a unit of quantity of the substance, and 
is called a Gramme-equivalent, Thus a gramme-equivalent of any mono- 
valent substance is a quantity which, measured in grammes, is 
numerically equal to the atomic weight, and of a divalent substance to 
half the atomic weight, etc. The importance of this, lies in the fact that 
a gramme-equivalent of any substance is liberated by the passage of a 
fixed amount of electricity through the electrolyte. This amount of 
electricity may easily be found from the electro-chemical equivalent, 
for it is the amount deposited by the passage of one coulomb; 
therefore, taking the electro-chemical equivalent of silver to be 
0:0011183 and the atomic weight 107-88— ; 


ELECTROLYTIC CONDUCTION 173 


Charge required to pass in order to liberate one gramme-equivalent 


107°88 


of silver = 00011183 = 96,467 or 96,470 coulombs. 


Since the gramme-equivalent of all monovalent substances contains 
_ the’ same number of atoms, we see that the liberation of each atom 
from the electrolyte requires the same amount of charge, and again, 
since the gramme-equivalent of a divalent element has half this number 
of atoms, all divalent substances require twice this amount of charge 
for the liberation of an atom. 

These facts strongly suggest that the atoms are the carriers of 
the charges, and that a monovalent atom carries a constant amount of 
electricity, whatever be its chemical nature, a divalent atom twice that 
amount, a trivalent atom three times that amount and so on, and 
further, that the metallic atoms being liberated at the kathode, have 
a positive charge, and the non-metallic atoms or radicles, since they are 
liberated at the anode, have a negative charge, 

Conduction.—So far we have not made any assumption as to 
the mechanism of the transport of the atoms with their respective 
charges from the solution to the electrode, but it becomes of the 
greatest importance to decide whether the positively and negatively 
charged atoms forming a molecule of the substance in solution are 
pulled apart on the application of the electrical field which produces 
the current, or whether they are wandering about independently of 
each other in the solution, and are merely subjected to forces, just as 
any other charged bodies would be, which drive the positively charged 
atoms down the grade of potential and those negatively charged up 
the grade of potential. 

In future we shall speak of an atom with its associated charge as 
an ion; thus in an electrolyte the positive ions are liberated in the 
neighbourhood of the kathode, and these, on giving up their charges to 
the electrode, acquire the properties of neutral chemical atoms. 

Experience shows that a definite amount of energy must be ex- 
pended in order to effect the separation of the two ions forming a 
_ binary molecule, which energy reappears, usually in the form of heat, 
upon their recombination. Hence, if the ions in an electrolyte are all 
in a state of combination to form neutral molecules, we should expect 
that a certain minimum potential difference would be necessary before 
any decomposition would occur. But, on the contrary, it is found that 
any potential difference, however small, will cause some current to flow, 
although the current will soon cease unless the potential difference 
between the electrodes exceeds a certain amount; about 1-7 volt in the 
case of acidulated water. From this it might at first sight be con- 
cluded that there are a few unattached ions in the electrolyte, and 
that when all these have been driven to the electrodes the current 
ceases. 

Polarisation.—The real cause of the stoppage of the current, however, 
is to be sought in the layer of ions which collects upon the electrodes, 
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which layer produces an electromotive force in opposition to that driving 
the current. The phenomenon is called polarisation, and it may be 
exhibited by immersing two platinum plates in a dilute solution of 
sulphuric acid, and passing the current by depressing the key K 
(Fig. 184). On releasing the key, the 
battery is disconnected, and the galva- 
nometer connected to the plates, when 
it will be found that a current will flow 
for a short time. The deposition of 
hydrogen ions upon the kathode & and 
oxygen upon the anode a produces a 
back electromotive force, and a reverse 
current flows when the battery is re- 
Fig. 184. moved and the circuit completed. This 
back electromotive force causes the re- 
verse current to flow until the collected hydrogen and oxygen ions 
have been removed. 

We should expect on general grounds, that some minimum electro- 
motive force would be required to decompose any substance con- 
tinuously ; for in order to decompose one gramme-molecule of a 
substance such as water (in this case 18 grams) energy is required to 
separate the hydrogen and oxygen ions, the amount of which (68,400 
calories per gramme-molecule) may be determined by finding the energy 
liberated in the form of heat on allowing them to combine. When one 
gramme-molecule of water is decomposed, two gramme-equivalents of 
hydrogen are liberated, and therefore 2 x 96,470 coulombs have passed 
through the electrolyte. If this passage is caused by an electromotive 
force equal to E volts, 2 x 96,470 x E joules, is the amount of work 
done, and this must be at least as great as the amount of energy 
liberated when a gramme-molecule of water is formed. Thus, if no 
other work is performed by the electromotive force in the cell, 


2 x 96,494 x 0°239 x E = 68,400, 


from which E = 1°48 volts, and we cannot think that a less 
electromotive force can continuously decompose water ; for, if this 
were the case, we could derive more energy from the liberated 
hydrogen and oxygen by the process of combustion than was used in 
separating them, and, by a suitable mechanism, we should then have 
an inexhaustible supply of energy, which contradicts our experience. 
The actual back electromotive force, opposing the current when 
platinum plates are used as described above, is about 1:7 volts, but in 
this case the surface is too small to absorb the gases as quickly as 
they are liberated, and bubbles are formed, some of the energy being 
thus irrecoverable. If, however, the surface of the electrodes is in- 
creased by depositing platinum black upon them, the minimum electro- 
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motive force required to produce a continuous current has been found 
by Le Blanc? to be 1°67 volts. 

If, instead of water, a substance such as copper sulphate had been 
decomposed, copper electrodes being used, we have seen (p. 68) that 
the amount of copper sulphate in the solution is unchanged, and in 
this case we find that, however small the electromotive force may be, the 
current is proportional to it, that is, thereis no minimum electromotive 
force required to produce electrolysis. In any case in which the nature 
of the electrode is unchanged by the deposition, there is no polarisation 
and no back electromotive force. 

It appears then that there must be at least a few free ions in the 
solution, since a small but limited current flows, however small the 
potential difference between the electrodes. According to the ex- 
periments of Kohlrausch, who investigated the relation between the 
electromotive force and the current in electrolytes very thoroughly, 
we find that any excess of electromotive force over that necessary to 
balance the back electromotive force due to polarisation, produces a 
current strictly proportional to this excess, and hence, that Ohm’s law , 
is applicable to the conduction in electrolytes. Thus ¢ = ce a where 
E is the applied E.M.F., and H, the back E.M.F. due to polarisation. 

Electrolytic Dissociation—It is to Arrhenius? that we owe a 
satisfactory account of the process of conduction in electrolytes. 
According to him, the current is entirely due to the motion of the ions 
in the electric field between the electrodes, and it follows that the con- 
ductivity of a solution is proportional to the number of free ions 
present. Thus, in the case of a solution of silver nitrate, the salt, on 
being dissolved, dissociates to a certain extent, and free silver ions 
carrying a positive charge (Ag+) and NO, ions having a negative 
charge (NO,;—) are formed bythe splitting up of the AgNO, 
molecules. 

It is found that the conductivity of a solution diminishes on diluting 
it, as would be expected if the conductivity is due to the dissolved sub- 
stance, for if we imagine the solution to be diluted until a given amount 
of dissolved substance occupies twice the original volume of solution, 
there will be only half the number of ions between two fixed electrodes, 
that is, there will only be half the number of carriers of electricity. 
Provided that the velocity of the ions in constant electrical field is un- 
changed by the act of dilution, the same electromotive force will now 
produce only half the transfer of electric charge in a given time, that is, 
half the current, so that the conductivity is now only half its value 
previous to dilution. Thus, if no fresh ions are produced by dilution, 
_ we should expect the conductivity to be inversely proportional to the 
_ dilution, or directly proportional to the concentration, of the dissolved 


1M. Le Blanc, Zeitschr. phys. Chem., 8, p. 299. 1891. 
* §, Arrhenius, Zeitschr. phys. Chem., 1, p. 631. 1887. 
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substance, the concentration being for convenience taken as the number 
of gramme-molecules in one litre of solution. ' 

Measurement shows, however, that the decrease in conductivity on 
dilution is not so great as the above simple argument would indicate ; 
that is, the conductivity after dilution is greater than the simple 
proportion would give, and it therefore seems probable that, on in- 
creasing the dilution, new ions are produced by the dissociation of 
previously neutral molecules. 

In order to follow this process, it is convenient to consider the 
conductivity 
concentration 
quantity is called the Equivalent Conductivity of the solution, and it is 
constant so long as the degree of dissociation is unchanged. As the 
solution is made more dilute, the equivalent conductivity of most of 
the solutions of inorganic salts in water increases, but the increase 
does not go on indefinitely, since a condition will eventually be reached 
in which all the molecules are dissociated, and hence the equivalent 
conductivity tends towards a superior limit for infinite dilution. 

According then to Arrhenius’ theory of electrolytic dissociation, 
the conductivity of a solution is proportional to the concentration of 
the free ions, and is therefore a measure of the degree of dissociation, 
y, the ratio of the number of dissociated molecules to the total num- 
ber. Thus, if A, be the equivalent conductivity of a solution at 
concentration ¢, and A, that at zero concentration, that is, infinite 
dilution, 


change in the quantity for a given solution. This new 


For most substances, the actual conductivity gets so small before 
infinite dilution is reached that A, can- 
not be determined by direct measure- 
ment; but for strongly dissociated 
substances in solution, such as the inor- 
ganic salts, it may be obtained without 
large error by extrapolation as shown 
in Fig. 185 for potassium sulphate. It 
a may, however, be obtained for less 
Fig. 185. * strongly dissociated substances from a 
knowledge of the partial conductivities 

of the constituent ions, as we shall see on p. 184. 
The following table of molecular conductivities for the temperature 

18° C. is taken from Arrhenius ! :— 


1 Svante Arrhenius, ‘‘ Lehrbook der Elektro-chemie.” 
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c in gramme- 


equivalents pe ilution — 2 NaC 

q) fale per ice => ‘ 1, ae a0. 

; fer) 10899 -130°10 135° 
0:0001 10000 108-10 129-07 1865 
00002 5000 107°82 128:77 182°7 
00005 2000 107°18 128°11 130:8. © 
0-001 1000 106°49 127°34 129:0 
0-002 500 105°55 126°31 126°3 
0:005 200 10378 124°41 121:9 
0:01 100 101:95 122°48 117°4 
0:02 50 99°62 119-96 111°8 
0:05 20 95°71 115-75 102°5 
O1 10 92-02 112:03 95:9 
0-2 5 87°73 107:96 88°9 
05 2 80°94 102°41 78:7 
1:0 1 74:35 98:27 71:8 


This theory of electrolytic dissociation presents many difficulties, 
as, for example, the presence of free ions, such as the sodium ions, in 
a water solution of sodium chloride, since it is a well-known fact that 
metallic sodium and water cannot exist in contact without chemical 

action taking place. But it must be remembered that an ion, that is 

an atom with its associated charge, is in an entirely different condition 
to the atom without the charge, and that if sodium be liberated by 
electrolysis, it is dissolved by the water as soon as it has given up its 
positive charge to the kathode. There is no necessity for the ions to 
be imagined to be isolated in the solution; in fact it is extremely 
likely that they are surrounded by a number of neutral molecules of 
the solvent, which group is dragged along by the force on the enclosed 
ion due to the electric field. It must also be remembered that electro- 
lytic dissociation differs fundamentally from the dissociation that is 
met with at high temperatures, in which case neutral molecules are 
formed by the splitting up of the more complicated molecule. The 
difference may be illustrated in the case of ammonium chloride, which 
dissociates at high temperatures into ammonia and hydrochloric acid. 


NH,Cl = NH, + HCl, 


both the new molecules being uncharged or neutral molecules. 
On solution in water, ammonium chloride dissociates electrolytically, 


thus— 
NH,Cl = NH,+ + Cl-. 


Then, again, it has been advanced in opposition to the theory, that 
unless the positive and negative ions have the same velocity, the more 
rapidly moving ones would diffuse at greater rapidity, leaving the 
solution with a charge of electricity, and a separation in the ions 


might thus be effected. This objection has been met by Nernst, who 
N 
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used this very fact to explain the electromotive force in cells con- 
structed of two solutions of the same material at different concentra- 
tions. 

Evidence from Osmotic Pressure.—There is, however, ample 
evidence from other than electrical sources to support the theory 
of electrolytic dissociation. Van’t Hoff, making use of the discovery 
of Pfeffer, that a substance in solution exerts a pressure on the 
boundary of the solution, and that this pressure is proportional in 
many cases to the concentration of the solute, showed that this 
“osmotic” pressure is also proportional to the absolute tempera- 
ture, and therefore obeys the same laws as a perfect gas. From 
this it follows that the maximum vapour pressure of water vapour — 
over a solution’ is less than over pure water by an amount pro- 
portional to the number of molecules per litre present in the solu- 
tion, and hence there is a lowering of the freezing point and a 
raising of the boiling point, also proportional to the concentration of 
molecules of the solute. By measuring the lowering of the freezing 
point and raising of the boiling point, on the addition of a known mass 
of the solute, the molecular weight may be determined. In many 
cases the result is in accordance with that of the ordinary methods, as, 
for example, in the case of sugar and similar organic substances, but 
for those substances which in solution form electrolytes, the pressure 
appears to be too great, and the molecular weight therefore too small. 
At-great dilution, the molecular weight has, in the class of substances 
which dissociate into two ions, half the ordinary value, which makes 
it seem that there are twice the expected number of molecules present, 
and it is not unreasonable to suppose that in these cases the substance 
is completely dissociated. 

When dissociation is not complete, let y be the degree of dissocia- 
tion, and n the number of ions produced by the dissociation of one 
molecule. Then for one gramme-molecule present per litre we have 
ny dissociated ions, and 1 — y undissociated molecules, so that the 
concentration, counting all together, is 


l-y+ny=1+4+(n—1)y =1. 


This is the quantity which may be determined from the freezing or 
boiling point experiment, and in any given case, knowing n, y may be 
found. For a number of substances, the value of y found in this way 
agrees very well with that found from electrolytic determinations, 


re TA . 
(7 = —), which is very strong evidence in favour of the theory of 


electrolytic dissociation. 

In the last three columns of the following table, the values of ¢ in 
the above equation are given,’ from the three methods of observa- 
tion :— 


1 J. H. van’t Hoff, Zeitschr. phys. Chem., 1, 481. 1887. 
* J. H. van’t Hoff and L. Th. Reicher, Zeitschr. phys. Chem., 3, 198, 1889 


Vil. MIGRATION OF THE IONS ie 
ee eng 


i 7 < 

Concentration. lowering of from cstiotie from serial 

freezing point. pressure. conductivity. 

meROlee 5) 0-14 —- 1:81 i 

TONG) i 0:13 1:94 1:92 ae 
CalNOs)s-sen i 0-18 2°47 2°48 2°46 
NCO 0-19 2°68 2°79 2°48 
Sian 0-184 | 2°67 2°78 2°49 


Migration of the Ions.—According to the above theory, the free 
ions in solution experience forces due to the electric field in which 
they are situated, and hence acquire a velocity, the positive ions 
moving towards the kathode and the negative ions towards the 
anode. Except on the first application of the field, the ions will not 
have an acceleration, since in their motion they will encounter so 
many neutral molecules that their velocity will soon reach a limit; 
just as very small falling bodies soon reach a limiting velocity owing 
to the viscous resistance of the air. In the case of the ions, the limit- 
ing velocity depends in the first place upon the intensity of the electric 
field and the charge upon the ion, but it also depends upon the nature 
of the solvent and upon the size of the ion with its accompanying 
group of neutral molecules. Since this last varies for different ions, 
_ we should expect that their velocities in equal electric fields would be 

different, and Hittorf explained the variation in concentration of the 
solute at the anode and kathode which usually occurs, in terms of this 
difference in the velocity of the positive and negative ion, and even 
succeeded in determining the ratios of the velocities of migration of 
the two ions in a number of cases.’ 

This variation in concentration may easily be observed in the case 
of the electrolysis of a solution of copper sulphate using copper elec- 
trodes, the colour of the solution becoming lighter near the kathode, 
since the SO,- ions have a greater velocity than the Cut ions. 
To observe the effect it is advantageous to use horizontal electrodes 
one above the other, the upper one being the kathode, with which 
arrangement the phenomenon is not masked by convection currents 
set up by the variations in density in the different parts of the cell. 

The diagram given by Hittorf is a very convenient one for 
explaining the effect of the migration of the ions upon the changes in 
concentration occurring in an electrolyte. Let the dots represent 
positive and the circles negative ions (Fig. 186). At the instant of 
application of the electric field, the uniform arrangement of the two 
sets is indicated by the first row. Then, if the positive ions be 
imagined to have, for simplicity, twice the velocity of the negative 
ions, the state of affairs an instant later will be represented by the 


1W. Hittorf, Pogg. Ann., 89, 98, 103, 106. 1853-1859. 
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middle row. The deposition at the kathode is 3 ions and at the anode 
3, and 7 molecules remain in solution, but of these 4 are in the 
kathode half of the cell and 3 
in the anode half. The third row 
represents the cell still another 


@eeeoee ee @ : : 
ooo00 0100000 instant later, and it will be seen 
that the total deposition at each 
eceoeecleoe i 
oo0001I000000 electrode is now represented by 


6 ions and that 4 molecules re- 

main, 3 in the kathode half and 

, 1 in the anode half. Thus at 

Fic. 186, each step it will be seen that the 

loss in concentration of solute 

on the anode side of the median line is twice as great as that on the 

kathode side. In this simple case we can see that — 

Diminution in concentration at anode velocity of + ions 
Diminution in concentration at kathode — velocity of — ions 


Or in general, if wu be the velocity of the positive ions and v that of 
the negative ions, the current and therefore the total deposition in a 
given time are proportional to (u + v). Let the current flow for such a 
time that («+ v) gramme-molecules of solute are removed from the 
solution. Now, considering the space near the kathode (wu + v) gramme- 
atoms of positive ions have been removed by deposition and w gained 
by migration, leaving a loss of 

(u+v)—u=v. 
Also v gramme-atoms of negative ions 
are lost by migration, which shows 
that this part of the solution is un- 
charged, as it should be, and since it 
has lost v gramme-atoms of both kinds 
: of ions it has lost » gramme-mole- 
Fie. 187, cules of the solute. Similarly, on the 
; anode side, total loss of negative ions 
by deposition is (w +) gramme-atoms, and gain by migration is 9, 
leaving a balance of u gramme-atoms lost. Also, loss in positive ions 
by migration is % gramme-atoms, and therefore resulting loss is u 
gramme-molecules of solute. 
Hence we obtain Hittorf’s relation— 


Loss in concentration at kathode 


v 
Loss in concentration at anode ~ u° 


To determine experimentally the ratio =, or the quantity ee , 
uo 


which is the transport ratio or migration constant of Hittorf, changes 
in concentration of the solute in the neighbourhood of the kathode and 
anode may be found by chemical means. Two beakers (Fig. 187) con- 
tain the solution, whose concentration at the start is uniform, They 


eT 
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are connected electrically by a small syphon containing the electrolyte 
and through which the diffusion of the solute tending to equalise the 
concentrations in the two vessels will take place so slowly, that a 
determination by chemical analysis of the amount of solvent removed 
from each vessel for the passage of a given current may be used to 


v 
measure —. 
u 


By this and similar methods, which must be suitably modified 


when one of the ions is soluble in water, the values of given 


v 
Uu+v 
in the table on p. 186 have been found, 

Ionic Velocities.—A further step, due to Kohlrausch,! enables us 
to determine the sum of the actual velocities u and v in terms of the con- 
ductivity of the solution and the concentration of the solute. Let us 
take a case in which there are m gramme-equivalents of completely 
dissociated molecules per cubic centimetre of the solution ; then the 
concentration of both positive and negative ions is m gramme-equiva- 
lents per cubic centimetre. Now each gramme-equivalent of positive 
ions carries 96,470 coulombs, and if the velocity of these ions is u, 
the charge passing unit cross-section of the cell in one second is 
mu ..96,470. 

Therefore, current density due to movement of positive ions is 
mu.96,470 amperes per square centimetre. Similarly, the stream of 
negative ions in the opposite direction constitutes a current density 
of mv. 96,470 amperes per square centimetre. But the effective current 
is the sum of these two, since they are opposite charges moving in 
opposite directions. 

-, resultant current density = m(u + v)96,470 amperes per square 
centimetre. 

The same quantity may also be expressed in terms of the con- 
ductivity of the solution and the potential gradient init. Thus the 
conductivity & is the inverse of the resistivity, and is the current 
produced in a conductor of unit cross-section and unit length, for unit 
potential difference between its ends ; that is, it is the current density 
for unit potential gradient ; therefore for potential gradient i volts 
per centimetre length 


Current density = 4E amperes per square centimetre, 
“. m(u + v)96,470 = LH, 
k 
ut? = 1° 96,470" 
Tf now we take c to be the concentration in gramme-equivalents 


per litre, 
c = 1000m 


k 
and, u+ v = 0:01036 < E. 


1, Kohlrausch, Wied. Ann., 6, p. 145. 1879. 
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The transport ratio ae being known from Hittorf’s method, u 


and v may be separately calculated from the two equations. Further, 
is the quantity we have called the equivalent conductivity (p. 176) 


at infinite dilution, A, since we have obtained our relation on the 
assumption that dissociation is complete. Since this quantity is known 
from Kohlrausch’s measurements of the conductivity of highly dis- 
sociated acids and salts, @ and v for unit potential gradient are known. 
It will be seen from the table that these velocities are very small. 
They must not be confused with the velocity of the free ion in the 
solution, on account of which it exerts a pressure called the osmotic 


pressure on the boundary of the solution, which in the case of. 


hydrogen ions is about 18-4 x 10‘ cms. per sec., the different individual 
ions moving indiscriminately in all directions. The velocity wis a drift 
of the ions towards the kathode, due to the applied electric field. 

The ionic velocities increase with rising temperature. 


For Sonurions IN WATER aT 18°C. 


Hinvene lonic velocity? ial2 con. | Lonic velocity? 
ae - cm. per sec. sir cm, per sec, 
practical C.G.S. a aa practical C.G,S, | f0F potential 
athe per atte of 1 volt per 
cm. gradient. 3 cm, gradient, 
| 
Cn 33:4 0-000347 F, 46-6 
Na . 43:6 0-000451 Cl 65-4 0:000678 
Kos 64:7 0:000670 Br 67-6 
Rb . 68 ve 66°4 0-000685 
Cae 68 NO, 61:8 0:000640 
NH, 64 0:000660 ClO, 55:0 
Ag . 54:0 0:000570 IO, 33-9 
4Zn . 46°7 BrO, 46 
iMg 46-0 C10, 64 
4Ba B55 10, 48 
$Pb 61:3 4CrO, 72 
SS 318 0:003250 j4S0, . 68-4 
ree 517 OHS. 174 R 
ise ste) 0:001780 
Ca 51°8 


_ Direct Determination of Ionic Velocity.—Several direct determina- 
tions of ionic velocities have been made, the general method of which 
is to follow the course of an ion by means of some chemical reaction 


produced by it. The results are in fair agreement with the deter. 
minations of Kohlrausch. 


* FP. Kohlrausch, “ Lehrbuch der Praktischen Physik.” . 
* Svante Arrhenius, “ Lehrbuch der Elektro-chemie.”’ 
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Sir Oliver Lodge’ filled two vessels with an electrolyte, and joined 
the two by a horizontal tube containing a solution of some suitable 
material in gelatine or in solid agar-agar jelly. Using a weak 
solution of sulphuric acid in the vessels, and sodium chloride with 
_ phenolphthalein as an indicator in the tube: on passing the current 

from one vessel to the other the H + ions form HCl with the sodium 
chloride, and decolourise the phenolphthalein. The progress of the 
H+ ions could thus be watched, and their velocity measured. In 
another experiment, using BaCl, solution in the vessels and acetic acid 
and silver sulphate in the gelatine, the progress of the Ba + ions could 
be observed by the precipitate of BaSO, and of the Cl- by the 
precipitate of AgOl. 

W. C. D. Whetham?* used two solutions differing in density, but of 
the same conductivity and having one ion in common, Thus with 
deci-normal solutions of potassium bichromate and potassium carbonate, 
the K + ions pass in one direction, and the Cr,0,- and CO,- in the 
opposite direction. Since the colour of the bichromate is due to the 
Cr,O,- ions, the travel of the surface of separation of the two liquids 
can be observed. 

B. D. Steele * has further modified the method by avoiding the use 
of colouring matter, the surfaces of separation of the liquids being 
sufficiently well defined on account of their different refractive indices, 
due to the slight differences in density produced on replacing one ion 
by another. The applicability of the method is thus considerably ex- 
tended since it is not necessary to depend upon a coloured indicator, of 
which there are only a few that are suitable. The salt solution under 
examination is placed in a U-tube, and is bounded at the two ends by 
a gelatine solution containing the indicators employed. In some of 
the experiments lithium chloride and sodium acetate are used, the 
former at the anode and the latter at the kathode. Using, for 
example, potassium chloride as the salt in solution the lithium and 
potassium ions travel in the direction of the current, the potassium 
chloride being converted to lithium chloride. With the ion in solution 
having slightly higher velocity than the indicating ion that follows it, 
a very clear surface of separation can be observed with suitable 
illumination, and its velocity is that of the more rapidly moving ion, 
in this case potassium. In a similar manner, at the other end of the 
column of solution the anions travel from the gelatine, and the 
chloride is converted into acetate, and the velocity of travel of 
the surface of separation is that of the chlorine ions. The arrange- 
ment is always such that the denser liquid lies underneath the less 
dense, so that the surfaces of separation are not disturbed by convec- 
’ tion currents, and when necessary for this, the U-tube is of the inverted 
form. Precautions are taken that the specific resistance of the solution 

1 O, Lodge, Brit. Assoc., Birmingham, 1886. 

2 W. 0. D. Whetham, Proc. Roy. Soc., 52, p. 283 (1892); 58, p. 182 (1895), 

3B. D, Steele, Chem. Soc. Journ., 79, p. 414. 1901. 
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shall be as nearly uniform as possible, as only then is the potential 
gradient throughout the solution known. 5d ; 
Partial or Ionic Conductivities—On examining the equation 


uto= 0-01036-. E, (p. 181) 


k ; 
we see that for any given value of E, the quantity = or Aw, which may 


. u .. 2 
be written aainse . is the sum of two others, 0-01036E and 0:01036H” 


which are called the partial or ionic conductivities of the two ions. In 
any case A» is made up of the sum of two partial conductivities 
whose ratio is u:v, and hence if 4. canbe measured and also the 
transport ratios, the partial conductivities can be found. The 
partial conductivity of any ion is independent of the other ions in the 
solution, and hence, if the partial conductivities of the ions in a 
solution are known, the equivalent conductivity at infinite dilution 
\» is known, since it is the sum of the partial conductivities. 

Many partial conductivities are given in the table on p. 182, and 
from them, the limiting equivalent conductivity A. of a substance 
which is only partially dissociated at very great dilution may be found. 

Measurement of Conductivity.—The difficulty met with in measur- 
ing the conductivity of electrolytes is due to the polarisation which 
generally occurs, producing a back electromotive force that cannot 

always be separated from the ohmic potential differ- 

ence corresponding to the resistance of the electro- 

lyte. In some cases the electromotive force due to 

polarisation may be eliminated by using electrodes of 
Ay the material which is present in the ionic state in 

the solution. Thus in the case of a solution. of 
copper sulphate, copper electrodes may be used, and 
a method of simple substitution, due to Horsford, 
employed. The tube containing the solution is placed 
ek vertically, and is provided with disc electrodes, which 
a 


<n~> 


nearly fill the cross-section of the tube (Fig. 188). 

The resistance in the box R is adjusted until the 

galvanometer deflection is a convenient amount. The 

upper electrode is then pushed downwards by a 

Fic. 188, measured distance 7, and R, is adjusted to give the 
same deflection as before. The resistance of the 

length J of the electrolyte in the tube is equal to the change of 
resistance in R. The mean area of cross-section of the tube may be 
determined by finding the weight of water required to fill a measured 
length of it. 
The method most generally applied is due to Kohlrausch, The 
electrolytic cell, which has the form shown in Fig. 189 for good con- 
ductors, and Fig. 190 for bad conductors, is placed in one arm of 


—— Te. 
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a slide-wire bridge, a known resistance being placed in the other. 
The polarisation electromotive force may be greatly reduced by using 
electrodes of large area, since for a given amount of deposition the 
layer of deposit is then thinner than when a small electrode is used. 
The effective area is much increased, in the case of platinum electrodes, 
on covering them with a layer of platinum black, by immersing them 
in a solution of platinum chloride, and passing a current backwards 
and forwards through the solution a number of times. 

In order to reduce the polarisation still further, a small, and rapidly 
alternating current is used, so that the small amount of deposition 
occurring when the current passes in one direction will be removed on 
its reversal. A small induction coil with a high frequency trembler is 


ek 


Fig. 189. Fie. 190. 


a very efficient source of electromotive force, but in this case an ordinary 
galvanometer is useless for finding the position of balance, since the 
deflection is proportional to the first power of the current and would 
be reversed with it ; hence, there will be no deflection with an alternat- 
ing current. In order to get over this difficulty, a telephone receiver is 
used instead of a galvanometer, and the observer adjusts the position 
of the slide-wire contact until a minimum of sound is heard in the 
telephone. Alternating current galvanometers, such as the Duddell 
thermo-galvanometer described on p. 80, have also been used, which 
instrument is capable of detecting very small alternating currents, 

If resistance coils are used as standards, they should be few in 
number and should be wound so that they have as small an inductance 
and capacity as possible, as, otherwise, there will not be a perfect 
balance when the proportionality in resistance of the four resistances 
of the Wheatstone’s bridge is attained. The higher the frequency of 
the alternating current the greater will be the disturbance due to 
this cause. With frequencies below 200 alternations per second the 
disturbance is inappreciable when ordinary resistance coils are used. 

In using a cell of the type shown in Fig. 189, the cross-section of 
the tube may be found by means of a mercury thread whose length in 
the tube and whose mass are measured. The indeterminate resistance 


- 
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where the end-of the narrow tube enters the vessel may be eliminated 
by performing the experiment twice, using two different lengths of 
tube, cut from the same piece. As the end errors are the same for 
each tube, the difference in the two resistances found is equal to that 
of a column of length equal to the difference in length of the tubes. 

If the cell have the form shown in Fig. 190, the absolute conduc- 
tivity cannot be found from the dimensions of the liquid between the 
electrodes, with any degree of accuracy. It is usual then to find the 
resistance first with a standard electrolyte of known conductivity, and 
then with that whose conductivity it is required to find. For this 
purpose Kohlrausch’ gives the conductivities shown in the following 
table :— 


Norman SOLUTIONS IN WATER AT 18°O, 


k= > idk ki 

(Ohms and c.m.8.) k dt* he 

KOE Cas eee 1840 x 10-4 0:0186 0-74 

IOLA ye anc scares 982°6 xX 10-4 0:0193 0°51 

KBr Peat ek 1030 xX 10-4 0-0190 0-51 

KI 10386 xX 10-4 0:0190 O51 

KNO, 805° >< 19-4 0:0200 0-49 

4K,SO, 715°9 x 10-4 0°0205 50 
NH,Cl 970 x 10-4 0:0194 0°51 

NaOH . 1600)> 10-4 0:0197 0°83 

NaCl . 743°5 x 10-4 0:0212 0°64 

NaNO, 659 x 10-4 0:0215 0°61 

1Na,SO, 508 x 10-4 0-0236 0-64 
+Zn0l, 550 xX 10-4 0:0220 0-70 
3ZnS0, 262°1 x 10-4 0:0218 0-68 
2CuSO, 257°7T X 10-4 0°:0216 0-70 
AgNO, 676 x 10-4 0-0210 0°50 

is TO 38000 x 10-4 0:0159 0-17 

HNO, 2990 x 10-4 0:0150 0°17 

1H,SO, 1970 x 10-4 0:0120 0-17 


1 dk 
Riats 

KCl 5 percent. 0:022 
” + » 0-020 
: nage ty 0°022 
cuso,5 0-028 
” a ” 0:024 

” ”? 0:026 

0:027 


* F, Kohlrausch, ‘‘ Lehrbuch der Praktischen Physik.” 
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In all cases it is necessary to observe the temperature of the electro- 
lyte at the time of measurement, since the resistance falls about 2°4 
Ee sorts for a rise in temperature of one degree when the temperature 
is A ; 

Application of Thermodynamics to Reversible Cells.—The second 
law of thermodynamics can only be applied to processes which are 
strictly reversible, that is to say, will proceed in either direction when 
one of the forces producing equilibrium is increased by an indefinitely 
small amount. A gas enclosed in a cylinder by means of a frictionless 
piston affords a good example, for if the pressure inside the cylinder 
exceed that outside by ever so small an amount, the piston is driven 
outwards, and when the pressure outside is greater than that inside by 
however small an amount, the piston movesinwards. If the piston is not 
frictionless, it requires a finite difference of pressure on the two sides 
to move it, and the work done in moving it in opposition to the force 
of friction is irrecoverable; the process is then irreversible in the 
thermodynamic sense. 

In the case of an electric cell, we have reversibility when there is 
no polarisation, as in the case of a Daniell’s cell, since at each electrode 
the ion liberated does not alter the chemical nature of the electrode, 
and we have already seen (p. 174) that in such a case an electromotive 
force, however small, will produce a current. It is also evident that 
if the current be allowed to flow until a certain amount of anode is 
dissolved and an equivalent amount of metal is deposited on the 
kathode, we can, on reversing the current by some external means, 
bring the cell back again to its original condition. This in itself is a 
satisfactory test for reversibility in the case of a cell. 

Whenever a current flows, an amount of work /rt is converted into 
heat in the cell, and this is irreversible, since the process cannot be 
inverted; that is, the application of 
heat will not produce the current, 
Another source of irreversibility is the 
diffusion that takes place when there 
are two liquids in the cell, but we shall 
assume the currents and times taken, 
to be small enough to justify us in 
neglecting these two irreversible pro- 
cesses. 

Let us then consider a reversible Fig. 191. 
cell whose electromotive force is e at 
absolute temperature I’, which can be maintained constant, and let 
the cell produce current until a charge q has passed round the circuit. 
Drawing an indicator diagram for the process (Fig. 191), PQ represents 
the passage of the charge q round the circuit, and this line is parallel 
to the axis of q, since the electromotive force is constant at constant 
temperature. Now thermally isolate the cell, and let a further 
infinitesimal charge pass; the only source of energy is now the cell 
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itself, and let us suppose that the using up of the energy of the cell 
causes drop of temperature 8T. The temperature is now T — dT, and 
the electromotive force e — < dT, where bo is the rate of change of 
electromotive force with temperature. On our diagram this change is 
represented by the path QR. Now, maintaining the lower temperature 


constant, pass a current in the opposite direction to the first, until the ~ 


charge q has passed through the cell; this brings us to the point 8. - 
Then pass a sufficient charge to bring the cell, when isolated thermally 
from outside sources, back to its original temperature T. 

If all the processes are carried out by indefinitely small differences 
between the electromotive force of the cell and the applied external - 
electromotive force, every part of the cycle is reversible, and the two 
adiabatic processes represented by QR and SP are identical and the 
cycle is complete. 

It is shown in works on thermodynamics, that in any reversible 
cycle between two temperatures, the ratio of the useful work per- 
formed during the cycle to the heat drawn from the source at the 
higher temperature, is equal to the ratio of the difference in the two 
temperatures to that of the source, or 


hehe TT, 

Klas WES 
The work done by the cell during the process PQ is eg, and that 
restored to the cell during the process RS is (¢ - ape! and if 6T 


is so small that the difference in the amounts of work represented by 

the processes QR and SP is infinitesimal, the balance of useful work 
: de d 

done by the cellis eq — (6 — aT ar')g = 7.0L. - and this is equal to 

h — h, the excess of heat absorbed over that given up, so that we have 

from thermodynamics, 


de 


de 
al 
This relation holds, whatever the chemical changes going on in the cell 
since, being reversible, it is brought back to its original condition on 
completing the cycle, for as much charge has passed through it in one 
direction as in the other. ’ 

The actual heat h drawn from the source depends upon the work 
done, eq, and the energy supplied by the chemical reactions in the cell. 


from which, h = qT 
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If H be the amount of heat measured in ergs, which is liberated by the 
_ chemical processes occurring when a unit of charge passes through the 
cell, Hq is the amount liberated during the process PQ, and the work 
done being eg, we have by the principle of the conservation of energy 


eg = Hq +A, 
that is, h = eq — Hg, 


and substituting this value of h in our previous equation we get 


é 


d 
eq — Hg = ql ap 
or, e=H+T%, 


This is known as the equation of Helmholtz. From it we see that 
de 
dT 
the current is exactly supplied by the chemical reactions occurring in 
the cell. This is approximately the case in the Daniell’s cell, in which 
case H = 2°66 x 4:18 x 107= 1°112x10® C.G.S. units, and therefore 
e=1:112 volts. 2°66 is the number of calories liberated when one 
equivalent of zinc (0:00338 grammes) replaces an equivalent amount 
(0:00329) of copper in the sulphate. The observed electromotive 
force of the Daniell is about 1:09 volts. 

If the electromotive force of the cell increases with rise in 


when the temperature coefficient —, is zero, e = H, and the energy of 


temperature, is positive and e>H. Hence, in order to supply 


the energy necessary to maintain the current, the heat of the cell itself 
is drawn upon, and the cell is thereby cooled. On the other hand, if 


: Be ext de, é 
the electromotive force falls with rising temperature, 7 is negative 


and e< H. In this case the energy liberated by the chemical reaction 
is greater than that required by the current and the cell gets warmer 
when running. 

Jahn! determined experimentally the electromotive force of a 
number of cells, and their temperature coefficients at a number of 
temperatures, also the heats of chemical reaction by means of the ice 
calorimeter, and found the results to be in accordance with the equation 
of Helmholtz. 

Standard Cells—The two most important cells used as standards 
of electromotive force are of the reversible type, thus ensuring 
constancy of electromotive force and temperature coefficient ; tihey are 
the Latimer-Clark cell and the Weston or Cadmium cell. There 


1 H. Jahn, Wied. Ann., 28, p. 491, 1886. 
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are many patterns of these cells ; one very useful pattern of the Clark 
cell due to Lord Rayleigh is shown in Fig. 192. Through the bottom 
of each limb of the H-shaped tube is sealed a platinum wire to serve 


as terminal. Mercury is poured into one limb, and upon this rests a — 


paste consisting of mercurous sulphate and zinc sulphate, and in the 
other is an amalgam of zinc (10 per cent. Zn), upon 
which rests a layer of crystals of zine sulphate, Zine 
sulphate solution fills the tubes above the cross-piece; 
and the whole is sealed up with corks and paraffin 
wax. According to Jager and Kahle (Reichran- 
stalt), the electromotive force of such a cell is 


1-4328 — 0-00119(¢ — 15) — 0-000007(¢ — 15)* volt, 


where ¢ is the temperature Centigrade. 
In the Weston or Cadmium cell, cadmium 
amalgam and cadmium sulphate replace the zine of 
Fic. 192. the Clark cell, and with 10 per cent. to 13 per 
cent. of cadmium in the amalgam and a saturated 
solution of the sulphate, the value of the electromotive force of this 
cell, adopted by the International Conference on Electrical Units and 
Standards of 1908, is given as 


1-0184 — 0-0000406(¢ — 20) — 0:00000095(é — 20) + 0-00000001(¢ — 20) volt.” 


The Weston cell has the advantage that the temperature coefficient 
is much smaller than that of the Clark cell. Great care must be 
taken to obtain the greatest possible purity in the materials for con- 
structing these cells, and they must be guarded against carrying more 
than an extremely small current. For this purpose it is convenient to 
connect a high resistance permanently in series with the cell. 

For a detailed account of the construction of these standard cells 
the student should refer to “Text Book of Practical Physics,” by 
W. Watson, or the specification prepared by F, E. Smith (Brit. 
Assoc., 1905, p. 98). ; 

Concentration Cells—The possibility of constructing cells in which 
the source of energy is not due to chemical action but to the diffusion 
occurring between two solutions of the same substance at different 
concentrations was first pointed out by Helmholtz? In both the cells 
indicated by the formule 


Cu | CuSO, (concentrated) | CuSO, (dilute) | Cu 
and, Ag | AgNO, (concentrated) | AgNO, (dilute) | Ag 


the metal in contact with the dilute solution goes into solution, and 


that in contact with the concentrated solution receives a deposit when — 


* The value of the E.M.F. at 20° OC. now accepted is 1:0188 volt. 
? H. Helmholtz, Wied. Ann., 8,201. 1878. 
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the cell is in action. ‘The former is therefore the anode, and the latter 
the kathode. 

In order to examine the mode of change of the concentration of 
the two solutions, let us consider that u+v gramme-equivalent of 
metal is dissolved at the anode, and an equal quantity deposited at 
the kathode, where the ionic velocities of the positive and negative 
Ue waa respectively u and v. We have for the silver cell, as on 
Pp. oe 


J.oss of Ag at kathode by deposition = u + », 
Gain 3 5 transport = u, 
.. total loss of Ag = (u+v) -—u=v. 
Also loss of NO; by transport = », 
.. loss of AgNO, = v gramme-molecules. 


On the other hand, at the anode we have— 


Gain of Ag by solution = u + », 
Loss of Ag by transport = u, 
”. gain of Ag = (u+v)-—u=v. 


And since there is a gain of NO, by transport equal to this— 


Gain in AgNO, at anode = v gramme-molecules. 


Thus the result of the process is a transference of v gramme- 
molecules of AgNO, from the concentrated to the dilute solution. If 
instead of u-+v gramme-atoms deposited we take one gramme-atom, 


: v 
the transference of AgNO, is equal to ae gramme-molecules, and 


ut 


° _ is the transport ratio of the negative ion. Other cells have been 


uw—+uv 
devised in which the migration of the positive ion has been employed, 
and in this case the transference of the salt for one gramme-equivalent 

u 


u+tu 
oe lt hate el 
NOS reer a O m, we see 1 earn —n. 


Source of Energy in Concentration Cells——We may seek for 
the source of energy of the current in the diluting of the solution 
from the concentration at one electrode (C,) to the less concentration 
(C,) at the other electrode. The substance in solution exerts a 
pressure, the osmotic pressure, which has been shown by Pfeffer, 
and by van’t Hoff (see p. 178) to have the same value as that exerted 
by an equal number of molecules existing as a gas in a space equal 
in volume to the solution, and hence work is done as the solute 


of deposit would be gramme-molecules. Putting the transport 


i 
expands from molecular volume G to molecular volume G; 
ul 


192 ELECTRICITY AND MAGNETISM CHAP. 


‘The pressure of a gas is given by the relation PV = RT, where T is 
the absolute temperature, and R a constant that can be found from 
the volume of a given amount of gas at some standard temperature 
and pressure. 

It is usual to take V as the reciprocal of the concentration in 
gramme-molecules per unit volume, so that if this be known, R will 
enable us to calculate the osmotic pressure P at any temperature T. 
If then we imagine the expansion of the solute to take place reversibly 
by enclosing it in a cylinder, in which works a piston constructed of a 
medium which is permeable to the solvent but not to the solute, so 
that the osmotic pressure P, may be balanced by an external pressure 
very slightly less than P, applied to the piston— : 


work for small increase dV in volume = PdV, 


Po 
.. total work -| PdV, 
Py 


V2 ; 
-| aray, 
Vv 


1 


= RT[log, V] ", 
1 


= RT loge ae 
1 


or remembering that, Ve = and, V, = y 
1 2 

work = RT log, oA 

C, 


Such semi-permeable membranes have only been found for a few 
substances, but the actual work done by the solute in expanding so 
that the solution becomes more dilute, does not depend upon “the 
mechanical method of carrying out the dilution, provided that the 
process is reversible, which it is in the case of the concentration cell ; 
for the solute may be carried back from the weak to the strong part 
of the solution on reversing the current by means of some external 
electromotive force. 

E.M.F. of Concentration Cells—Now, work performed in pro- 
ducing current = eq ergs, where q is the charge in absolute units 
(9647), equivalent to the transference of one gramme-equivalent of 
ion, and as there is no other source of energy than the work done by 
the solute in changing from concentration C, to concentration O,, and 
remembering that. when the solute is completely dissociated, the 


ae pressure is double that for no dissociation, by Avogadro’s 
aw— 


— 
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: C 
Work. = 2RT log, G, 


and therefore, for n gramme-equivalents of solute transferred by the 
passage of the above charge, we may write 


eq = 2nRT log, C; 

C; 
Taking the density of hydrogen as 0-0000899 gramme per cubic 
centimetre at 0°, and the atmospheric pressure of 76 x 980°6 x 13°59 
dynes per square centimetre, the molecular weight being 2-016, the 


aye O16 : 
molecular volume (V) is 00000899? 22d since PV = RT— 
2:016—=. 
, 76 x 980°6 x 13°59 x G599899 = RT 
from which, — R = 8:32 x 107. 
And remembering that log a = 2°303 logy, eS we have— 
8:32 x 10" x 2°303 x 2 C, 
é= 9647 nT log,, CG 


And at 18°C., T = 291, 
oe € = 5°78 x 2n logy x 108, 


E = 0:0578 x 2n log,, a volts, 
1B 


Thus the electromotive force of a concentration cell consisting of 
two solutions is proportional to the absolute temperature, and depends 
upon the ratio only of the concentrations. In the silver nitrate cell 

61:8 
suggested above, n= Bit 6l8. = 0533 (see table on p. 182), and 
at temperature 18° C., with ratio of concentrations 10 : 1, 
E = 0:0578 x 2 x 0°533 = 0:0615 volt. 

The value found by Nernst is 0:055 volt at 18°C., and the dis- 

crepancy between this and the calculated value, he attributed to the 


incomplete dissociation of the salt in solution, 
Since there is no resultant chemical reaction in the concentration 


cell, the total amount of solute remaining constant, and all the 
processes are reversible, we may apply Helmholtz’s E.M.F, equation— 


_ putting H = 0, 


d 

then, e = Tay 
de aT 
or, ‘ai — i 
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And integrating— 
loge e = log. T + constant, 


e 
log. = = constant, 
Ors 


or e is proportional to T, which is in accordance with the relation 
found. 

Amalgam Concentration Cells—Another form of concentration 
cell in which the electrodes are amalgams, the two having different 
concentrations of the metal, and the electrolyte being a solution of 
some salt of the metal, was constructed by G. Meyer.’ The electro- 
motive force acts in such a direction that the metal is transferred 
from the amalgam of greater to that of less concentration, and since 
it has been shown that the osmotic pressure of the metal in an 
amalgam is proportional to the concentration, the electromotive force 
may be calculated as above. For cells in which amalgams of Zn, Cd, 
Pb, Sn, Cu, and Na, there was agreement between the calculated 
and the observed electromotive forces. 

Now the expression for the work done by a gas or a solute in 
expanding, namely 


P, V: 
i Pav, of atav (p. 192) 
P 

1 


depends upon the value of P, or of ae 


Vv 


and the value of the gas constant R is calculated on the assumption 
that the molecule is undissociated ; but it follows that when dissociation 
occurs, the pressure increases in accordance with Avogadro’s rule, that 
at equal temperatures and pressures, equal volumes contain equal 
numbers of molecules. Hence if each molecule dissociates into n others, 


RT 


on going into solution P = a 


And the expression for the work done on expansion, becomes 


Ve 
nRT a Vs 
ie aan Vi = nRT loge 


1 
or since PV = constant, at constant temperature— 


P, 


work = »RT loge ?? 
2 


1 G. Meyer, Zeitschr. Phys. Chem., 1, 477. 1891. 


a 
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and the value of the electromotive force at the contact of the con- 
centrated amalgam with the solution is given by 
P 

egr = nRT log, — 

q Sep? 
where gr is the quantity of electricity which passes from the concen- 
trated amalgam to the solution for one gramme-atom of the metal to 
be transferred, which is 9647r absolute C.G.S. units; » being the 
valency. 

nRT ie 


6 


1 
9647r 8p? 


P, and P, being the osmotic pressures of the metal in the amalgam, 
and in the solution respectively. 
Similarly, at the electrode of weaker amalgam— 


nRT 3B, 


il ae 
© = 96477 08 po 


where P; is the osmotic pressure in this amalgam, and the electro- 
motive force acts from the amalgam to the solution. The resulting 
electromotive force due to the whole cell is therefore the difference 
between these two; 


: nRT ia P, 
1.é. 9647r Og. pe 


The results of Meyer’s experiments agree with those calculated on 
the assumption that the molecular weight of the metal in the amalgam 
is equal to its atomic weight, the osmotic pressure being proportional 
to the concentration. 

A further type of concentration cell may be employed, namely, one 
in which a gas, such as hydrogen, is dissolved, or rather occluded by 
platinum or palladium. On immersion in a solution of sulphuric acid 
_ there is an electromotive force between the ‘electrode and the solution, 
owing to the difference in osmotic pressure between the occluded gas 
in the electrode and the ions in the solution, Wulf} has shown that 
up to pressures of 1000 atmospheres, the observed and the calculated 
electromotive forces are in agreement. 

Solution Pressure.—The consideration of the relation between 
osmotic pressure and electromotive force, particularly in the case of 
amalgams, enabled Nernst to make a great step forward in the theory 
of the voltaic cell. Ever since its discovery by Volta there had been 
a controversy regarding the location of the electromotive force in the 
circuit. While, on one hand, Volta and his followers maintained 
the junction of the metals to be the seat of the electromotive force; on 


17, Wulf, Zeitschr. f. phys. Chem., 48, p. 87. 1904. 
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the other hand, Davy looked to the contact of the metal and the 
solution, and explained the electromotive force in terms of the chemical 
affinity of the metal for the acid in solution. The experiment of the 
electrification of a copper and a zinc dise when placed in contact and 
then separated, seemed to bear out Volta’s contact hypothesis, but this 
effect was explained by the chemical school of physicists on the ground 
of the difference in chemical affinity of copper and zinc for the oxygen 
of the air. 

Following the, experimental work on concentration cells, Nernst * 
explained the electromotive force in terms of the work done by the 
ions in travelling from places of higher to places of lower concentration, 
on account of the osmotic pressure exerted by them. When a metal 
is placed in a solution, the osmotic pressure of the ions in solution 
drives the ions upon the metal, but the ions in the metal itself having 
a certain pressure tending to drive them into solution, there will be 
equilibrium when these two pressures are equal. 

Thus for every metal there is a particular osmotic pressure of the 
metallic ions in solution, for which neither deposition nor dissolving 
will occur. This is called the solution pressure of the metal for the 
given solvent. From the reasoning given above for concentration cells, 
it follows that the electromotive force at the contact of a metal with 
its solution is 


RT 
~ 79647 


where r is the valency of the metal, P the solution pressure, and p the 
osmotic pressure of the ion in solution. 
The electromotive force directed from a metal to the normal 


solution of its salt has been determined by Ostwald, the values being 
for — 


e log. > absolute units, 


Mg, + 1:22 volt. Pb, — 0:10 volt. 
Yn) 5 ies Ti, +=,0:25' 4, 
Al, + 0:22 ” Cu, — 0°60 ” 
Cdjilees0s1 Osa Hg, — 0-99 ,, 
Fe, +0-06 ,, Ag, — 1-01 ,, 


From the last equation, we may find the solution pressure P for 
the metal, if we take p to be the osmotic pressure due to the metallic 
ions in the normal solution. In the case of hydrogen, taking two 
atoms to the molecule in the gaseous state, and the density 0:0899 
gramme per litre at 0° C., and the atmospheric pressure, for a normal 


solution of 1 gramm litre th eae ss 
u g e per litre the pressure is 0-0899 atmospheres 


at 0° C., from van't Hoff’s law (p. 178), taking the molecules to be 
monatomic. 


1 W. Nernst, Zeitschr, Phys. Chem., 4,129. 1889. 
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Hence the electromotive force between hydrogen (H;) occluded by 
palladium and a solution containing 1 gramme of hydrogen per litre 
being —0°25 volt, or —0°25 x 10° absolute units, 


8°32 x 10’ x 273 PB 
—s . 8 — (oe 

0:25 x 10 Tx 9647 18.5, 

, £ ig ; 
from which, log. — = —10°74, and, A 210X102 
ae tox 10? 

00899 


P 
55,01 2a 


= 4:8 x 10~* atmosphere. 


The following are the approximate values of the solution pres- 
sures in atmospheres :— 


Mg, 10“ atmospheres, Pb, 10-? atmospheres. 
Zn, 10% e H, 10-4 . 
1 a Cad 3 CondOau. 95 
Cd, 10° » Hg, 10-* ” 
Fe, 10° a Agi. 10-* “3 


The electromotive force of a reversible cell may then be represented 
in terms of the solution pressures of the electrodes and the osmotic 
pressures of the ions in solution; thus, in the case of the Daniel cell, 
neglecting the electromotive force due to the contact of the solutions, 
which is very small compared with that due to the electrodes— 


RT F RT P’ 
€= 2x 9647 8p — Fx 9647 18 FF 
where P and P’ are the solution pressures of zinc and copper, p and p’ 
being the osmotic pressures of the zinc and copper ions in the solutions ; 
and, taking the e.m.f. from zinc to solution as 0°51 volt, and from 
solution to copper to be —0°60 (table, p. 196), the e.m.f. of the cell 
would be 1°11 volt. 

Dropping Electrodes.—At the moment of bringing a metal into 
contact with a solution, a transference of ions will take place in accord- 
ance with the respective osmotic and solution pressures. If the circuit 
is not completed through some other electrode, this transference of the 
ions will produce an electromotive force at the contact of the metal and 
the solution, which will increase as the transference of ions continues, 
until a limit is reached, at which further transference is prevented. 
Thus, in the case of mercury in contact with a solution of sulphuric 
acid, it will be seen from the table of solution pressures, that the 
mercury ions in the solution will pass to the jet (Fig. 193), since the 
solution pressure of the mercury is extremely small, and is less than 
that for even a very weak solution. The mercury will then become 
charged positively with respect to the solution. This electromotive 
force will, however, require an appreciable time for its establishment, 
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and it was pointed out by Helmholtz, that if the mercury issue from 
a small orifice in the form of a jet into the solution, it will break 
up into drops before any appreciable potential difference is produced, 
and the jet will then be at the same potential as the solution. 
Although the explanation of the production of the p.d. given by 
Helmholtz differs from the above, the fact of the usefulness of the 
dropping electrode remains. 
It will easily be seen that any attempt to measure the electromotive 
force at a single contact between a metal and an electrolyte is frustrated 
by the necessity of making electrical connection with the electrolyte 
by means of a second metallic electrode, and the measurement gives us 
merely the algebraic sum of the two respective electromotive forces 
between the metals and the solution, unless we can obtain some 
electrode at which there is no electromotive force at its contact with 
the solution, The dropping electrode of Helmholtz supplies us with 


such a terminal, but the observations made with it - 


were very unreliable until Paschen’ constructed a 

form of it in which the mercury jet does not enter 

; the liquid until it is just about to break up, the 

interval of time in which the mercury is in contact 

= with the solution before breaking into drops being 

then a minimum. In Fig. 193, the leads 1 and 2 

go to the mercury of the jet and the pool of mer- 

cury in the vessel. On measuring the difference of 

potential between 1 and 2, we thus obtain that be- 

Pe i tween the mercury at rest in the pool at the bottom 

and the solution. 

es Once this difference of potential between the 

Fia. 193. mercury and the solution has been found, the drop- 

ping electrode can be dispensed with, since the result- 

ing difference of potential, produced by combining this with other 

electrodes, can be found by the ordinary 
means, 

Normal Electrode.—It is convenient 
to employ some constant form of elec- 
trode of useful pattern and known elec- 
tromotive force, to combine with other 
electrodes whose electromotive force it is 
required to find. This usually consists 
of mercury upon which rests a layer of 
mercurous chloride, and again upon this 
a normal solution of potassium chloride, 
which fills the remainder of the vessel 
and the tube T. The latter can be 
placed in any cell in which the electro- 
motive force at contact with the electrode 
1 F. Paschen, Wied. Ann., 41, p. 42. 1890. 
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and the solution is required. The resultant electromotive force being 
measured in the ordinary way, that of the normal electrode may be 
deducted and the unknown electromotive force obtained. 

. The electromotive force of the normal electrode is 0:56 volt, the 
mercury being positive to the solution. 

Capillary Electrometers.—An alternative method of measuring 
the electromotive force at the contact of mercury and a dilute solution 
of sulphuric acid has been devised by Lippmann. We have seen that 
the electromotive force is so directed that the mercury is positive with 


Fic. 195. 


respect to the solution. Now it is found that the surface tension of 
the mercury in contact with the solution depends upon this electro- 
motive force, and becomes a maximum when this is zero. If, then, the 
difference of potential between the mercury and the solution be varied 
by any means and in either direction, the surface tension diminishes. 
The mercury in a long tube (Fig. 195) will not flow through the 
capillary part at the lower end, unless the pressure of the mercury 
exceeds a certain amount, depending upon the surface tension of the 
mercury and the diameter of the tube, and since the drawn-out end of 
the tube tapers slightly, there will be an equilibrium position of the 
mercury meniscus for each value of the surface tension. The pressure 
of the mercury may be adjusted by varying the height of the column, by 
means of an arrangement not shown in the diagram, until the meniscus 
is in the field of the microscope, as shown at A. For an increase in 
the surface tension the meniscus will rise, while for a decrease it will 
sink, and its position may therefore be adjusted by varying the 
resistance in the box R and therefore the difference of potential 
between the mercury in the capillary tube and that in the beaker. 
This difference of potential is adjusted until the meniscus reaches its 


1G, Lippmann, Ann. Chim. Phys., V. 5, p. 494, 1875. 
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highest point, or rather lowest, as seen inverted in the field of vision 
of the microscope, as at A, when the dilute sulphuric acid and the 
- mercury in the capillary tube will be at the same potential. The 
potential difference as measured by the current in the resistance box 
R, is equal to the electromotive force that exists between the mercury 
and the solution in the beaker. ; 
A very convenient form of capillary electrometer is shown in 
Fig. 196. The capillary tube is of uniform bore and is nearly horizontal. 
Its lower portion contains mercury and its upper portion, together with 
the vessel, contains dilute sulphuric acid. The left-hand terminal is 
naturally positive to the solution, and if this difference of potential 


Fic. 196. 


be diminished, the surface tension of the mercury surface in contact 
with the solution is increased, and the meniscus travels down the 
tube, reaching a limiting position when this difference of potential 
vanishes. If the difference of potential be further changed in the 
same direction, the meniscus travels back again. The sensitiveness of 
this electrometer may be increased by making the inclination of the 
tube to the horizontal less, by means of the screw, and by reading 
the position of the meniscus by means of a microscope. 

Changes of p.d. of the order of 0-001 volt may be detected by means 
of this apparatus. 

Secondary Cells or Accumulators.—Any form of reversible cell 
may be used as an accumulator, for if a current be sent through it in 
a direction opposite to that produced by the action of the cell itself, 
deposition takes place at the natural anode, and the natural kathode 
is dissolved. Thus energy is stored in the cell, and may be liberated 
by allowing the cell to produce current until the original condition is 
regained. Very little advantage, however, is obtained by using the 
cell in this way, as in most cases it is easier and cheaper to provide 
new electrodes rather than to produce them electrolytically by a 
reversed current, 

A very convenient form of accumulator was produced by Planté 
in 1859. He placed lead electrodes in a 15 to 30 per cent. solution of 
sulphuric acid, and passed a current through the cell. The hydrogen 
liberated at the kathode bubbles away, but the oxygen liberated at the 
anode oxidises the lead to form PbO, On removing the external 
source of electromotive force and joining the lead electrodes, a current 
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passes, the oxidised plate being kathode, the liberated hydrogen 
reducing the lead oxide, and the oxygen at the other electrode 
oxidising the lead. This current flows until both plates arrive at the 
same state of oxidation, 

If now a current be caused to flow through the cell, one plate is 
further oxidised and the oxide upon 
the other is reduced to metallic lead. 
This lead is in a spongy form, and it 
is found that if the current be sent 
through the cell repeatedly in oppo- 
site directions, the layer of spongy 
lead gets thicker and thicker, the 
storage capacity of the cell at the 
same time increasing. This process 
of repeated reversals of the current 
to increase the storage capacity of 
the cell is called “forming” the 
plates. 

The electromotive force of such a 
cell when fully charged is about 2°1 
volts, and from its construction, its 
internal resistance is very small, so 
that considerable currents may be 
obtained by means of it. Moreover, 
the voltage remains nearly constant 
throughout the greater part of the 
discharge. A cell of seven plates is 
shown in plan and elevation in Fig. 
197. The plates have very great Fic. 197. 
surface and are close together, being 
separated by distance pieces consisting of lengths of glass tube. 

The plate which is oxidised when fully charged is called the positive 
plate, and the reduced plate the negative. In the figure, the three 
_ plates would be positive and the four negative. 

The process of charging may be represented as follows :— 


Positive plate. 
PbSO, + SO, + 2H,0 + ag = PhO, + 2H,SO, + ag. 
Negative plate. 
PbSO, + H, + ag = Pb + H,SO, + ag. 
For discharge we have— 
Positive plate. 
PbO, + H,SO, + H, + ag = PbSO, + 2H,0 + ag. 
Negative plate. 
Pb + H,SO, + O + ag = PbSO, + H,0 + aq. 
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Thus during charge the electrolyte gains sulphuric acid and its 
density rises, while during the discharge the reverse takes place. In 
fact, the densify of the solution is the most convenient index of the 
condition of the cell; when fully charged it should not be above 1:21, 
and the discharge should never be continued until the density falls 
below 1-17, since insoluble lead sulphate is then formed. As this is 
not again reducible, the cell is ruined; it is technically said to be 


“‘sulphated.” The PbSO, of the above equations is very different to . 


the insoluble lead sulphate usually met with in the laboratory, and 
the equations themselves are very rough approximations to the actual 
processes. 

Faure Cell.—The process of “forming” the plates of the Planté 
cell is a long and therefore costly one, and it was therefore suggested 
by Faure that the plates should be constructed of lead grids, into 
which a mixture of several oxides of lead is compressed. ‘This plate 
takes much less time to ‘‘form,” but it is not so durable as the plate 
“formed” by electrolysis, Many cells of both kinds are on the 
market, and some in which the positives are Planté or “formed” 
plates, and the negatives Faure or ‘* paste” plates. 


Ea 


CHAPTER VIII 
THERMO-ELECTRICITY 


Tue study of reversible thermo-electric effects dates from the discovery 
by Seebeck,’ in the year 1826, that a current flows in a circuit con- 
sisting of two different metals when a difference of temperature is 
maintained between the two junctions. He arranged 35 metals in 
a series such that, when any two comprise a circuit, the current flows 
across the hot junction from the metal occurring earlier to that 
occurring later in the series. Seebeck’s list comprises Bi — Ni — Co — 
Pd—Pt—U —Cu— Mn-—Ti-— Hg—Pb—Sn—Cr—Mo—Rh—Ir—Au— 
Ag — Zn — W — Cd — Fe — As — Sb — Te, and several others of 
doubtful composition, such as brass, commercial copper, etc. 

The discovery of the complementary phenomenon, the heating or 
cooling of a junction when a current flows across it, is due to Peltier,’ 
who found in 1834 that on passing a current across a junction from 
bismuth to antimony, heat is absorbed at the junction, which is there- 
fore cooled, but on reversing the direction of the current heat is 
developed, and the junction is warmed. 

The Seebeck and Peltier phenomena may both be explained if we 
assume an electromotive force to exist at the junction of the two 
metals, its direction being from _bis- 
muth to antimony across the junction. 
Tf the circuit (Fig. 198) could be com- 
pleted without the introduction of any 
further electromotive force, a current 
would flow in the direction BADC, a 
fall of potential occurring in the ex- 
ternal circuit from A and B. The heat 
is produced by the current in the - ; 
external circuit at the expense of the energy at the junction. Such 
a circuit, having only one junction, is impossible, and if the ends of 
the antimony and bismuth rods be bent round and brought into 
contact at a second point, the electromotive force at this junction is, of 
course, equal and opposite to that at the first, so that the resultant 


Fig. 198. 


17, J. Seebeck, Pogg. Ann., Bd. VI., 1826. 
2 Peltier, Ann. d. Chim. et de Phys., 2 Serie, 56. 1834. 
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electromotive force in the circuit is zero, and there will be no current. 
If, however, a cell be introduced, so that a current is driven in the 
direction DCBA, it is found that the junction AB is cooled, and from 
our reasoning on p. 60 we should conclude that the direction of the 
Peltier electromotive force is from B to A. On reversing the cell, so 
that the current flows in the direction ABCD, the junction AB is 
warmed, which fact again indicates the presence of the electromotive 
force at the junction in the direction B-A. : 

On constructing a simple circuit of two metals—antimony and 
bismuth will do very well for our present purpose—we have seen that, 
owing to the opposition of the two equal electromotive forces at the 

junctions, there is no current. If, however, 

2 the junctions are not at the same temperature, 

these opposing electromotive forces are not 

necessarily equal; in fact, they are generally 

Sb ; unequal, and the resultant electromotive force 

equal to their difference will maintain a current. 

Let z, be the electromotive force at junc- 

tion 2 (Fig. 199), at the higher temperature, 

1 and 7, that at 1, at the lower temperature. 

Fig. 199. In the case of the above metals 7, > 7, and if 

these afte the only electromotive forces in the 

circuit, the resultant E.M.F. is a, — 7, and the current is anti- 
clockwise. 

It will be seen that the current itself will cause a cooling at 2 and 
heating at 1, and we may therefore look upon the difference of 
temperature between the junctions as the condition for the current to 
flow, and further, the current flows until it has brought the circuit 
to uniform temperature. 

It is not difficult to demonstrate the heating or cooling at an 
Sb-Bi junction’ by placing a bismuth bar between two bars of 
antimony, and passing a cur- 


e ae ee 2 rent through the three in 
a i series as in Fig. 200. Two 
pas raecwnersttl 1) Ri Doe meme pieces of silk-covered, fine 
Fic, 200. copper wire are wound one 


' upon each half of the rod of 
bismuth ; the two are connected to the two gaps of a metre bridge, 
and a balance found in the ordinary way. If, now, a current be 
passed through the rods from left to right, the junction A is warmed 
and B is cooled, and the two copper coils will now be at different 
temperatures. Since the electrical resistance of copper varies very 
rapidly with change of temperature, the balance of the metre bridge 
is now destroyed, and a galvanometer deflection will be observed, 
which deflection may be reversed by sending the current through 


1 Nature, Feb. 16, 1911. 
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the rods from right to left. Peltier placed the junctions in ¢ 

and observed the heating and saree by the oi faihih 5 rine 
of the air in the bulbs; but the amount of heat developed or lost is in 
all cases very small, so that atmospheric disturbances of temperature 
are liable to hide the effect sought. He also used a thermal junction 
thus employing the Seebeck phenomenon, but it is desirable if possible 
to use an independent heat phenomenon for demonstrating the effect, 

The Peltier effect must not be confused with the Joule production 
of heat. The latter, for a conductor of constant resistance r, is i2r 
ergs per second, and is irreversible ; that is, electrical energy is always 
converted into heat, the reverse process being impossible. Also the 
heating effect is proportional to the square of the current, and is 
therefore independent of its sign and direction, whereas the Peltier 
effect varies as the first power of the current and so depends upon its 
direction. Thus if the current flowing one way across a junction 
causes a heating wi ergs per second, where z is the Peltier electro- 
motive force, usually called the Peltier coefficient, a current in 
the opposite direction causes a cooling at the same rate. Owing to 
the fact that the heat liberated at a junction diffuses by conduction 
through the mass of the metals, it is not convenient to measure the 
Peltier effects by means of the heating or cooling due to a known 
current ; the actual method of determination will be described later. 

Measuring heat in electrical units, we have: heat developed at any 
junction = + zit, where ¢ is the;time for which the current flows, the 
sign depending on the direction of the current. 

Laws of Addition of Thermal Electromotive Forces.—In measur- 
ing the electromotive force in any circuit due to thermo-electric effects, 
it is nearly always necessary to insert some piece of apparatus, such as. 
a galvanometer, somewhere in the circuit, and since this generally 
involves the presence of more than the two original metallic junctions, 
it is important to formulate the laws according to which the electro- 
motive forces produced by additional:junctions may be added. There 
are two such laws. 

1. Law of Intermediate Metals—The insertion of an additional 
metal into any circuit does not alter the whole elec- 
tromotive force in the circuit, provided that the 
additional metal is entirely at the temperature of GIES 
the point of the circuit at which it is inserted. 

This law may be taken as the result of experi- 
ment, but we may see that it follows from the 
second law of thermodynamics; for if a number 
of metals A, B, O, etc., are joined in series to form a 
complete circuit, there is no current in the circuit Fic. 201, 
when the temperature is everywhere the same. 

Should a current flow, it will immediately cause heating or cooling at 
the junctions, and the energy required to maintain the current would 
be obtained by heating some parts of the circuit and cooling others, 
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the divergence of temperature becoming greater the longer the current 
flows. As there is no chemical action in the circuit, the above 
process would be in contradiction to the second law of thermo- 
dynamics, and we therefore conclude that there is no current, and that 
the algebraic sum of the electromotive forces in the circuit is zero. 
The same reasoning would apply if C were removed, and therefore 
we conclude that the introduction of C when it is entirely at the 
temperature of the point at which it is inserted does not alter the total 
electromotive force in the circuit, 

This is equally true though the junction between A and B, at 
which C is inserted should be at some other temperature, for this does 
not effect the electromotive force occurring at the unaltered junction 
of A and B, this being determined by its own temperature only. 

2. Law of Intermediate Temperatures.—The electromotive force for 
a couple with junctions at T, and T; is the sum of the electromotive 
forces of two couples of the same metals, one with junctions at T, and 
T, and the other with junctions at T, and T;. 

For, in Fig. 202 (a) let the electromotive force for the T,-T, 
couple be [e], and that for the T,-T, couple be [e]?. Then if the 
junctions at the temperature T, be placed in contact there is no 

change, because like metals at the same tem- 
perature only are joined, and if then the junc- 
tions be opened to form the arrangement (8) 
there is again no change in the resultant electro- 
motive force, for the two contacts destroyed 
both had the same Peltier effect 7? at tempera- 
ture T,, and these are directed oppositely in the 


Ts a 
A B 
A B 
Te compound circuit. We therefore conclude that 
Celi = [eh + [els 
A B 
T, Tt 


Application of Thermodynamics.—Since the 
Peltier effect is a reversible one, a thermal 
couple is an arrangement for deriving useful 


ae (B) energy by the absorption of heat at one tem- 
perature, part of which is given back at a 
Fig. 202. lower temperature, the difference in the amount 


’ absorbed and that given up being the energy 
applicable for external purposes. Thus the current may be used for 
driving an electro-motor in which case the energy takes the form of 
mechanical work, Although the available energy is usually very 
small in amount this does not vitiate our argument. 

_ Lord Kelvin’ pointed out that, the processes being entirely rever- 
sible, the arrangement is in reality a heat engine with source at one 
temperature (T,) and refrigerator at a lower temperature (T,), and that 
the ratio of the heat absorbed at temperature T’, to that given up at 


? W. Thomson, Phil. Trans. Roy. Soc., 1855. 


vil. APPLICATION OF THERMODYNAMICS 207 


T,, should be the same as that of T, to T,, where T, and T, are absolute 
temperatures, 

Now, on carrying a charge q round the circuit, the heat absorbed at 
the hot junction is ,g, measured in absolute units, and that given up 
at T, is 7,q, 


Ah ee, 
hence ees le 
mg Ty ve cee Ay 
and therefore, mom TT 
Ty 7 


Now, if 7, — 7, = e, the whole electromotive force in the circuit— 
T, —T 
then é= ( : ‘) 
’ aa Ty 


It would therefore follow that if one junction is maintained at 
constant temperature T,, then 7, is constant, and e« (T, — 1)). 
Now it may easily be shown that this is not true; for if a piece of 
copper and a piece of iron wire be twisted together at one end and the 
other ends connected to a galvanometer, it will be found on heating the 
copper-iron junction with a burner, that the resulting current, and 
therefore electromotive force, increases at first, then diminishes, and 
passing through zero, actually becomes reversed. . 

Obviously then, e is not proportional to T, — T,. 

Lord Kelvin (then Prof. Wm. Thomson) therefore concluded ‘that 
the Peltier effect was not the only source of electromotive force in the 
circuit, and pointed out the likelihood of another, existing between the 
different parts of a metal at different temperatures, 

If, then, for any substance, o is the electromotive force due to unit 


T 
difference of temperature between two points of it, | * @AT ig 
<a T 


the total electromotive force between points at temperatures T, and A 
_ and taking o, and o; for the value of o in the 3 

two metals A and B in Fig. 203, our equation 

of electromotive forces for the whole circuit 

will now become 


2 2 
€=™m—-™m— [onat + [coat 


the small arrows indicating the directions in a 

which the various electromotive forces tend to Fie. 203. 
drive the current round the circuit. o is assumed 

to be positive for both metals, that is, the electromotive force is 
directed from points of lower to those of higher temperature, and could 
the circuit be completed by a neutral conductor so that this is the only 
electromotive force in the circuit, the current would flow in the 
external circuit from points of high to points of low temperature. 
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The quantity o is called the Thomson coefficient, and the existence 
of the electromotive force involves an absorption of heat if a current 
flows in the direction of the electromotive force, since its direction is 
such that the electromotive force tends to maintain the current, and 
therefore to give energy to the circuit, which energy is supplied at the 
expense of the heat of the metal itself. If the current be reversed, 
heat is liberated for a corresponding reason (p. 60). The sign of o 
may be positive or negative, which means that the Thomson electro- 
motive force may act in such a direction that it tends to drive the 
current in the external part of the circuit from points of high to points 
of low temperature or vice versd. Thus, if o is positive the state of 
affairs is shown in Fig. 204 (i), where the ordinates indicate the 
temperature, and the small arrows the Thomson electromotive force. 
The current passing in the direction ABC absorbs heat in AB, since 
it is flowing in the direction of the electromotive force; that is, from 
points of lower to those of higher temperature ; and for a corresponding 
reason it gives out heat in BC, just as a flow of an ordinary liquid 
down a tube heated at B would do. On the other hand, if a is 
negative, we have the condition shown in Fig. 204 (ii). A current 


JR, 


~ heat absorbed | heat given out i, 


' heat given out, heat absorbed : 
(ane Bre 
(ii) 


Fic. 204. 


flowing from A to C would give out heat in the part AB and absorb 
heat in BC; that is, it gives out heat when flowing from colder to 
hotter points, and absorbs it when flowing from hotter to colder points, 
so that if we wish to find any analogy with the flow of liquid in a tube 
heated in the middle, we must imagine the liquid to have a negative 
specific heat. : 
o is positive for the metals Cd, Zn, Ag, Cu, and negative for Fe, 
Pt, and Pd. 
The Thomson effect may be exhibited? in a manner similar to that 
for the Peltier effect, but in this case the difficulty is greater, on account 
of the fact that a considerable temperature gradient is necessary for 
the exhibition of the effect, and thus it is not easy to measure the 
‘small additional reversible heating and cooling due to the current. 
If, however, an iron rod be bent into the shape shown in Fig. 205 


1 Nature, Feb. 16, 1911, 
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with the two limbs, on which the resistance coils P and Q are wound, 
very close together and packed round with asbestos wool, then if P 
and Q are placed in gaps of a metre bridge as before and a balance 
found, a current of 10 amperes flowing round ABC will cause a dis- 
turbance in the balance when B is heated to red heat with a bunsen 
burner, and A and C immersed in mercury baths. In this way a very 
steep temperature gradient in BA and BC can be maintained, and 
the change of resistance in P and Q, due to the current, occurs in 
a manner which shows that heat is given out when the current flows 
up the temperature gradient, and the limb in which the current flows 
down the temperature gradient is cooled. 

The effect with copper is in the reverse direction, and is much 
smaller, both on account of the smallness of the Thomson coefiicient a, 
and the difficulty of maintaining sufficient temperature gradient owing 
to the high thermal conductivity of the metal. 

Thermo-electric Power.—The equation of electromotive force— 


€=%m—7m1— [ouat + [oat, 


may be written in the form— 


2 2 
» -{ at -{ (oa. os)aT, 
1 z 
oe 


av being the rate of change with temperature, of the Peltier coefficient 


for the two metals, and 7, and 7, the upper and lower limits of the 


_ integral |i. 


Or, again, 


e= | fs Pe) = ow) ar 


Differentiating this equation with respect to T, we have— 


de dr 
‘ ap = at ~ (7 — %): 


is called the Thermo-electric power for the two metals, and is the 
rate of change of the electromotive force acting round a couple with 
change of temperature of one junction. The thermo-electric effects 
in a ‘circuit may be very conveniently represented on a diagram in a 


it,} de the th 
manner suggested by Prof. Tait, the values of qt the thermo- 


1 Prof, Tait, Proc. Roy. Soc. Edin.,p. 597. 1871. . 
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electric power, being plotted against the temperature. Then, at a 
temperature represented by the point F in Fig. 206, the thermo- 
electric power P is represented by EF, and-the thickness of the strip 
being dT, 


area of strip = od .dT = PdT = de. 


Hence the area of the strip represents the electromotive force acting 
round the couple, the difference of temperature of the junctions being dT. 

By the law of intermediate temperatures, the electromotive force 
round a couple having junctions at temperatures represented by D and 
C respectively, is equal to the sum of the electromotive forces for a 
number of couples having differences of temperature dT, provided that 
the first junction has temperature corresponding to D and the last to C. 


Fig. 206, Bie. 20T. 


Thus, the electromotive force is equal to the sum of the areas of strips, 
such as EF, and this is the area of the whole figure ADCB. 

The electromotive force for finite differences of temperature may be 
found by experiment, by measuring the total electromotive force round 
a circuit, when one junction is maintained at constant temperature 
and that of the other varied. The shape of the curve usually obtained 
is shown in Fig. 207, and the rate of increase of e, when the tempera- 


ture of the hot junction is represented by OB is the ratio a where 
AC is a tangent to the curve at the point A. 
de AB 

Th an Sa 

us, tian 
and the curve (Fig. 206) may now be plotted for P, the thermo-electric 
power as derived from Fig. 207. 

The experimental methods of measuring the electromotive force 
due to a couple will be considered later, but we may note that the 


i a 


ed 
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E.M.F.-Temperature curves for most metals approximate to parabolas, 
which would lead to the (thermo-electric power )-(temperature) curves 
being straight lines, as we shall see on p. 216. 

_ Second Law of Thermodynamics.—In applying the second law 
of thermodynamics to the couple, we must now take the Thomson 
effect into account, since the 
heat is not all absorbed at the 
hot junction nor all given up 
at the cold junction, Suppose 
a charge q to pass round the 
couple consisting of metals A 
and B, having its junctions at 
temperatures T, and T, (Fig. 
208). As before (p. 207), when 
charge q passes round the cir- 
cuit in an anti-clockwise direc- 
tion in the figure, the heat Fia. 208, 
absorbed at the hot junction is 

gz, and that given out at the cold junction, gz, that given out in passing 


through the metal A is q i o,dt, and that absorbed in passing through 
1 


2 
B, is q | oxdt (see Fig. 203). 

Let us consider the couple to consist of an infinitely great number 
of small couples at temperatures, T,~1 and T, 41, etc., varying from 
T, to I, From the law of intermediate temperatures (p. 206), the 
electromotive force for the whole couple is the sum of the electromotive 
forces for the small couples. For the small couple whose junctions are 
at T, + and T, 1, bearing in mind the direction of the current and 
the fact that when this is in the direction of the Peltier or Thomson 
electromotive force, heat is absorbed and vice versi, we see from 
Fig. 208, that— 

heat absorbed at Th+1 = Qan+1; 
heat given out at Tp 1 = q7n-1, 
heat given out in metal A at mean temp. T, = qoadT, 
heat absorbed in metal B at mean temp. Ty, = qo,dT. 


Since all these processes are reversible, we can apply the second law 
of thermodynamics to the cycle, which states that = =x Oy 
Thus, for the elementary cycle— 
Th +1 7 Tr -1 Ty, Th 
For the adjacent small cycle we have— 
q%™m —1 qd™n —8 = qoudT qordT = 0 
Tad i Tn-s ‘Ln -2 Th-2 ; 
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where the lower temperature for one cycle is the upper temperature 
for the next, and so on, Adding up these equations for all the 
elementary cycles, remembering that the first has upper temperature 
q™ +1 


r 


T,, and the last, lower temperature T,, the terms 


- ; ete, all 
n+1 
cancel out except the first and the last. 


2 2 
9% = Im oad T oydT 
real: T taf pa= 0, 


2 
To Ty Cg. = Gb sane 
oR R-[ 2 T al ==0 


1 


ae : 1 
Now T. and Tr. are the limits at T, and T, of the integral ‘ na mal, 


Differentiating this, we have— 


a(t) aa i 


djr 


“. Ta — Tb =Tir 7) 


Substituting this value of oq — oy, which is a consequence of the 
application of the second law of thermodynamics, in equation— 


de dz 
Ft = at (ca — o>), (p. 209) 
de dz d (wr 
wre, haves wate Tarn) 
_ dt te dir = 
eae: Weise a pile 7 ik 
ee, 
= ip 
From which, 7 Tae 


Thus the Peltier coefficient for the junction of a pair of metals is the 
product of the absolute temperature of the junction (T) and the rate 
of change of the electromotive force for the whole circuit with change 


of temperature of the junction ee: 


_ 
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Thermo-Electric Diagram.—Let us now return to the consideration 
of the thermo-electric diagram; we shall find that the relation 
T= ines enables us to interpret the diagram more fully than we 
could hitherto. If A,A, (Fig. P 
209) is the line whose ordi- 
nates are the thermo-electric 
powers P at different tem- | -----------------2 
peratures, of the metal A, 
with respect to the metal 
B, the area A,A,B,B, repre- 
sents the electromotive force 
acting round the couple 
when the temperaturesofthe 6 
junctions are T, and T., Fig. 209. 
which on the diagram are 
imagined to be measured from the absolute zero of temperature, the 
direction of the effective electromotive force round the circuit being in 
the order of the letters, that is anti-clockwise in the diagram, 

Now.z, = ie SMe. 
But Abo =F, and, Ob, =T,, 
.”. 7) = area of rectangle B,A,DO. 
Similarly, 7, = area of rectangle B,A,EO. 


(jl eeartes aa teased 


W l----------- 
= 


2 T 


d 
Again, from equation og — op = Top mt) on p. 212; 


| nde 
er q <ar=” 
dP 
04 — 0b = Taq 
and, (oq — ov)dT = TdaP. 


But the area of the strip LM is TdP, because LM = T, and width 
of strip = dP. 


2 
pre | (oq — ov)dT = area A,A,DE. 
1 
We can therefore identify all the thermal electromotive forces 
acting round the couple, as areas upon the diagram. 


Thus 1, = area B,A,DO, 
ne = area B,A,KO, 


and, | "(oa — ov)dT = area A,A,DE. 
= 
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Which would, from our electromotive force equation— 


2 
e= To. ba) Ty — | (oa = op)dT, 
FoF | 
give, e = area B,A,A,B,. 


It will be seen that the Peltier and Thomson effects are electro- 
motive forces which would drive a current from points whose positions 
upon the thermo-electric diagram are lower to those which are higher. 

The electromotive force round a couple may be represented as a 
function of the thermo-electric power, or the Peltier coefficient for— 

de 


cers eas 


dea Pato (Z)ar, 


2 2 
and, [e]. = | P,dT = | Za, 
Mathes 


where [e], is the electromotive force acting round a couple A—B the 
temperatures of whose junctions 
are T, and T, respectively, and 
P, is the thermo-electric power 
of A with respect to B. 

In the above reasoning one 
metal (B) has been taken as a 
standard and the thermo-electric 
powers of the other metal (A) 
plotted with respect to it.~ If 
now a third metal (C) be com- 
Fra. 210, bined with B to form a couple, 

we should have an exactly simi- 


lar set of relations for C and B. Thus for temperatures of junctions 
T, and T, (Fig. 210)— 


e = area ©,0,B,B, 
aw, = T,. B,C, and, 7, = T,. B,C,, etc., 


and it follows from the law of intermediate metals, that for the couple 
made up of A and C— 


e = area A,A,C,C, 
w= T,. A,C,, and, 7, = T,.A,C, 


Hence if any one metal be taken as standard and the thermo-electric 
powers of a number of others be plotted with respect to it, the 
thermo-electric powers with respect to each other of the different 
metals will simply be the difference of the respective ordinates for the 
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thermo-electric lines of the two metals. And further, if it is desired to 
change the standard metal, all that is necessary is to replot the curves, 
with the differences of the ordinates measured from the new standard 
as ordinates upon the newdiagram. This will not change the relations 
of the thermo-electric powers of the different metals, nor will it alter 
any of the areas in the diagram, and the respective electromotive 
forces also will be unchanged. Thus, in Fig. 210, if we subtract 
A,B,, A,B,, etc., from all the appropriate ordinates, A,A, will now be 
horizontal, B,B, will slope downwards from left to right, and the slope 
of C,C, will be increased, but the electrical quantities involved will all 
be unchanged. 

The metal usually taken as a standard with respect to which the 
thermo-electric powers of the others are plotted is lead, the reason being 
that the Thomson coefficient for lead is supposed to be zero,' but should 
this subsequently prove not to be the case, the usefulness of the 
diagram would not be affected, and we could, if we chose, knowing the 
value of o for lead, replot the diagram, taking an ideal metal for 
which o = 0 as standard. 

If we assume that for lead o = 0, which is certainly very nearly 


true, and in Fig. 209 take B to be lead, equation o,—o, = Ta 


becomes o, = ier since a, = 0. 
Thus, since T is essentially positive, the Thomson coefficient o has 


the same sign as and if P increases with the temperature o is 
positive, if P decreases with rising temperature o is negative. It will 
then be seen from the diagram (Fig. 213) that for cadmium, zine, etc., 
o is positive, and for iron, palladium, etc., it is negative, and further, 
that since ao = tan 6, where @ is the inclination of a thermo-electric 
line to the axis at any point— 


o = T tan 0. 


Neutral Temperature.—So far we have made no assumption as 
to the shape of the thermo-electric lines ; but if they are straight lines 
we can then calculate the electromotive force round any couple when 
we know the equations to the thermo-electric lines. 

In Fig. 211, let P, = m,T+¢,, and P, = m,T +, be the 
equations to the thermo-electric lines for the metals A and B. Then— 


f= [ee a P,)dT oy (tee m,)T + Co e, JaT, 
1 aban 


1 Le Roux, Ann. de Chim. et de Phys., 4 serie, 10, p. 201. 1867. 
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which, when integrated gives— 


e = 4(m, — m,) (T? — T?) + (a — G) CT: — Ti) 
If the temperature T, be fixed while T, be varied, we see that the 


p 
Cg 
A3 
K 
\ BI 
' 
3 
! 
F sy SEP ee 
Fic. 211. 


equation connecting e and T, is that of a parabola. It may be written 
in the form— 


e=(T,- 1){(=¢—) (mz — ™) + (Ca — “)- 


Hence e is zero when T, = T,;, which would be expected; but it 
again becomes zero when 
T, +7, _ pe fo eal 
2 M, — My, 
Ca—%, 


That is, when the average temperature of the junctions is — m 
Sore 


This temperature is called the Neutral Temperature, and is that at 
which P,=P,, or the thermo-electric lines, P, = m,T + ¢,, and 
P, = mT + ¢,, intersect. Calling it T,, we may now write the 
electromotive force equation— 


e = (m, — m,) (T, — Ty) ems - T,}. 


T,, is evidently the tempera- 

ture corresponding to the point 

E (Fig. 212) on the E.M.F.- 
Temperature diagram at which 
the curve ceases to rise and 
begins to descend, for on refer- 
ring to Fig. 211 it will be 
seen that with one junction at 

T fixed temperature T,, the area 
B,A,A,B, which represents the 
electromotive force round the 
Fig, 212, couple, increases as T, rises, 
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until the neutral point K is reached. When this is passed, as at tem- 
perature T;, the area A,KB, must be deducted from the area B,A,K 


_ to get the effective electromotive force round the couple ; for at tem- 


peratures below T the thermo-electric power of B is greater than that 
of A, but this is reversed when T,, is passed, the thermo-electric power 
of B with respect to A at T,, being zero. Below T,, the Peltier and 
Thomson effects have been so directed in A,A,, A,B,, B,B, that they 
tend to drive a current round the circuit from A to B across the hot 
junction, but at T; the effect in B,A, is such that it tends to drive the 
current from B to A at the hot junction, and its value grows until a 
temperature T,, is reached, which is as much above Tn as T, is below it, 
when area A, KB, = B,A,K, and the resultant electromotive force round 
the couple is zero. This temperature corresponds to the point F in 
Fig. 212. The student may verify the fact that in Fig, 211— 


4 4 
area (A,B, x T,) —area | wad T + area (A,B, x T,) — area | aT =10) 


If now the temperature of the hot junction be raised above TT’, the 
resultant electromotive force in the couple is reversed. For this 
reason T’, is sometimes called the temperature of inversion, as the 
direction of the resultant electromotive force changes sign as the 
average temperature of the couple passes this value. 

A curve such as that shown in Fig. 212 is easy to determine 
experimentally, and from it the neutral temperature can be accurately 
found. The temperature corresponding to the highest point E can 
only be read approximately, since at this point the electromotive force 
is changing very slowly with temperature. But by taking two points 
p and r for which the electromotive force is the same, the mid-point 
between g and s is the neutral temperature T,. If this be done for 
some metal A, using lead for the metal B, o, = 0, m, = 0, and ¢, = 0, 
since the thermo-electric line for B is now the temperature axis, and 
therefore T,, = — <2, 

Also when one junction is at the neutral temperature (say T, = 
T.,), remembering that m,=0, we have, ¢= 3m,(T,, — T,)’, either 
from the diagram (Fig. 209) taking T,, as the intersection of A,A, with 
the axis of T, or by substitution in the equation for e on p. 216. 


Thus if the electromotive force [e]" = ET, (Fig. 212), be noted from 
; 4 
the curve, m, can be calculated, and since T, = im a can also 
be found, and the equation— 

P,=m,T+¢, 


for the thermo-electric line becomes known. 
Referring to equation o = T tan 6 (p. 215), we see that when the 
thermo-electric lines are straight, tan 0 is identical with m,, which is 
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constant, and that o is therefore proportional to the absolute 
temperature. 

If it is inconvenient to compare the given metal directly with lead, 
the electromotive forces for a couple made up of the metal with some 
other which has previously been compared with lead may be found, 
and the electromotive forces for the metal and lead found by means 
of the law of intermediate metals. 

Tait! found that for most of the metals the E.M.I'.-Temperature 
curves are approximately parabolas, and therefore the thermo-electric 
lines are straight; but exceptions occur, as in the cases of iron and 
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nickel, which exhibit several points of inflection at high temperatures. 
The thermo-electric line for iron cuts that for an alloy of platinum and 
iridium at several high temperatures, and it is pointed out that if an 
Fe-(Pt-Ir), couple have one junction at each of two temperatures at 
which the thermo-electric lines intersect, a current will be main- 
tained on account of the Thomson effect alone, for the Peltier co- 
efficients at these points are zero. The curves of Fig. 213 are taken 
from Prof. Tait’s paper, but the thermal electromotive forces are con- 
verted from his arbitrary units (the Grove cell, E.M.F. = 1°7 volt) 
approximately into micro-volts. 

The thermo-electric lines for iron at temperatures up to 1000° C. 


1 Prof, Tait, Trans, Roy. Soc, Hdin., p. 125. 1873. 
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have been determined by G. Belloc,! and these show clearly (Fig. 214) 
the points of inflection mentioned by Tait. The thermo-electric powers 
are given in micro-volts per degree, with respect to the metal platinum, 
which was taken for reference. The effect of various percentages of 
carbon in the iron, upon 
the thermo-electric power 


ree 


is also indicated by the &2 
dotted lines in the dia- ‘8 
gram. The approximate §&, 
position of the thermo- » 
electric line of silver with § 
respect to platinum is ae 
also placed uponthe same §& 


diagram, and it will be 
seen that if a silver—iron 
couple be constructed and Fig, 214, 

the junctions maintained 

at 310° C. and 620° C. respectively, the Peltier coefficients at these 
temperatures are zero, and a current will then be maintained on 
account of the Thomson effect aione, the effective electromotive force 
acting round the couple being represented by the area to scale of the 
figure ABC, 

Experimental Measurements.—The electromotive force in a 
thermal couple may be measured by placing a calibrated galvanometer 
in the circuit and observing the current. Then, knowing the resistance 
of the circuit, the corre- 
sponding electromotive 
force may be found; but a 
much better way is to em- 
ploy the potentiometer, as 
in this case the current in 
the couple is zero when a 
balance is obtained. Since 
the electromotive force is 
usually of the order of a 
few milli-volts, the poten- 
tiometer must be modified 
so that it can measure much 
smaller E.M.F.’s than usual. 
A wire AB about a metre Fic. 215. 
long (a metre bridge will 
do very well) is connected in series with a resistance box R, (Fig. 
215), a rheostat R,, and a secondary cell E,. The resistance per 
centimetre of AB being known, the fall of potential in micro-volts per 
centimetre of it can be found when the current is adjusted by means 


1 G, Belloc, Ann. de Chim. et de Phys., 30, p. 42. 1903. 
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of R,, so that the potential difference between the ends of R, is equal 
to the electromotive force of the standard cell E,, Then, the junction 
T, being kept in ice and water, the temperature of T, may be varied, 
and the electromotive force of the couple found from the length of 
wire AB necessary to produce a balance. 

A more convenient apparatus for the same purpose, made by the 
Cambridge Scientific Instrument Company, is illustrated in Fig. 216. 
The secondary cell B maintains a steady current in the circuit 
BVVSSR.R,B. Using a standard cadmium cell C between M and N, 


Fria. 216. 


the current in the main circuit is adjusted by means of the rheostats 
R, and R, until a balance is obtained, and SC and SN are arranged 
to be of such resistance that for the proper value of the main current, 
the fall of potential over 50 ohms of circuit is 1 volt. The coil MVC 
has 29 sections, each of resistance 0°05 ohm, and the fall of potential 
per section is thus 1 milli-volt. VV is the slide wire upon which the 
final balancing is performed, and has a resistance of 0°06 ohm, so that 
the difference of potential between P and Q due to the current may be 
varied at will from 0 to 30:2 milli-volts. This is, therefore, the range 
of variation of the electromotive force of the thermal couple to be 
- measured, the couple being placed at X. As the electromotive force 
of a thermal couple rarely exceeds 30 milli-volts, the instrument is a 
_very convenient one for rapidly calibrating such couples. 

If a number of points on the E.M.F.—Temperature curve be obtained 
with one junction at fixed temperature, and the other variable, the 
apparatus forms a convenient pyrometer for measurements of tem- 
perature over considerable range. 

Applications to Thermometry.—The electromotive force in a 
thermal couple, although very small, has, as a rule, a circuit of very 
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low resistance in which to produce a current, which may therefore be 
considerable. One of the best-known applications, is the detection of 
small amounts of radiant heat by means of the Thermopile. The effect 


' produced by one junction is multiplied by arranging a number in series, 


Antimony and bismuth bars alternate, one set of junctions A 


(Fig. 217) being exposed to the radiation, and the other set B being 


protected by a metal cap to maintain them at constant temperature. 

A more sensitive arrangement is seen in Boys’ radio-micrometer,! in 
which the couple and the galvano- 
meter are combined in one instru- ~._ 
ment, the loop of wire which hangs 
between the poles of a powerful 
permanent horseshoe magnet ter- 
minating in a piece of antimony 
and one of bismuth soldered to- 
gether at the tips. The radiation 
falling upon this junction warms it, _ 
and the thermo-electric force is Fic. 217. 
established in the circuit, producing 
a current in the loop which, hanging in a magnetic field, experiences 
a couple. This arrangement has been modified to form a galva- 
nometer by Duddell (see p. 80). 

On referring to the thermo-electric diagram (Fig. 213) it will be 
seen that some of the thermo-electric lines, for example those of copper 
and silver, are nearly parallel; if they were actually parallel, the 
electromotive force round one of these couples would be proportional 
to the difference of the temperature of the junctions, since the figure 
A,O,C,A, (Fig. 210) in this case becomes a parallelogram, and its area 
is proportional to the perpendicular distance between the sides A,C, 
and A,C,, that is, to T, — T,. This fact is made use of in the case of 
pyrometers constructed for measurement of high temperatures. The 
couple is usually of pure platinum and an alloy of platinum and iridium, 
or platinum and rhodium, and is enclosed in a tube of suitable material 
for withstanding the temperature to which it will be exposed. In 
series with the couple, a millivoltmeter may be employed, which may 
be graduated in degrees Centigrade, and is of the type described 
on p. 86. In the case of the pyrometer made by Mr. R. W. Paul, 
the couple and voltmeter are each brought up to a standard resistance 
by means of a manganin resistance included in the instrument, and 
since this has a very small temperature coefficient of resistance, the 
error due to change of temperature of surroundings is negligible. 
Another advantage of this “swamping resistance” is that the various 
couples and voltmeters are interchangeable, the resistance in each ease 
being the same for different instruments. 

Thermo-milliammeter.—A sensitive form of ammeter, applicable 


tO. V. Boys, Phil. Trans., 180, A., p. 159, 1889. 
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to the measurement of small alternating or continuous currents has 
been devised by Prof. Fleming,’ in which the heating produced by the 
> current flowing in a fine constantan wire 
AB (Fig. 218) warms the junction of a 

(/)e tellurium-bismuth couple. ‘The fine wires 

of tellurium and bismuth are soldered to | 

: the constantan wire, and the whole is 


fa) baigh ass situated ina high vacuum in a glass vessel. 

f ae In this way considerable sensitiveness is 

aad s AT B -->-- obtained, and the galvanometer G in 
% - series with the thermo-electric couple, may 

a NOMS be calibrated by passing a known con- 

Fria, 218. tinuous current through AB. Since the 


heating effect is proportional to the square 
of the current the instrument may be used when the current is 
alternating (p. 347). 

Radio-Balance.—The absorption of heat at a thermal junction, 
when the direction of the current is the same as that of the Peltier 
electromotive force, has been employed by Prof. Callendar’ for the 
measurement of radiant heat. The radiation is absorbed by a blackened 
copper disc upon which it falls, and the rise in temperature in a given 
time might be measured by means of a thermo-electric couple of iron 
and constantan, which also acts as a suspension for the disc. To deter- 
mine the rate of absorption of energy from the rate of rise of tempera- 
ture would require a knowledge of the heat capacity of the system and 
the losses due to conduction and radiation, but, instead, the tempera- 
ture is maintained constant by passing a current through a second 
thermal junction attached to the disc, and varying the strength until 
the cooling due to the Peltier effect compensates for the radiant heat 
absorbed. If the resistance of the arrangement were so small that 
the heating due to the Joule effect were negligible, we should have— 


w = mi, 
where w is the energy in ergs absorbed per second, 7 the Peltier co- 
efficient, and 7 the current. But the resistance is never negligible, and 


the heating due to it being ?r ergs per second, 


w= — ir, 


Np tlk ; 
Calling ; the neutral current #,, for which the Joule heating is 


‘J. A, Fleming, “The Principl i 
Telephony,” g rinciples of Electric Wave Telegraphy and 


* H. L. Callendar, Proc, Phys. Soc. Lond., 28, Part I,, December, 1910. 


which the galvanometer G is 
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just equal to the Peltier cooling (i2r = my), 80 that the disc would be 
neither warmed nor cooled by such a current, we have— 


w= ni(1 = z) 
% 


In the actual arrangement employed (Fig. 219) there are two 
similar discs, 1 and 2, each supported by four stout iron and four 
constantan wires, the two discs being thus the junctions of an iron- 
constantan couple. The discs also form the junction of the single-wire - 
iron and constantan circuit in 


included. Suppose that the 
radiation falls on the disc 1, the 
arrangement will be as shown in 
the diagram, and the current is 
adjusted by the resistance R 
until the two discs remain at 
the same temperature, as indi- 
cated by the current in G being 
zero. Knowing the current 7, 
as indicated by the milliam- 
meter A, and the Peltier coefii- 
cient z, w, the rate of absorp- Fig. 219. 

tion of radiant energy by the 

disc 1, is known. The neutral current i, is determined by a prelimi- 
nary measurement in which no radiation falls upon either disc. 

Should the whole apparatus become warmed by the radiation 
falling upon it, as would probably be the case when the sun’s radiation 
is being measured, both discs are affected in the same way, and the 
error due to this cause is eliminated. Also the radiation may be 
allowed to fall on the disc 2 instead of 1, for the purpose of making a 
contro] measurement. 

In a Jater design the discs are replaced by cups, for the purpose of 
rendering the absorption more complete; the electrical arrangements 
in this case are very similar to those in the disc apparatus. 

The “cup” arrangement has also been used as a calorimeter and 
the Peltier coefficient, for a junction placed in either cup, directly 
measured. It has also been used for measuring the rate of emission 
of heat by radioactive substances (see p. 515), 

Pyro-electricity.—Another electrical effect due to differences of 
temperature should be noticed. Certain crystals, especially tourma- 
line, exhibit electrical charges when heated or cooled. ‘The name 
pyro-electricity is given to this phenomenon. If a crystal of tourma- 
line be raised in temperature, one end becomes positively and the 
other negatively charged while the temperature is rising, but during 
cooling the charges are reversed. This order of the charging takes 


I 
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place whether the crystal be heated or cooled from the atmospheric or 
from any other temperature. If a crystal be broken up, each part of 
it exhibits the same properties, and if tourmaline be powdered and 
spread on a glass plate and warmed, or cooled, the particles gather 
themselves together in chains, owing to the polar charges, just as iron 
filings do when magnetised. 

It has been thought that only hemi-morphic crystals exhibit pyro- 
electric properties, but according to Hankel* hemi-morphism is not 
indispensable to the production of pyro-electricity, and it is exhibited 
by other crystals, provided that their crystallographic axes are unequal ; 
but, in the case of crystals having equal axes, only those which are 
hemi-morphic are pyro-electric. Boracite, quartz, and fluor are among 
the pyro-electric minerals, 

P.ezo-electricity.—It was discovered by the brothers Curie ° that 
the crystals which exhibit pyro-electric properties are subjected to 
compression or tension, opposite charges of electricity appear at the 
ends of the crystal. Under compression the sign of the charge at 
either end is the same as would be produced by cooling the crystal, 
while tension produced charges of the same signs as those due to 
heating the crystal. 

A suitable rectangular block is cut from the crystal, and a sheet of 
tinfoil laid over each end. The whole is then placed between ebonite 
blocks, to which the stress is applied. The quadrants of an electro- 
meter being then connected to the tinfoils, the production of charge 
can be readily investigated. 

It was found that the amount of charge produced at each end of a 
block of tourmaline is proportional to the total force applied to the 
bleck and not to the pressure, and that the amounts of positive and 
negative charge are equal. ' 

The charges produced in this way were used at a later date for 


the measurement of ionisation current (p. 499) by a compensation _ 
method. 


b 


1 Hankel, Pogg. Ann., Bd. 49, 50, 58, and 56. 
* J. and P. Curie, Comptes Rendus, 92, p. 186. 1881, 


CHAPTER IX 
ELECTROMAGNETICS 


We will now return to the consideration of Ampére’s theorem given on 
p. 52, that an electric current is equivalent to a magnetic shell whose 
boundary coincides with the current. By a series of experiments, 
Ampére showed that the magnetic effect at distant points produced by 
a current, might in all cases be explained by the employment of a 
magnet or system of magnets, whose polar faces are ‘bounded by the 
current. Thus a solenoidal current is equivalent to a bar magnet 
whose ends coincide with the faces of the solenoid, and a wire bent 
into a circle, when carrying current, is equivalent to a circular magnetic 
sheet or shell, whose polarity is N on one side and S on the other, the 
side whose polarity is N depending on the direction of the current. 
An inspection of Fig. 44 will make it clear which is the N side of 
the sheet. The following rule will be of assistance. 

Imagine the conductor to be placed in the palm of the right hand and 
the fingers closed upon it, the thumb being outstretched ; then if the thumb 
indicates the direction of the current, the fingers indicate the direction of 
the magnetic field. 

It then follows that if we look upon the N side of a magnetic 
shell, the current flows in an anti-clockwise direction as seen by the 
observer. 

If the coil have a number of turns, as in the case of a solenoid, the 
turns being approximately circles, each turn has its 
equivalent shell, and within the solenoid the N polar 
face of one shell coincides with the S polar face of the o 
next, and the external effect of these inner shells is 
zero, but the N at one end of the solenoid, and the 8 
at the other, produce a field similar to that of a 
uniformly magnetised circular bar magnet. a 

Strength of Magnetic Shell—The magnetic moment 
per unit area of shell is called the strength of the shell. 

Thus if o be the strength of the shell, and a ‘its area, Fia. 220, 
total magnetic moment of shell = ac. Further, we 
will define the electromagnetic O.G.S. unit of current as one which pro- 
duces the same magnetic field at external points as a magnetic shell of 
unit strength whose boundary coincides with the current. . 

Q 
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It is not necessary to define either the thickness of the shell or the 
amount of pole per unit area of face, as the magnetic moment of unit 
area of the shell is equal to the product of these two quantities; the 
shell is usually considered to be indefinitely thin. 

When the current circuit is of very small dimensions, the equivalent 
shell becomes a small magnet and the magnetic potential and field at 
any point due to it may be calculated as on p. 14. 


Thus V = = and H = ——-; but whatever the dimensions 


of the circuit, the method may be extended to give the same quantities, 
For the circuit ABCD (Fig. 221) may 
be divided up into a number of meshes 
by a network of conductors. If now 
in each mesh a current of strength 
equal to that in ABCD be considered 
to flow in the same direction, the side 
of each mesh not situated at the 
boundary will have equal and opposite 
currents flowing in it, and the total 
currents in the meshes are therefore 
zero, except at the boundary, where the 
resultant of the currents in the ele- 
Fie. 221, ments is the current in ABCD. Since 
; each mesh may be replaced by the 
equivalent element of a magnetic shelliof strength equal to the current, 
the whole shell thus formed is equivalent to the current ABCD. 
The magnetic potential at P (Fig. 222) due to a small element a of 


. ao cos 6 
the shell is 2 , Where ao is the magnetic moment of the element, 


a cos 6 
ye 


we dw = 


Hence the potential at P due to this element may be written— 


dV = cdo. 


And the potential at P due to the whole shell is, | aV = | du, 
but o being constant— 


Potential at P = o | dw = oQ, 


where Q is the solid angle subtended by the whole shell at P. 


SOR 


rin YY 
+ 


_ area of slice ACB 
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It follows that the potential at any point due to a shell depends 
only upon the strength of the shell and the solid angle subtended by it 
at the point, and this is independent of any variation in the shape of 
thé shell, provided that its boundary is fixed. Thus for an infinite 
plane shell, the potential at neighbouring points is 2r.o¢, and for a 
hemispherical shell the potential at the centre is also 2a.c, since in 
each case the solid angle subtended at P (Fig. 223) by the shell is 27. 


du 


Fie. 222, Fig. 223. 


Circular Current.—If a current of strength 7 absolute units flow ina 
circle, we can replace it by a circular magnetic sheet of strength o = i, 

Let AB (Fig. 224) be a side view of the circle; then to find the 
magnetic potential at a point O on 
the axis, all that is necessary is to 
find the solid angle subtended by 
the circle at O. To do this draw a 
sphere with centre O, such that the 
circle lies upon the sphere.” Then 
3 =Q, where Q is 
the solid angle required. Now it 
may be shown geometrically that the 
area of a slice of a sphere lying be- 
tween two parallel planes is equal 
to the area of the circumscribing Fig. 224, 
cylinder between the planes, and 
whose axis is perpendicular to these planes. The area of the slice 
ACB is therefore 2arh, where h = r — x, % being the distance of O from — 
the plane of the circle. 


ae O. = 


Qarh _ Ith _ In(r — &) 
“weer ey r 
im 


7 


= 2 
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But, magnetic potential V = oQ = 10 ; 


. V = 20 (1 - =) 


Noting that 7° = 2 + a’, we have— 


. av 
V= aif 1 = aia 


By symmetry we see that the magnetic field due to the circular 


dV 
current is directed along the axis, and its value is therefore — da (808 
Geo). 


os A= — Al = — 27 £ {1 = x(x? + a®)-#} 
= Qari § —4.%. 2au(x? + a?)-? + (a? + i 
Qra*t 
~(@ + @)F 


For a point at the centre of the circle, = 0, and then H = = 
which is in accordance with the result derived from the law on p. 53. 

Solenoidal Current.—When the current is flowing in a cylindrical 
sheet, its direction being everywhere perpendicular to the axis, it is 
. said to be solenoidal, and the 
strength of magnetic field inside 
it may be found from the above 
relation. This condition is very 
nearly fulfilled by a current flow- 
ing in a wire closely wound upon 
a cylinder, when the thickness of 
the wire is small compared with 
the radius of the cylinder. 

If i be the current ‘per unit 
length of the solenoid, ida is that 
in a thin section of length dx 
(Fig. 225, i). The strength of 

33 
field at P due to this is rae 
where a is the distance of the plane of the circle from P. But, 
from the enlarged diagram (Fig. 225, ii.) we see that rd@ = da . sin 6, 


r. dao 
~ sin 6° 
Qra*t . rd 


Fie. 225, 


eae Fr 


And field due to section = 


cen i a ini 
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Remembering that =sin 6, and 2+a’=r, we write the 
expression in the form— 
; 2ria’r.d§  2ia® . dé 
Psind ~ sin 8 
= 27rit.sin 6.d6. 


0: 
And for the whole solenoid, H = 271 : sin 6.d0 
41 


= 2xil cos 6| 


a 
92 


where 6, and 6, are the values of 6 at the ends of the solenoid. 

If the solenoid consists of wire of n turns per centimetre length, 
the current in each turn being 7, 
4 


bs 2rnil cos 6| = 2mnil cos 6, — cos @,|. 

99 

When the length of the solenoid is infinite, 6, = 0, and 6, =z, and 
therefore— 


ig) —— 4rnt. 


Work done in carrying a Magnetic Pole round a Current.— 
Remembering that the difference in magnetic potential between two 
points is the work done in carrying a unit N pole from one point to 
the other, and that it is independent of the path along which the pole 
is carried, we may prove one of the most important laws connecting 
electric and magnetic quantities. 

Consider two points P, and P, very close to, but on opposite sides 
of, the magnetic shell AB (Tig. 226) of which the N 
polar face is towards P,. The magnetic potential at P, 
due to the shell is +o/x (solid angle AP,B), the solid 
angle AP,B being shown by the dotted arc in the figure. 
Similarly the magnetic potential at P,is — o x (solid 
angle AP.B) 


Difference of potential between P, and P, 
= {o (solid angle AP,B)}—{—c (solid angle AP,B} 
= o(solid angle AP,B + solid angle AP,B) 


As the points P, and P, approach each other, the 
sum of the solid angles AP,B and AP,B becomes more Fig. 226. 
and more nearly equal to the solid angle subtended by 
the whole of space surrounding a point, that is to 47, and since the 
magnetic shell may be considered to be indefinitely thin, the points 
P, and P, may approach each other until their distance apart is infi- 
nitesimal, and still they are on opposite sides of the shell. Hence the 
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difference of magnetic potential between two points P, and P, on 
opposite sides of, and very close to, a magnetic shell is 470, which is 
then the work done in carrying unit pole from P, to P, by any path, 
provided that the path does not intersect the shell. On passing 
through the shell from P, to P,, the direction of the force on the unit 
pole is reversed, and if the work were calculated it would be found 
to be equal and opposite to that for the external path from P, to P,. 
It is not necessary to perform this calculation, because the potential 
at a point such as P,, due to any distribution of magnetisation, can 
only have one value, so that the total work for a closed path is zero; 
otherwise useful work might be done by allowing a pole to circulate 
round a closed path, without any corresponding loss of energy in the 
system, and this is contrary to experience. 

If, however, the shell be replaced by its equivalent current (o = ¢) 
flowing round the boundary of the shell AB, the work for the external 
path from P, to P, is 47a, or 47i, as in the case of the shell, but now the 
work required to complete the path in going from P, to P, may be made 
as small as we please by taking P, and P, sufficiently close together, there 
being in this case no magnetic material to traverse. A closed path 


, such as we have described is necessarily linked once with the current, 


and thus the work done in carrying a unit pole round a closed path 
linked once with a current i is 4mi, and the magnetic potential at any 
point in the neighbourhood of a current may be considered to have a 
number of potentials whose values differ by multiples of 477. The 
potential due to a current is therefore multi-valued. There is, in this, 
no contradiction to the principle of the conservation of energy, for the 
current is not a statical phenomenon ; it has to be maintained by the 
continuous expenditure of energy in the battery. When the magnetic 
pole is carried round the circuit, its field cuts the circuit during the 
process and produces current which, if in the opposite direction to the 
principal current, will cause a temporary lessening of the rate of 
expenditure of energy in the battery; if in the other direction, an 
increase in its rate. In either case we can trace the source, or the 
mode of disposal, of the energy corresponding to the work done in 
carrying the pole round the path linked with the current, to the change 
in the amount of chemical action occurring in the battery. After the 
completion of the path, the circuit is not in the same condition as at 
the start. 
Line Integral of Magnetic Field—The work done in carrying a 
unit pole along any path from one 
a point to another is called the line inte- 
) H gral of the field between the points, 
kph es If the strength of field at any point 
of the path be H, and @ its inclination 
Fia. 227. to the path, the component of the 
? force on the pole, acting along the path 
is H cos 6, and the work done in skier along i infinitesimal 


~ 
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_ from the wire, we may draw a circle through P 


length of the path dr is H cos 6dr. Thus the work done in carrying 
B 
the unit pole from A to B is | , Hoos 6dr. This is the line integral 


| of the field along the path from A to B. 


If the field fins everywhere the direction of the path, the line 
integral becomes Hdr. 
: A 


We may now give our electromagnetic law the mathematical form— 


[xB cos 6.dr= 477i. 
0 


where the symbol | means that we take the line integral round a 
0 
closed path. If the path is not linked with any current— 
[= cos 9.dr = 0. 
) 


The line integral of a field round a path enclosing unit area is 
sometimes called the Curl of the field, so that our relation would then 


_ be written— 


Curl H = 47 (current density) 


_ Magnetic Field due to Straight Current.—The strength of mag- 
netic field in several simple cases, may easily be calculated from the 
above law. 

We have seen that the magnetic field due to 
an infinitely long straight wire carrying current 
is everywhere at right angles to the wire. If, 
therefore, we require the strength of magnetic 
field at a point P (Fig. 228), at a distance r 


having its centre on the wire. On carrying a 
unit pole round this circle, the field H is every- 
where in the same direction as the path, and, by 
symmetry, it is constant. 

Therefore, line integral of field = 27r.H, 
and, from the above law, this is equal to 477. 


.. 2rrH = Ari, Fia. 228, 
Qi 


and, =— 
r 


Tf the thickness of the wire be taken into account, so that-its form 
ey 4 
is that of a solid cylinder, the field outside it is —, at a distance r 


from the axis, but that inside it will be different. For let r, be the 
distance from the axis of a point inside the wire, and let i, be the 
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current density, that is the current flowing through unit area of cross- 
section of the wire. This is uniform over the whole section when the 


_ current is steady, and therefore the total current within the cylinder 


| 
| 
| 


of radius r, is arf, The 
field at distance r, due to 
this current is 
2(ary"t . ryt 
a Se eh I = 
where 7 is the whole current 
art; 

This is the actual strength 
of field, since the current in 
the cylindrical shell lying out- 
side the point, does not pro- 

/ duce any field within it, the 
circular path inside not en- 
closing any of this current. 

Thus the field due to a cur- 
rent in a cylinder is greatest 
at the surface of the cylinder, 


2 
its value being there = and it 


falls off as we pass either outwards or inwards, being zero at the axis. 
The distribution of the magnetic lines of force is shown in Fig. 229, 
the values of H being marked upon the circles when that at the surface 
of the conductor is taken to be 2°0 C.G.8. units. 

Magnetic Field due to Solenoid.—For a solenoid in the form of a 
ring, frequently called an endless solenoid, the line integral of the 
field round the axis of the solenoid (Fig. 230) is 2arH. If, then, 
there are n turns of wire per centi- 
metre length of solenoid, there are in 
all 2xrn turns, and the circular path 
of radius ris linked 2z7rn times with 
the current. If, then, i be the current 
in each turn, the effective current 
linked with the path is 2arni, and it 
follows from the law given on p. 230, 
that 


2arrH = 42(2zrni), 
o. H = 4rnt. 

Fig. 230, It will be noticed that r will vary 

: slightly. according to whether the 

path is near the inner or the outer surface of. the solenoid, and 

therefore the field is not quite uniform ; but when the thickness of the 

solenoid is small compared with its radius, this departure from 
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uniformity of field is negligible, and if r be infinite, the solenoid is a 
straight one, and the field inside it is uniform, its value being 4ni. 
This is in agreement with the result obtained on p. 229. 4 

‘Magnetic Permeability—There is a close mathematical analogy 
. between magnetic fields and statical electric fields, due to the similarity 
in the laws of force between magnetic poles and that between electric 
charges. In the magnetic, as in the electrical case, the force depends 
upon the medium in which the poles are situated. It is convenient to 
determine the unit of magnetic pole from the force between poles 
situated tn vacuo, and this is practically the same as for air; but there 
are many media for which the force between the poles differs greatly 
from that between the same poles situated in air or in vacuo. We 
must, therefore, rewrite our force equation in the form— 


MyM. 
Force = Z a 


where is a quantity depending upon the medium in which the poles 
are situated. It is called the magnetic permeability of the medium, for 
a reason to be given later. 

On p. 3 we saw that the strength of field due to a pole of strength 


m at a distance r is a but we now see that when the medium filling 


the space has permeability yp, field strength H = 
Again, the magnetic potential due to any distribution of poles is 


changed from V to — when the medium is changed from air to one of 


permeability ~; in fact, the magnetic equations are modified by the 
quantity » in exactly the same way as we saw in Chapter V. the 
equations for a statical electric field to be modified by the dielectric 
constant. &; but this difference should be noted, that whereas k is 
constant for any given medium, » is by no means constant ; its complex 
_ variations will be studied in Chapter X. Still » has a definite value 
under all circumstances, defined by the equation F = a although 
this value may vary at different times and under different conditions. 
Magnetic Induction.—The quantity »H cos 6. ds is defined as the 
normal magnetic induction or magnetic fluw over the surface ds, 
where @ is the angle between H and the normal to ds; and Gauss’s 
Law in the magnetic case may be proved exactly as on p. 125 for 
the electrical case. Thus the total normal magnetic induction over a 
closed surface is equal to 47 times the amount of pole within it ; and 


ee cos 6. ds = 473m. 


It follows as on p. 128, that the strength of magnetic field due to 
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a plane polar sheet is 270), where o, is the amount of pole per unit 
area of the sheet, ; > 
We give a special name to the quantity »H; it is, the Magnetic 
Induction (B) and is analogous to N in the electrical case (p. 130), 
thus— 
N= ky; B= pH; 


and the magnetic field may be mapped out by means of tubes of 
induction, whose characteristic property is that BS 
is constant for any tube. Thus in Fig. 231, if H,, 
H, and 11, #2 are the values of H and yp at the sec- 
tions of the tube of induction having areas 8, and 
8,, the normal induction over the sides of the tube 
is zero, their direction being everywhere that of 
the field, we have from Gauss’s law when there is 
no pole within the tube— 


pr HS, = P2HS, 
or, B.S; = BS, 


Fig, 231. Similarly the amount of energy per unit volume 
of the medium is— 


oe = Sap => Se (see p. 131). 


Boundary Conditions.—Following the analogy we see, as on p. 140, 
that the boundary conditions that must be satisfied at the surface of 
separation of two media of different magnetic permeabilities are— 

(i) The tangential components of the field are the same in both 
media ; 

i.e, rh = Hy 

and (ii) The normal components of the magnetic induction are the 

same in the two media ; . 


1.€. B, = B, or, wi, = pH, 

Thus for a line of induction which crosses 
the boundary we have (Fig. 232)— 
and from (ii) pH, cos 6, = pH, cos 4. 


Dividing one equation by the other, we 
have—- 


tan 6, fh 
Fig. 232, tan 6, — pa" 


The problem of a sphere of permeability y. situated in a medium 
of permeability ,,, the original field H being uniform, is exactly 


b 
f 
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analogous to that for the dielectric sphere in an electrical field E 
(pp. 142 to 144), and the argument may be repeated, replacing E by 
m k, and k, by w, and pz The resultant field H, inside the sphere is 
_ thus 


3 
H, = —"_4f (p. 143). 


Fig. 153 may illustrate the case in which p, > p,, as in the case of 
the magnetic metals, iron, nickel, and cobalt, situated in air; these 
substances are said to be ferromagnetic. In Fig. 154, uw, > po, a 
condition which is fulfilled for some substances in air, in which case 
the substance is said to be diamagnetic. The most diamagnetic 
substance is bismuth, for which » = 0-99997. 

Magnetic Shielding.—The tendency of the magnetic tubes of 
induction to concentrate upon places of high permeability explains the 
use of hollow iron spheres and cylinders to reduce the magnetic field 
in the spaces within them. It is sometimes desirable to protect 
a suspended-needle galvanometer from magnetic disturbances, and 
although this can never -be completely effected, the disturbing field 
may be very much reduced by surrounding the instrument by massive 
iron shields. The calculation of the change in field produced is beyond 
‘the scope of our present work, but the results for a sphere and a 
cylinder are of use. They have been given by du Bois,’ 

The field inside a hollow sphere is— 


Bison wr 2s 
145-913) 


where H is the external field, » the permeability, and r and R the 
internal and external radii. For a cylinder with axis at right angles 
to the field it is— 

H 


9 


; 1 7 
1 G@—D(1—F 4 


Force on Magnetic Body in Uniform Field.—We saw on p. 139 
that a body of dielectric constant greater than that of the surrounding 
medium situated in an electric field that is not uniform, tends to move 
towards the stronger parts of the field, and the same consideration 
would lead us to a like conclusion in the case of a paramagnetic or 
ferromagnetic body. Since the force on small bodies has been used for 
measuring their magnetic properties, we will calculate the force on 
such bodies. 

Let the body consist of two poles of strength m, the magnetic 
potential at the respective poles being V, and V;. 


1 H. du Bois, Electrician, 40, p. 317. 1898, 
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Then potential energy of body = m(Vn — Vs), 


being the work done in bringing the body from infinity to the point, 
and if the distance between the poles be ds— 


P Vn = Vs 
potential energy = mds . —~7-—— 


dV 
‘ds? 


when ds becomes sufficiently small, and M is the magnetic moment of 


the body. Further, 5 = —H, and M =ol, where /v is the volume 


of the body and I the intensity of magnetisation ( seé p. 267). 
.. potential energy = —vlH., 


Now the work done during a small displacement of the body is the 
difference in the potential energy before and after the displacement, 
and it is also equal to the product of the force F in the direction of 
the displacement and ds the amount of displacement. 

.. Eds = d(—vIH), 


or, F= —vl nish 
In the case of a sphere of susceptibility &, placed in a field of 
strength H, we shall see on p. 269 that— 


kH 


vk HdH 

~ lhiek ae 
v k dH2 
~ 9/4 ek cae 


oh 


Hence when the field is uniform H? is constant, and there is no 
force on the body, and further, the direction of the greatest value of F 
is that in which H® varies most rapidly ; again when & is negative, or 
is less than that of the surrounding medium, the direction of F is - 
reversed. Since paramagnetic bodies tend to move from the weaker 
to the stronger parts of the field, diamagnetic bodies tend to move 
towards the weaker parts of the field. 

Equivalence of Current and Magnetic Shell in any Medium.—The 
work done in carrying a unit magnetic pole round a closed path linked 
with a current is independent of the presence of any distribution of 
magnets there may be, since the work done in traversing the closed 
path, and due to any magnets in the neighbourhood, we have seen to 
be zero (p. 230). It follows that if there are magnets or magnetic 
material in the neighbourhood of the current, they will not change the 


_ #,, differing from unity, the magnetic field is everywhere the same as | 


CF CAEP TO, 
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amount of work done in carrying a unit magnetic pole round the closed 
path, which is therefore always 477. ) 
If then, the whole of space is filled with a medium of permeability f 


when the permeability was unity, and the work done by our unit pole 
in its circuital path is still 4ai. If the space be partly filled with 
magnetic material the work is still 477, but owing to the presence of 
free poles ab the boundary of the magnetic material, the field will be 
increased at some points and diminished at others, a fact which will be 
seen in dealing with the demagnetising effect in the interior of a mass 
of iron in a magnetic field (p. 269). - 

We must modify our conception of the equivalent magnetic shell 
for a given current circuit to bring it into accordance with these ideas. 
For we see that on filling space with a material of permeability ~}the 
field everywhere due to the current is unchanged, but that due to = 


magnetic shell is reduced to u of its previous value (p. 233). Hence 


if the shell is still to be equivalent to the current we must increase its 
strength » times, and we may then say that in a medium whose 
permeability is everywhere , the current is equivalent to a magnetic 
shell of strength o; where o = pt. - mormen€ fa unl moe 

Force on Current in Magnetic Field.—The equivalence of a current 
and a magnetic shell leads us to the conclusion that a conductor in 
which an electric current is flow- 
ing will experience a force when 
situated in a magnetic field; in 
fact, it was by a series of experi- 
ments in which the forces on 
circuits carrying current were 
produced by magnets, that Am- 
pere established the equivalence 
of a current and a magnetic shell. 
The direction and magnitude of 
the force may be found as fol- 
lows. 

Consider the circuit ABC, in 
which current i is flowing, to be © 
displaced always parallel to itself Fig. 283. 
through distance da, so. that its 
new position is A’'B'C’ (Fig. 233). Owing to the presence of a N pole of 
strength m, situated at N, work is done when the displacement occurs, 
and the potential energy of the system consisting of the pole and the 
current is changed, on moving the circuit from the first to the second 
position, by an amount equal to the work done in displacing the 

ircuit. 
ae Let Fds be the force on element ds of the conductor, acting in the 
direction of the displacement, F' being the force per unit length at this 
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part of the circuit. Then Fds.da is the work done on the element 
ds during the displacement. And for the whole circuit 
work done during displacement = =Fds . dz. 
The area swept out by the element ds is that of the figure efgh = 
ds.da.sin @; and the solid angle subtended by this at the point N is— 
(area efgh) sin 0 _ ds.du.sin }.sin 6 
r ¥] 7? ; 
where 6 is the angle between the line joining N to e/gh, and the plane 
of efgh; and therefore the solid angle subtended at N by the whole 
curved surface ABCC’B’A’ is— 
ds.dx.sin ¢ sin 8 
r? . 
Now if the solid angles subtended by the circuits ABC and A'B'C’ 
at N be respectively © and Q’, 
Q — Q’ = solid angle subtended by ABCC'B'A’ 
ee sme. sin ¢ sin 0 
edb peemagernrt TNR 1k, 


But change of potential at N produced by the displacement of the 
circuit (p. 226) 


= 


. ° . ds. . i i 
Zeger ease dx wat taal 


The change in potential measures the difference in the amounts of 
work required to bring unit pole from infinity to N, when the circuit 
is at ABC and A'B'C’ respectively, and is therefore the change in 
potential energy of the system for the given displacement when the 
pole has unit strength. But since the pole has strength m, this change 
in potential energy is— 
ds.dx.sin @ sin 0 

r 5] 
ds.dx.sin d sin 6 
Ft, 


= m> 
cS ia aes 


And for this equation to be satisfied— 


mi sin ¢ sin 0 
r 


The greatest value of this for a given value of 6 occurs when ¢ = 
90°, that is, the force is greatest in a direction at right angles to that 
; : mi sin 6 
of the current, in which case F = So and for an element ds— 


F= 


m= w eenayabie OTN UG “mM ee yr waned Kass Ur SE ewan chan = i rit sim 
as “ Carney current v 
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mi.ds sin 6 : 
Force = ——_,—_,, 


a 
and further, for a given displacement in any direction the work done, _ 
_ and therefore the force on the element, is greatest when the solid — 
angle subtended by the circuit is changed most for that displacement, a 
and this is greatest when it is at right angles to r, which is the 
direction of the magnetic field due to N. The resultant force on the 
element is therefore always at right angles to the magnetic field, and 
we have seen that it is at right angles to the element ds, and hence it 
is at right angles to the plane containing the element of the current 
and the direttion of the magnetic field. 
We see from Fig, 233 that in this case 0 is the angle between the 
current and the field, and therefore the force per unit length of 
conductor is aes But A is the.strength of magnetic field H due 


to the pole, and p2(= =) is the induction-B due to it. 


.. Force per unit length of conductor = Bi sin @, and is at right 
angles to B and toi, The force is H i sin 6 when »p = 1. 

It will be seen in Fig. 234 that the directions of the quantities 7, H, 
and F are related to each other as in Fig. 233, which may be remembered 


H 


/ (Current)\ | 
Fra. 234, Fic, 235. = 


by Fleming’s Left Hand Rule. If the thumb, fore, and middle fingers 
of the left hand are extended so that they are mutually at right angles, 
and the mIddle finger point in the direction of the current (I), the 
Fore finger in the direction of the magnetic Field, then the thuMb 
points in the direction of Motion when the circuit moves owing to the 
action of the field, ve oe 
n - ate ree, rhe 4 arkrow rretlien [Oru G equal 
rn, { (eo Nwesae Se wisflly +: b H 4 ‘i / 


ord Ounie s bia L S a 
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The same conclusion regarding the direction of the force experi- 
enced by a current situated in a magnetic field may be reached by 
considering the magnetic lines of force of the resultant field. Those of 
the original magnetic field are parallel straight lines and those due to 
the linear current are circles. The magnetic lines for the current and 
field combined are shown in Fig. 235, when the current flows down- 
wards through the plane of the paper. The lateral pressures between 
the tubes of force above the wire where they are crowded together is 
greater than below it, and the result will be that the wire experiences 
a force which is directed downwards in the diagram, it will be seen 
that this is the direction previously found for it. 

Suspended Coil—We can thus explain the use of a suspended coil 
for galvanometric purposes; for a rectangular coil carrying current 
experiences a couple when suspended in a 
magnetic field. The rectangular coil abed 
(Fig. 236 i) may be considered to be the 
suspended coil of a galvanometer. Then the 
force per unit length of ab and de is Hi, and 
the total force Hi(ab), the direction of the 
forces being shown in the plan (Fig, 236 ii). 
These give rise to a couple Hi(ab)(ed) tending 
to twist the coil into the position in which its 
normal has the same direction as the field. 


Couple = Hi(ab)(ed) = Hi(ab)(ad) sin 6 
= Hi A si 


= sin 6, 


where A = ab x ad, the area of the coil. The 
sides ad and be do not contribute anything to 
the couple, since the forces on them are verti- 
cal, that on ad being vertically upwards and 
that on be vertically downwards. 
Fic, 236. The couple HiA sin 6 might have been ~ 
: derived directly by replacing the circuit by its 
equivalent magnet shell, whose magnetic moment is 7A, and is in the 
direction of the normal to the coil. The couple on this is HiA sin 0. 
_Hf the uniform field H be due to a permanent magnet, and the 
coil be suspended by a metallic wire which exerts a controlling couple 
c6’, where 6’ is the angle between the plane of the deflected coil and 
the field, equilibrium is attained when— 


co’ == HiA cos @’, 
puree ay 
"~~ HA ‘cos @” 


or, 


_ The instrument is very much simplified by employing a radial field, 
in which case the vertical sides of the coil seen at a and d in Fig. 237, 
experience forces Hil always at right angles to the plane of the coil, 
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where 1 is the length of the vertical side. The deflecting couple is 
Hil(ad) = HiA. 
The coil therefore comes to rest when— 


cf = HiA, 
c 
= i= ae 
and the current is directly proportional to the deflection. 

The radial field has the advantage that the couple due to the 
current does not depend on the position of the coil, whereas in uniform 
field it varies as the sine of the angle between the field and the normal 
to the coil. 

Effect of Current on Current.—From Ampére’s law of the equiva- 
lence of a current circuit to a magnetic shell, we should expect that 
forces would exist between two circuits carrying current. Such effects 
may easily be produced, and their magnitudes may be calculated from 
the forces between the equivalent shells. Thus, for two circular 
currents mutually at right angles (Fig. 238) where AB is a large circle 


Fig, 237. Fig. 238, Fia, 239. 
and CD asmall one, we have seen (p. 228) that the field at the centre of 
AB is als where a is the radius and 7, the current ; the magnetic 


moment of the small coil is ai, where a is its area and @, the current in 
Qrijiea 


it. Hence CD will experience a couple 


Qratte . 
i} 


plane into that of AB when the two are at right angles, or n6 


when the planes of the two coils are inclined to each other at an 


angle 0. Dy gh a : 
Again, the long straight current 7, (Fig. 239) produces a magnetic 


field 2h at a distance r from it, and a second straight current i 
r 
R 


A ‘ 


tending to twist its * 


A 
Hal oe 


= 
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parallel to the first will experience a force Hi or —— per unit 
length, and it will be seen that 

when the currents are in the 

same direction the force urges 

i, towards t,; when the cur- 

rents are in opposite direc- 


tions the force drives i, away 
(@) © from 7,. In each case an 
equal and opposite force acts 


on each unit length of 7,, and 
we see that currents in the 
same direction attract each 
other ; those in opposite direc- 
tions repel each other. 
Fic. 240, On drawing the magnetic 
: lines of force due to the two 
parallel wires we come to the same conclusions. When the currents are 
in the same direction (Fig. 240) the two wires are surrounded by lines 
or tubes of force, which, by their contraction, would urge the wires 


Fic. 241, 


together. When the currents are in opposite directions (Fig. 241), 
there are no tubes of force surrounding both wires, and since they are 
more crowded in the space between the wires than in that outside, the 
Jateral pressures of the tubes will urge the wires apart. 

Coaxial Coils.—(i) For two circular coaxial coils of very nearly the 
same radius, situated a small distance apart, the force on each unit of 


Q 
“2 (Fig. 242) in the direction ab. ‘The com- 


length of either coil is ; 


’) a 
NY aT 
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ponent of this, normal to the axis, taken all round the coils, will, 
by symmetry, vanish, but the component parallel to the axis is— 

i,t, 2tyto . : 

= . = = [abr for unit length, 

and for the whole circle, since total length is 27r,, r, being very nearly 
equal to r,— . 
2t,t..%. 2arr, 
(t2— 7)? +a? 
_ _ Amir, . @ 


Ate 1) 


Force = 


- 


rae 

: ' 

- a” 7 
oS M——————_0 
bei x 
—S—____ OO 
€ 1 ‘ 
Fig. 242, 

This is zero when « = 0, i.e. when the coils are in the same plane, 
and its. eae occurs when ea is a maximum, putting A’ in 
place of (7, — 17,)?. 

N e( % (A? + 27) — 2a? A?— 2? 

ow, da\ A? + >) ee (os a) 
ad? 
Putting this equal to zero we have A? = 2. On obtaining rd ae) 


and substituting A? for a the result is negative, and therefore A? = 2? 
or (rz — 7;)° = a corresponds toa maximum. The force between the 
coils is therefore a maximum when «=7r,—7,, and its value is 
then— 


rity ies 
%%)— 7; 
When the coil 7, is so small that the 
variation of the field over its surface, 
due to the coil r,, is negligible, let H be B ; . 
the field due tor, (Fig. 243), Thenifthe 9———2—-+___-___o 
magnetic shell due to r, have thickness Fic. 243. 


dx, and pole strength m per unit of area— 
force on under face = H.m. zr’, 


dH 
field at upper face = H + ae dx, 


dH 
and, force on upper face = (a of ee dem eit 
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The resultant force on the small coil is the difference of the forces on 
the upper and lower faces, that is— 
dH 
“da * 


But m.dz is the magnetic moment of unit area of the shell ; that is, 
the strength o of the shell. 


.da.m. ar,’ 


2 
se = 7r, .d. 
force 1 ee 


But o = ,, the current in 7. 


, at 
-, force = mr, . ia 


Now on p. 228 we showed that— 


Qazi, 
H= e+ ai | 
dH 6ar210 
m = ~ (re? re a’) ) 
*, force = Gar tana 


(ry + a )t 

This is evidently zero when # = 0, and by differentiating it again 
we may show that it is a maximum when # = 2 

Kelvin’s Ampere Balance.—Although the forces between current 
circuits cannot in general be calculated by simple means, it follows 
from the equivalence of the circuits with magnetic shells, that the 
forces between them are always proportional ‘to the product of the 

current strengths. 

In the case of Kelvin’s ampere balance, the forces between parallel 
circular coils are balanced against 
a gravitational force. The “value 
of the current cannot be deter- 
mined in absolute measure from 
the force and the dimensions of the 
coils, so that it is necessary to 
calibrate the instrument by means 
of a silver voltameter. The four 


A B 


1 Ole” D C coils, A, B, C, D (Fig. 244), are 


Hig. 244, fixed, ind the two, E and F, are 

attached to the moveable arm 

which also carries a horizontal scale on which the weight W slides. 
The coils are all connected in series in such a way that when the 
current flows, the forces between A and E, D and E, urge E down- 
wards ; similarly F is urged upwards. The moveable arm is suspended 


0 tt I ti ee 
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by the conducting wires which bring the current to E and F, and the 
centre of gravity of the arm can be adjusted by means of a metal flag 
until, when there is no current, the arm is horizontal when the sliding 
weight W is on the zero mark. The couple due te the current can 
then be balanced by sliding W to the right along the arm, the couple 
being proportional to the displacement of the weight. Since the force 
_ between any pair of coils is proportional to the current in each, the 
downward force on E and the upward force on F are each proportional 


IN 


———————— 


CG 
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to the square of the current in the instrument, and the couple is there- 
fore proportional to 7. 

Thus if d is the displacement of W required to restore equilibrium 
on passing the current— ; 
Pad 


or, t= kv d. 


The constant & is determined when the instrument is calibrated, 
and a fixed scale is also attached which is marked directly in amperes. 

There are several weights supplied with the instrument to alter 
the range, and for each weight a corresponding counterpoise also 
supplied must be placed in the tray at the end of the beam. 

The general appearance of the instrument is shown in Fig. 245. 

Kelvin Watt-Balance.—The watt-balance is similar in design to 
the ampere balance, but the moveable coils E and F (Fig. 246) have high 
resistance and are not connected in series with the fixed coils, If the 
power absorbed in say a lamp L is required, the current in the lamp is 
caused to flow through the fixed coils A, B, C, and D in series. The 
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moveable coils E and F are connected through a high resistance R, 
(to make the resistance up to in some cases 1000 ohins) to the points 
MN between which the power is being absorbed, ‘Then if the current 
in the lamp is I amperes, this is also the current in the fixed coils, and 


Fig, 246, 


if the difference of potential between M and N is E volts, the current 
in the moveable coils is R R being their resistance together with Ru 
The force between each pair of coils B-E, E-C,.etc., being pro- 
portional to the current in each, is proportional to a and the couple 


acting on the beam, due to these forces being balanced as before 
by the displacement d of the weight, we have— 


TE 

RX d, 
or, since R is constant, 

IE = kd. 


But IE is the power in watts absorbed in the lamp, and this is 
consequently proportional to the displacement of the moveable weight 
required to maintain equilibrium. The constant k is determined by 
finding the displacement d for a known power, as measured by a 
standard ammeter and voltmeter, and the scale is usually graduated 
directly in watts. The adjustments are carried out as in the case of 
the current balance, and several weights are supplied to enable the 
range of the instrument to be varied. 

Siemens’ Electro-Dynamometer.—Two coils, ABCD and acbd, are 
situated at right angles to each other, and when the instrument is used 
as an ammeter the coils areconnected in series. With the connections 
as shown in Fig. 247, there is an attraction between AB and ab and 
also between CD and cd, the currents being in the same direction ; but 
between AB and cd, and likewise between ab and CD, there are repul- 
sions, and it will be noticed that all these forces tend to rotate the 
coil ABCD in the direction marked by the arrows, and further, that 
each of these forces is proportional to ?, ABCD is suspended by a 
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fibre and the light spiral spring S, which is attached to a pointer at 
the torsion head, and exerts a controlling couple, proportional to the 
twist in the spring. A pointer P is attached to the moveable coil 
and serves as anindicator. This is in its equilibrium position for zero 
current. On passing the current, the coil is 
deflected, but is brought back to its zero position 
by rotating the torsion head, the amount of 
twist necessary to be put into the spring to 
effect this being measured by means of the cir- 
cular scale. 
Then, couple « twist (= 6) 
ecias 


Het? CO, on, § =O, oe 


The constant & may be found by observing 0 
for a known current, and the instrument may 
afterwards be used as an ammeter. 

This instrument is sometimes designed for 
use as a wattmeter; the fixed coil having a 
great many turns of fine wire to ensure a high 
resistance. The low resistance coil is then 
placed in series with the circuit, the power Fig. 247. 
absorbed in which it is required to measure, and 
the high resistance coil is placed in parallel acrossit. With this arrange- 


ment, current in series coil is I, and current in shunt coil R? 28 in 


the case of the Kelvin wattmeter (p. 246). 


EI 
.. couple « > « 4, 
«. EL. £6. 


Thus the power absorbed in the circuit is directly proportional to 
the twist in the spring. necessary to maintain the moveable coil in 
equilibrium at its zero position. a : 

Electromagnetic Induction.—While attempting to find out whether 
a steady current produces another in neighbouring circuits, in a 
manner analogous to that in which electric charges are produced by 
the influence of other charges (p. 113), Faraday found that so long 
as the current is steady the result is negative, but on starting the 
current, a transient current in the opposite direction flows in the 
neighbouring circuit. The arrows in Fig. 248 indicate the directions 
of the transient currents in B when that in A is started and stopped. 
Exactly similar effects might be produced in B by advancing towards 
it from the side A, a bar magnet with its S pole facing B. ‘The 
transient current in B is in the direction of that produced on starting 
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the current in A. Similarly on withdrawing the magnet the effect is 
the same as that of stopping the current in A. 

Faraday explained these results by stating that when the total 
magnetic induction linked with a circuit changes, an electromotive 
force acts round the circuit, the direction of the electromotive force 
depending on the sign of the change of magnetic induction. 

The actual value of the electromotive force due to a change in the 
magnetic induction linked with any circuit, may be deduced from our 
knowledge of the force acting on a circuit carrying current in a 
magnetic field, by making use of the principle of the conservation of 


Fia. 248. Fig. 249. 


energy. Consider a piece A,B, of a circuit in which current ¢is flowing 
(Fig. 249), and let H be the magnetic field, making an angle 6 with 
A,B,. Then the force per unit length of A,B, is Hi sin 6 and is in 
the direction F at right angles to H and A,B,. Let A,B, slide upon 
parallel conducting rails in the direction of this force. If length of 
A,B, is 1, work done for displacement da, is— 


Fée = Hil sin 6. dz. 

Now, if e be the electromotive force of the battery maintaining the 
current 7, work done in time dt is eidf, and this is partly used in over- 
coming the resistance r of the circuit, the remainder being employed 
in moving the conductor A,B, Now, work done in overcoming 
resistance is irét, and if there is no other action than these two in the 
circuit, we have by the principle of the conservation of energy— 

eidt = Prdt + Hil sin 0. da, 
HI sin 6. dx 
5 eS ‘ 
r 


e 
or, 1 = 


Thus the electromotive force e of the circuit is opposed by an 
Hi sin 6 . da , 


electromotive force 3 


ee 


ee 
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On referring again to Fig. 249, we see that [3a is the area described 
by the conductor in moving a distance $x, and H sin 6 is the component 
_ of H perpendicular to this. Hence the product (H sin 6)(3x) is the 
2 total normal magnetic induction over the area A,B,B,A, when the 
’ medium is air; when the space has permeability », we must multiply 
‘by this amount, and in the above reasoning H must be replaced by B. 
In any case, calling N the total normal induction over the whole 
circuit, B/ sin 6.8 is the change in this amount (8N ) on account of 
the motion of A,B,, and we therefore see that this motion produces 


~ 


an electromotive force in the circuit... In the limit when 2 is 


ot 
infinitesinal— Sat 


E.M.F. due to change of induction = oe 


The negative sign is taken because the electromotive force always 
opposes that producing the current, when the motion of the circuit is in 
the direction due to the electromagnetic actions themselves. If by some 
external agency the conductor were forced from A,B, to A,B, the 
direction of the induced electromotive force would be the same as e, 

vr 
but N is now diminishing, so that - is again negative. 

Rule I.—The direction of the induced electromotive force is related 
to that of the motion and the magnetic field, in a 
manner illustrated by the three vectors in Fig. 250, Motion 
the positions of which may be remembered by means 


- of Prof. Fleming’s Right Hand Rule. Extend the 


thumb, fore-finger, and middle finger of the Right 
hand until they are mutually at rightangles. Then y/¢,/7) 
if the Fore finger points along the magnetic Field, 
the middle finger along the current, I, the thuMb 
will then point in the direction of Motion. 
Rule Jf—Another simple and useful rule for 
remembering the direction of the current in the I/Current 
whole circuit may be obtained by an inspection of Fie, 250. 
Fig. 248. If the observer look along the magnetic 
_ lines of force towards the circuit, the induced current is anti-clockwise 
when the induction is increasing, and clockwise when it is diminishing. 


If the circuit in Fig. 249 were considered to be flexible so that ,), 
each element were moveable, each part would travel outwards, the aa 
limit of travel being reached when the conductor became circular, in — 


which case it would embrace the maximum amount of induction, and 


hence the rule given by Maxwell, that ihe always tends to move in w# 


that direction which tends. to make the amount of induction through it a 
maximum. ‘This rule is sometimes of great convenience in determining 
the direction of a force acting on a circuit due to a magnetic field. 


« } lis 
Swh I pot Wendin ts 


i 


Re 


WwW at 
iw 


250 ELECTRICITY AND MAGNETISM CHAP. 
Tt should be noted that if the direction of H in Fig. 249 be 


» reversed, the direction of motion is reversed. ‘The circuit, if flexible, 


will then shrink and will eventually turn over and expand in the 
opposite direction, the motion all the time being in a direction towards 
the condition for the embracing of maxi- 
mum magnetic induction by the circuit. 
This may easily be shown by taking a_ 
loop of thin, flexible, rubber-covered 
wire and tying a piece of thread round 


Ss N at a distance of about 10 cms. from 24 
the end of the loop. On hanging it | 
———— 


between the poles of an electromagnet 
Fig, 251. (Fig. 251) the loop will spread out to 

an approximately circular form on pass- 

ing a current of a few amperes round it. If the current be suddenly 
reversed, the loop collapses, and expands in the opposite direction, 
always reaching equilibrium when the current is clockwise, as seen | 
from the N pole of the magnet. } 

Lenz’s Law.—A nother generalisation on the laws of electromagnetic 
induction is due to Lenz,! which states that when a conductor moves 
with respect to a magnetic field, the currents induced in the conductor 
are in such a direction that the reaction between them and the 
magnetic field opposes the motion. 

This law follows at once from the principle of the conservation of 
energy ; for if the forces due to the motion were in any other direction 
the motion would be increased, and it would only be necessary to start 
a conductor moving in a magnetic field and its velocity would 
continually increase, which is contrary to experience. 

We can easily see that Lenz’s law follows from the electromagnetic 
effects that we have already studied. For 
if the magnet and the conducting loop | 
(Fig. 252) approach each other, the in- 
duced current in the loop as seen from. 

a the magnet is anti-clockwise (Rule IL., 
p- 249), since the induction is increasing, 

Hence the equivalent magnetic shell has 

Fia, 252, its N polar side towards the magnet, and 

there is consequently a repulsion between 

them, Their relative motion is thus opposed. If the direction of 
motion is reversed, the effects are all reversed and an attraction 
results, which is again in accordance with Lenz’s law. 

A well-known experiment in which a copper disc is caused to 
rotate underneath a suspended magnet, the magnet then being dragged 
round in the direction of rotation of the disc, is easily explained by the 
electromagnetic effects. For the motion of the conductor in the magnet’s 


1 Lenz, Ann. de Phys., 31, p. 483. 1884. 
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_ field produces currents which tend to prevent the relative motion of 
the magnet and the disc, and the magnet therefore follows the disc. 
This is known as Arago’s disc experiment. 

If the disc were delicately suspended and the magnet caused to 

- rotate, a similar explanation would show that the disc would follow 
the magnet. This is the principle upon which the polyphase induction 

_ motor is founded, a rotating magnetic field produced by alternating 
currents, causing a closed conductor mounted upon an axle, to rotate 
in the direction of rotation of the field (p. 374). 

Use is made of Lenz’s principle in constructing galvanometers 
of a dead-beat type, in which the suspended needle or coil will 
quickly come to rest after being disturbed. With an undamped 
system, the oscillations that occur after every movement, render it 

- exceedingly tedious to measure deflections, or to find the zero position 
in making Wheatstone’s bridge tests. The oscillations are therefore 
damped out by surrounding the needle by a copper enclosure, the 
reaction between the induced currents in the enclosure and the needle 
itself tending to destroy the motion of the needle. 

In the case of the suspended coil instrument a copper ring is 
placed inside the coil, the induced currents in which, as the. coil 
oscillates, quickly bring it to rest. The presence of the ring does not 
in any way disturb the position of equilibrium when making cue 

_of deflections, unless there are magnetic impurities in it, as the 
currents only exist when the ring is moving. 

When unprovided with a damping ring, the suspended coil may 
quickly be brought to rest in its zero position by short-circuiting the 
galvanometer terminals, the induced currents taking place in the 

_ coil itself. 

Circulation of Charge due to Induced Electromotive Force.—In a 
closed circuit, the electromotive force produced by the variation of the 


nye 


magnetic flux linked with the circuit, we have seen to be — dt: The 

: re 5 1 aN 

current due to this being 7, we have 1 = — a? 

‘resistance of the circuit. In the interval of time dé, the amount of 
' charge crossing any section of the circuit is idt = dq, since, 


where r is the 


Eo ag 
i=7 (see p. 121). 
1 dN 
dq=— eT dt, 
Pere 
— ed r e 


Therefore the whole charge q passing any section as the magnetic 
induction linked with the circuit changes from zero to N, is— 
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If the induction N is removed from the circuit, the total charge 


N ; Sb skeet ; 
passing any section is + i The sign indicates the direction in which 


: i N 
the charge passes round the circuit. Its magnitude is in each case aa 


Ballistic Galvanometer—Suspended Magnet Type.—In order to 
measure the quantity of charge g which passes each point in a closed 
circuit, a galvanometer is inserted in the circuit. But the instrument 

must be of a particular type, as it has to inte- 

Qt . grate the quantity idé, in order to give the 

; charge gq. If the suspended needle or coil be 

: free to execute simple harmonic oscillations, 

‘_,Gim then an impulse given to it when at rest in its 

equilibrium position will set it oscillating, and 

Gim ! the amplitude of the oscillation may be taken as 

i a measure of the impulse. The following simple 

‘ theory determines the relation between the quan- 

: tity of charge passing through the coil of the 

©2 galvanometer and the resulting amplitude of 

Fria. 253. oscillation. The method of treatment varies ac- 

cording to the type of instrument. We will 

take the suspended magnet form first. Let the current in the coil 

(Fig. 253) at any instant be i, then the magnetic field at the centre 

of the coil is Gi, where G is the field at the centre for unit current. 

The strength of pole of the suspended magnet being m, the force on it 

is Gim. This, acting for infinitesimal] time dt, gives it an impulse 
Gimdt, and from start to finish of the current, the total impulse is— 


T Hy 
| Cindi = Os | ‘dé 
0 0 


But ‘fs idt = q, the total charge sent round the coil ; 
; | .. Impulse = Ging. 


If half the length of the magnet be J, moment of impulse about 
the centre is Gmql, and for both poles, 2Gmql. 
But 2ml = M, the magnetic moment of the magnet ; 


.. moment of impulse = MGq. 


Consequently this is the angular momentum of the magnet, which, 
if I be its moment of inertia and w its angular velocity, is Iw ; 


*, GMy'=Idiiin4? Ueto 
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If we could observe w, then knowing the constants, G, M, and I, we 
could calculate g. We cannot, however, observe w directly, but it may 
be determined indirectly as follows. 

The impulse being over before the needle has rotated appreciably 
. from its position of equilibrium, it possesses 
kinetic energy 4Iw? while still in the zero 
position. The needle will rotate until the 
controlling field brings it to rest, that is, 
until the work done in opposition to the con- 
trolling force is equal to the original kinetic 
energy. In the enlarged view of the needle 
in Fig. 254, mH is the controlling force on 
each pole, and if @ is the angle of deviation 
- when the needle has just lost all its kinetic 
energy and is on the point of turning back, 
the work that has been done by the force mH 
on the pole is— Fig, 254, 


mH x AB = mHI(1 — cos 6), 


and for both poles, = 2mHI(1 — cos 6) 
= MH(1 — cos @), 
eee CL — 0050) =p lot. e's ee «  Ci) 


Eliminating w from (i) and (ii), 
G?M*q? — 2MH(1 — cos @) 
= 7 


ae SE 1 T 
: I 4H? (1 — cos @) 
iets NH. G? = 1-- 9 
eS eae 
ete Ceo 


Now the time of oscillation T of the suspended needle, vibrating in 
_ the earth’s field, has been shown on p. 23 to be given by— 


i t ake 


a9 ps: Jeg a eins 
P= 22\/ MH eM = 
H? 2 : 
Hence, q’ = —qe sin’ 20, 
q= aa sin 40 


Ballistic Galvanometer—Suspended Coil Type.—In the case of the 
suspended coil galvanometer, the force on each vertical side of the coil 
for current i flowing in it is ‘HJ, where H is the magnetic field due to 
the permanent magnet (see Fig. 236) and / the length of the vertical 
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side of the coil. The impulse as before is | tHldt = Hig, and the 


0 
moment of momentum about the axis of suspension is Hibg, for the two 
sides, where b is the length of a horizontal side of the coil. The area 
of the coil is Jb = A, and therefore the momentum equation 1s— 


HAg = Ie se 5: st 3 > 


As in the previous case, the kinetic energy is }Iw?, but now the coil 
is brought to rest by performing work in twisting the suspension. 

If c be the restoring couple for unit twist in the suspension fibre, 
cO is the couple for twist 6, and the work done for an additional small 
twist d6, is cédé. 


.. whole work done in twisting suspension = | 6d = 4c6? 
' 0 


where 6 is the deviation of the coil when its kinetic energy }1w? is just 
expended in twisting the suspension. 


.. $1w* = 3c? ee eee - Gi) 
a= 78 
From equation (i) , o” = 2a 
‘ HPA2g? as a 
rE | Oiade 
f= Taso? 


Now the time of one torsional oscillation of a body of moment of 
inertia I when c is the couple for unit angle of torsion is— 


4 den / 2, 
Cc 


e cis 
0 = TereeAt es 
el 
es 1 = orHA ® 


It will thus be seen that the relation between q and 6 is not the 
same for the two types of galvanometer, the charge passing through 
the instrument being proportional to the sine of the angle of throw 6 in 
the suspended magnet type, and to the angle @ itself in the suspended 
coil galvanometer. It should be noted that H in the first case is the 
controlling field ; in the second it is the field to which the deflection is 
due, and hence it appears in the numerator in the first case and the 


denominator in the second. These two magnetic fields should not be 


confused with each other. 


eee eee 
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Damping.—It never happens that the vibration of the suspended 
_ system is simple harmonic; the vibrations always die away, the 
_ amplitude getting less and less. This decrease is due to a number 
_ of causes, the most important of which are the resistance of the air tof 
_ the motion of the system, and the electromagnetic damping described 
on p. 251. On observing successive values of 6 to left and right as 
_ the needle swings, it will be found that the ratio of one value to the 
_ next is a constant. Taking then 6,, 6,, 63, etc., as the succeeding 
values of 6, we have — 


eC Sy 


5 This constant ratio d is called the decrement, and log.d the 
logarithmic decrement d ; therefore log.d = X and d=«*. When the 
oscillation is simple harmonic it may 
be represented by the projection of a 
rotating vector OA (Fig. 255) upon 
_ any fixed straight line, say OB. In 
this case succeeding amplitudes are 
OB, OB’, OB, etc.; but if the ampli- 
tudes get less in a constant ratio, we 
must imagine the rotating vector OA 
_ to shrink at a constant rate, and it 
_ will be seen from the diagram that the 
shrinkage from 6, to 6, takes place in 
_ half a vibration. If there were no 
damping, the amplitude would all the 
time have been 6 = OA; and since Fic, 255, 
the impulse was given to the system 
when in its middle position, that is the position corresponding to OA, 
_ the shrinkage of the vector that has actually occurred, before the first 
_ throw 6, is observed, has taken place during a quarter of a vibration. 
___ Now, for half a vibration, shrinkage is— 


Fe = Gp ce ; eres 


; ano . ‘ 
and for a whole vibration ~ = <4, and so on, the shrinkage being 


3 . . . * 
proportional to the power of ¢; and hence for a quarter vibration it is 
A 


A 
«. Therefore Ze 
1 


: Re ene geo 
6 = 6,6? =6(1+3+a7 tap + his >} 


Since d must always be nearly equal to unity for a ballistic 


256 ELECTRICITY AND MAGNETISM CHAP, — 


galvanometer, \ is always very small, and ” and the higher powers of 


d may be neglected. 
r 
6 =6(1 +5) 


Thus we can correct for the damping of the needle, although we 
cannot avoid it, and the equation for the two types of ballistic 
galvanometer will then be— 


HAT r 
I= 7G sin ce a5 *) 
cT r 
and, d= oA (1 ate 3} 


If great accuracy is not required, the undamped throw may be 
obtained from the damped throw by multiplying it by /d, where d is 
the decrement, obtained by observing two consecutive elongations. 


6 A g\2 A 
For, 6, €7> ee G) =e° =, 
and, 0 = 6,,/d. 


The advantage in the longer method lies in the fact that a great 
number of swings may be taken to determine X, for if 6, and 6, are 
observed, 10 half-vibrations occur between the observations— 


A 
Oy 
Calibration of Ballistic Galvanometer.—In using the ballistic 
galvanometer to compare charges, or 
magnetic fluxes, the ratio only of the two 
respective throws is required, and the 
constants occurring in the equations need 
not be found. If however the charge or. 
the flux is required in absolute measure, 
we must by some means determine these 
constants. The most convenient method 
is to pass a steady current through the 
galvanometer by means of a standard 
Fria. 256. cell, a high resistance being included in 
the circuit. If a sufliciently high resist- 
ance is not available, a known fraction of the electromotive force of the 
cell may be obtained by means of a resistance box used as a shunt S 
(Fig. 256). If then the effective electromotive force applied to the 
galvanometer circuit be e, and r the resistance of the circuit, 


FiReg ap) “A= xz log. 
il 


ae 
current 1 = -, 
r 


a 
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Then in the case of the suspended magnet galvanometer there will 


be a steady deflection 6,, where Re = tan @,, that is, eS = tan 0, 


: G r tan 6, 
ee H od e 3 
and the equation for g, on p. 253 becomes— 
eT sin 36 


1 Fr ‘tan 6, 
ae : ele 6 
which may be written 1= 5-5 @ when 6 and 6, are small, 
1 


For the suspended coil galvanometer, the steady deflection 6, is 


given by iAH = c6, (p. 241), ie. ge 


= c@,, and substituting Be for 


AH. : ele @ 
—, in the equation for q on p. 254, we have g = Tar 6, 


We see that when the calibration is performed in this way we are 
led to identical equations for the quantity of charge passing through 
the galvanometer with both types of instrument. T is determined 
by observing the time for a number of complete oscillations. 

Capacities.—If the condenser C be charged by means of the cell of 
electromotive force e,, the charge on the condenser will be e,C = q, and 
if this be sent through the ballistic galvanometer, we have from the 
last equation— 


r 
eT a(1 2 3) ee. a >) 
60 = 9 = ee er One ; Or, = 3 ay ees 


If the electromotive force e, used for charging the condenser be the 
same as e, that used in calibrating the galvanometer, the expression 


for the capacity becomes C = = is Tt should be noted that if the 
1 


resistance is given in ohms, C will be in farads 
(see p. 396). 


The charge and discharge key K (Fig. 257) C 
is a useful one; on depressing it the condenser [p+ 
is charged, and on releasing it, first one end K 
of the battery is insulated, and then the galva- | Ae 
nometer circuit is closed so that the condenser zr 
is discharged through it. Fig, 257. 


When a comparison of two capacities merely 
is wanted, it is not necessary to calibrate the galvanometer; we 
obtain a throw 6, by discharging the first condenser C, through the 
8 
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galvanometer, having previously charged it by means of a cell of 
electromotive force e, (Fig. 257), and then repeat the process for the 
second condenser C,, obtaining the throw 6). 

Then C, = k6,, and, OC, = k6., 


: Paes yee HT cT 
since the other quantities in the multiplier (x = qu k= 3cAH 


are constant, and therefore & is constant. 

If one of the capacities be a standard, and the cell have known 
electromotive force, the instrument may be calibrated by finding the 
constant & from the relation g = eC = k6, but it should be noticed 
that the constant determined in this way may only be used when the 
galvanometer is on open circuit. When the circuit is closed, the 
resistance is not the same, and in general the time of oscillation T will 
be altered. 

Resistance by Method of Damping.—In the case of a ballistic 
galvanometer, the resistance to the motion of the moving part when 
the circuit is open, is due to air friction, viscosity in the fibre, and to 
the induced currents in any neighbouring masses of metal. This 
whole effect is very small in a well-designed instrument, and we may 
consider the effect to be a couple, whose value at any instant is propor- 


tional to the angular velocity, and ma y therefore be written p . aa which 


opposes the motion of the suspended part. When, however, the circuit 
is closed, the motion of the suspended needle causes the coil to be cut 
by a magnetic flux, and a current to be induced in it proportional 
to the angular velocity, and inversely as the resistance of the coil, 
and the reaction between this and the permanent field gives rise to a 


retarding couple which we may write pr where m-is a constant 
involving the magnetic flux due to the magnet and the area of the coil. 
The equation of motion of the suspended part may then be written— 

a” m dé 
Tete +2) $e = 0, Asmar 


where I is the moment of inertia of the moving part, and c the con- 
trolling couple per unit deflection when this is small. 
a6 lfm d@ ¢ 
det ih + eae +4 = 6 
or do dé 

: de + 2b a + k’o = 0, 


Thus, 


howe 1/m c 
Ww ent, 7 R +p) = %, and, T ak’, 
Pee : 


few 2 Ded 4 
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The solution of which is (see p. 337)— 
06=Ac%* cos J? — bt. 


Thus the elongation 6, when t = 0, is A; and 6, whent = Jeo 
2 3 


Tr 
a ———d 
4 ae A ke—02 : ba A : c ; 
is —Aec and so on. Successive elongations being in opposite 


directions, the opposite signs of alternate elongations will be omitted, 
and we have— 


ip, od eg ee ee 
ee Jeet Ore ae 
eae Vea fre Cas P ap —b? 
A G6 ue 
6,=6,7 0,76" -b* — qd 
b 
Thus, loe.d =X = 7 = logarithmic decrement. 
Lb — b° ‘ 


Now, for the galvanometer to be ballistic, must be small in 
comparison with k, so that we have— 


_ot_ lym ne 

=F=ralet? Cc 
1 

= ay +p.) 


where p, = P and ais a new constant. 

Let the logarithmic decrement i, be determined with the galvano- 
meter on open circuit ; then R = o, 
and, Ay = ap. 
Again, let it be determined with the galvanometer short-circuited, 
R, being the resistance of the galvanometer itself. 


1 
Then, hy = o( + ps), 
and again, with a total resistance R in circuit— 
1 
R= a + ns): 
Subtracting Ap from A, we get— 
if 1 
Ng — AR = as = a) 
Subtracting A, from AR we get— 


a 
An —~h=R, 
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Now, dividing the last equation but one by the last— . 


R — R, is the resistance added for the third determination, and 
hence it can be found in terms of R, or vice versa. - 

This method must be modified in the case of a moving coil 
galvanometer, for on short-circuiting the coil, the motion becomes dead 
beat; but two high resistances may be compared; for if R, and R, be 
the total resistances, including that of the galvanometer, and A, and A, 
the corresponding logarithmic decrements— 


From which as before— 


Ma—-%_ R, 
EE Wiech is 
(ties ieee. 


Measurement of Magnetic Induction.—If a closed coil be rotated 
in a magnetic field, current flows in it owing 
A to the electromotive force produced by the 
a H change in the magnetic induction linked with 
the coil. Let the coil have effective area A 
and the magnetic field in which it is situated 
be uniform and of strength H. ‘Then, if the - 
plane of the coil make angle @ with the diree- 
Fig. 268. tion of the field (Fig. 258)— 
magnetic induction linked with coil = HA sin @= N, 


Hence, as the coil rotates— 


He alsolgea d(HA sin 6) 
Rie eel, dt , 


: Ste KE 
and at each instant the current 7 is — 
r 


_HA asin) 
f Segoe? 


; HA 
or, dit = pln d(sin 6). 


“4 
: 
Aen “ 


PA eek 
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Tf, then, @ =% at time ¢= 0; and -5 at the end of an interval of 
time t— 
Ota ae 
: 3 
i oe d(sin 6), 
0 r 7 
6 = By 
v 
Ie QHA 
= ——|sin 0 ’ 
4 r 
2 


If, then, the coil is in series with the ballistic galvanometer, 
calibrated in the usual way— 


SEEN 7 
r 
i 


where & is the constant determined by the ordinary method (p. 257). 

When H is the horizontal component of the earth’s magnetic field, 
the coil is known as the Earth In- 
ductor, Fig. 259, and the method may 
be used for determining H. On the 
other hand, if H be accurately 
known, the method is a convenient 
one for calibrating the ballistic gal- 
vanometer. 

Care must be taken that before 
and after rotation, the coil shall be 
at right angles to the meridian, as 
otherwise the charge passing round 


ae The cor- 


rect position is that in which a 
maximum throw is obtained for a 
sudden rotation of the coil through ps 
180°. Fig. 259. 

The vertical component of the ; 
earth’s field may be found by laying the apparatus on its side so that 


the coil is horizontal before and after rotation, Then V = aor 


and the dip may be found by taking the ratio of the throws produced 
in the two positions— 


the coil is less than Z 
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I rk 

1: sqOu» V= ONAL 
; V é6y 
tan (dip) = H => vet 


It should be noticed that in measuring a magnetic flux, the total 
amount of charge caused to circulate in the circuit is = where r is the 


resistance of the circuit, and consequently to get the greatest effect on 
the galvanometer, r should be as small as possible. With the suspended 
coil galvanometer, r must not be indefinitely reduced, for this would 
have the effect of rendering the galvanometer dead beat, whereas the 
relation between charge and throw depends on it being ballistic. 
Hence for the measurement of small values of the flux it is desirable 
to use a suspended magnet galvanometer, which, even when short- 
circuited, is usually sufficiently ballistic for the purpose. For large 
values of the flux, a suspended coil galvanometer may be used, a high 
resistance being put into the circuit without unduly diminishing 
the sensitiveness ; in fact, for measurements of magnetic permeability 
(p. 274) it is generally necessary to reduce the sensitiveness in this 
way, the additional advantage of rendering the galvanometer ballistic 
being attained. 

In the measurement of capacity no such difficulty arises, for the 
amount of charge caused to pass through the galvanometer is indepen- 
dent of the resistance of the circuit. Hence the greater the number 
of turns in the coil of the galvanometer the better, and the sensitiveness 
of a high-resistance galvanometer is therefore greater than that of one 
of low resistance. 

Standards of Magnetic Flux—Standard magnetic fluxes are very 
useful for the calibration of ballistic galvanometers. One form of such 
standard consists of a long solenoid, on 
the middle part of which is wound a 
secondary coil of a great many turns, 

If the solenoid have n, turns per 
centimetre length, the magnetic field in 
P, S; Sz, P, the interior when a current i absolute 

Fig. 260. units flows in it is 4rn,i (p. 229). If 

then A be the mean area of section of 

the solenoid, the total magnetic flux across any section far removed 
from the end is 47n,iA. If the secondary coil has n, turns the effective 
amount of magnetic flux linked with it is 42niAn,. This flux enters 
it on establishing the current in the solenoid, and leaves it on stopping 
the current, and if the ballistic galvyanometer be connected to the 
secondary terminal 8, 8, (Fig. 260), the charge caused to circulate 


through the galvanometer on starting or stopping the current is 
Aanyn,Ai 


absolute units, where r is the resistance of the circuit. Since 


ae 8) L& 
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all these quantities are easily measurable, the method is a convenient 
one for calibrating the galvanometer. 

_Another convenient source of flux is the Hibbert magnetic standard 
(Rig. 261). A block of hard steel has a cylin- 
drical slot cut in it. The steel is magnetised 
so that the magnetic flux cuts radially across 
the slot. A circular coil C wound on a hollow 
brass cylinder can be dropped into the slot, and 
in doing so cuts the magnetic flux due to the 
cylindrical magnet. The number of magnetic 
lines must in the first instance be determined 
by comparison with some such standard as that 
last described, and it is found that owing to 
the form of the permanent magnet the flux 
remains very constant and forms a useful and Fig. 261, 
easily employed standard. 

Grassot Fluxmeter.—The passage of the electric charge through 
the ballistic galvanometer must have ceased before the moving system 
has moved appreciably, or the impulse will not be applied to the system 
in its position of equilibrium, and our equations no longer apply. For 
measuring magnetic fluxes, the Grassot fluxmeter has the great advan- 
tage over the ballistic galvanometer, that the change in flux need not 
take place instantaneously, or at any particular rate, the moving coil 
being at rest before and after the change, the difference in position 
being proportional to the change in flux linked with the circuit. This 
result is attained by reducing to a very small amount all sources of 
damping other than that due to the electro- 
magnetic effect between the permanent field 
and the coil as it rotates, until this becomes 
the predominating control. The coil BB (Fig. 
262) is suspended by a single silk fibre attached 
to the spiral spring R to prevent- damage from 
shocks. The current enters and leaves the coil 
by two fine silver spirals, S and 8S’. The 
mechanical control is thus very small, and the 
damping due to the air resistance to motion is 
usually insignificant, so that the only effective 
damping is that due ‘to the induced current in 
the coil as it rotates, in fact the period of 
oscillation of the coil on open circuit is of the 
order of a minute. 

The terminals L and L’ are connected to 
an exploring coil, the variation in flux through Fig. 262. 
which, it is required to determine. If the 
effective area of the exploring coil be known, the magnetic induction 
ean be calculated from the flux (N = BA). With the exploring coil 
connected, the total resistance is of the order of 20 ohms, and the coil 


will remain practically at rest in any position. 


‘ 
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When the flux through the exploring coil changes, there will be 
an electromotive force acting in the circuit, and consequently a current 


a Raa! ; ? “ae 
in it, whose value is - = 7, where r is the resistance of the circuit and 
r 


e the resultant electromotive force. The coil therefore experiences a 
couple iAH, A being the effective area of the galvanometer coil and 
H the field due to the permanent magnet. 
d. 
» iAH =I 
dt 


where I is the moment of inertia of the moving coil and its angular 
: da 
velocity, so that —, is its angular acceleration. 


dt 
eAH dw Me 
Then, r = I dt . 2 . . . « re (i) 


Now e is the difference between the electromotive force due to rate of 
dN : 

change of flux in the exploring coil (SS di ) and that in the galvanometer 

coil due to its rotation with angular velocity w in the field of the 


permanent magnet. The latter is AHo, or AH ; ca where @ is the 


dt’ a 
angle the coil makes with its mean position. ‘8 \, aul gu? hw 
dN 
Thus, e=(G- Ane), | ate 
AH/(dN dé dw 
and from (i), (a — AH =) =17F 


hy eque m an Kellalic gale i 


Integrating, we have— 
AH; (dN dé dw is ye i ee 
a \ 
a dt a eval ae rf dt a | | ft p= -C<O 
0 l 
chs Riek ua aN pal (ye 
Now the last integral is [.| , and since the coil is at rest before 


t=0 
and after the change in flux, both these limiting values of w are zero. 


t 
. ie s AHS Vit 2% 


t 

or, [x] , axle] 20: 
0 0 

- N = AH@ = £6, 


—_—- = TT © Toe? 
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where N is the total change in magnetic flux linked with the exploring 
coil, and @ is the corresponding change in position of the suspended coil. 
This relation is independent of the time during which the change in flux 


__ takes place. Thus to measure a flux, all that is necessary is to put the 


exploring coil into the space in which the flux is required, in performing 
which action the coil cuts the flux to be measured, and the displacement 
of the galvanometer coil measures at once this flux. The coil is 
provided with a pointer moving over a scale so calibrated that with an 
exploring coil of definite resistance the flux for one division of the scale 
is known. A mirror is also attached to the moving system, so that by 
means of the deflection of a spot of light, very small magnetic fluxes 
may be measured, but in this case the scale must be calibrated by using 
a known fiux to determine the constant & in the expression N = 6. 


CHAPTER X 
MAGNETIC PROPERTIES OF MATERIALS 


Theories of Magnetisation—Passing over the early theories of 
magnetisation, which accounted for the phenomena by the existence 
of two magnetic fluids (Coulomb), and others by means of vortices 
(Decartes), we come to the first approach to a molecular theory, due to 
Poisson, who supposed that the magnetic materials contained small 
spheres which are conductors of the magnetic fluids, and in a magnetic 
field behave in an analogous manner to that of conducting spheres in an 
electric field. The next advance was due to Weber, who assumed that 
the molecules of a magnetic substance are themselves permanent 
magnets, and that in the act of magnetisation they are turned into the 
direction of the magnetising field. In order to account for the fact 
that a field, however weak, will not set all the molecular magnets 
parallel to the field, and therefore produce saturation, a mechanical 
restraint opposing their rotation was postulated. Prof. J. A. Ewing 
added to the molecular theory by showing that the magnetic inter- 
action between the molecules themselves is sufficient to account for the 
known behaviour of magnetic materials. Ewing’s theory will be 
considered more in detail later, but we shall take the molecular 
hypothesis as fully established. 

Intensity of Magnetisation and Magnetic Susceptibility—We 
define the intensity of magnetisation (1) of a magnetised material as 
the ratio of the magnetic moment to the volume of any piece of it, the 
piece being sufficiently small for us to consider its magnetisation 


uniform. 
magnetic moment 
Thus, Le ee 
volume 


If a rectangular piece of the material (Fig. 263) have length J parallel 
to the direction of magnetisation and cross-section a, then if o is the 
amount of pole per unit area of each end, we have, when the magneti- 


sation is uniform,—total pole at each end is ac, and the magnetic 


moment is lag. But the volume is la, 
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Thus the intensity of magnetisation may also be defined as the 
amount of pole per unit area taken at right angles to the direction of 
magnetisation. 

If the volume taken be situated in the interior of a magnetised 


_. body, o is not free pole, in the sense that it produces an outside effect, 


for it is situated indefinitely close to an equal and opposite amount of 
pole upon the adjacent layer. It is only where the magnetic poles form 
the outside layer of the material that their effects are not balanced by 


<---- 7 ----s 


a 


Fic. 263, Fic, 264, 


that of opposite poles, and the ordinary polar phenomena are produced, 
as at A and B (Fig. 264). 

The ratio of the intensity of magnetisation (1) at any point within 
a body to the magnetic field (H) to which it is due is called the 


magnetic susceptibility (k) of the material, Thus k — 


Induction within a Magnetic Material—The magnetic induction 
(B) has already been defined on p. 234 as the product »H, where H is 
the strength of magnetic field, and », the permeability, which we have 
My Mz 

re? 


seen is defined from the relation F = for the force between 


poles situated within the material. We will now obtain the value of 
B in terms of I and H. 

On placing a bar of unmagnetised material in a uniform magnetic 
field, the material becomes a magnet ry 
on account of the rotation of its mole- ae 
cules into alignment with the field, - = 
and if the resultant of the field pro- 
duced by the magnet and the original 
field be found for every point, we 
have then obtained the field actually 
existing. For external points there Oe eee: 
is no difficulty when the field due to ( crag I 
the magnet is known; at points such =————~~—> 
as 1 and f (Fig. 265) the field is Fig. 265. 
strengthened, and at g and h it is 
weakened. Within the material, let us imagine a surface AB of unit 
area, drawn at right angles to the direction of magnetisation, in the 
interspaces between the molecules. If the intensity of magnetisation 
be I, the amount of pole on each side of the area is also I (see above), 
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N pole on one side and § pole on the other. The field in this interspace 
due to each polar surface is 27I (see p. 234) in the direction of magneti- 
sation, and due to the two together it is 47I. Thus the magnetic 
induction (which is also the magnetic field in the interspaces where ps 
is unity) over this unit area is H, together with 471 due to the resulting 
magnetisation, and the total B, or pH, is the sum of these two. 


aS B 1 H + 4arl. 


It is this induction B, or »H, whose surface integral over a closed 
surface is, according to Gauss’s theorem, equal to 47 times the total 
magnetic pole within the surface. 
The magnetisation contributes to the 
induction; but owing to the prox- 
imity of the molecular N and § poles 
to each other, it does not contribute 
to the force on a pole of finite size 


sultant state of affairs may now be 
represented on a diagram by draw- 
ing the resultant induction every- 
Fia. 266. where. In the space outside the 
magnetic material the problem re- 
sembles that for a bar magnet placed in a uniform field, and we are 
assisted in completing the drawing for the interior of the material, by 
remembering that the induction inside is continuous with that outside. 
The last diagram now becomes modified to the approximate form 
shown in Fig. 266. A similar diagram for a sphere is shown in 
Fig. 153. 
On dividing the last equation through by H we have— 


B I 
es 1+ dae, 
that is, p=1 + 4k. 


Thus, if by any experimental means & be determined, » may be 
calculated, and vice versit. 

Demagnetisation. —It must be 
understood that H in the above ex- 
pression is the actual field producing 
magnetisation within the material, and 
that if there are free poles upon the 
specimen they will always produce a 


Fra. 267 within the material, to obtain the 
tie resultant magnetising effect. Thus, 


situated in the medium. The re-' 


field which is in opposition to, and must — 
be subtracted from, the original field, | 


for a magnet NS (Fig. 267) each pole produces its own radial field, — 


the resultant being the ordinary field due to a pair of poles. At the 
middle of the magnet this field is opposed to the magnetising field H, 


- 


at a = 
x= p* DEMAGNETISATION $69 


and therefore exerts a demagnetising effect upon the bar. It is for the 
purpose of removing the free poles that produce this demagnetising 
effect, that permanent magnets are usually provided with soft-iron 


__ keepers, the keeper producing poles equal and opposite to those of th 


magnet, and being very nearly coincident in position with them, these 
poles produce a field equal and opposite to the demagnetising field. 
Whatever the form of the magnet, the demagnetising field is pro- 
portional to the strength of the pole to which it is due, and this in turn 
is proportional to the intensity of magnetisation, so that the demag- 
netising field is equal to NI, where N is a constant depending on the 
geometrical form of the magnetised body. 
If then H’ is the magnetising field when the body is absent, and 
H that actually existing in the interior of the body— 23 : 
eae = achiral tree m 4 wl flemade 
H = H’-NI. 


N may be calculated in a number of simple cases when the 
interior field is uniform, but this is not in general the case. On 
p- 235 we saw that the resultant field inside a sphere of permeability p. 
situated in a material of permeability p, is FRG 


—f- times the external 
2 M1 
field. If now we consider a sphere of iron of permeability pw situated 


in air, the resultant interior field is ae times the original field, that 
oRG 3 t oF ( %4 An h 

H= I+ HY ea 
Remembering that, p =1 + 4k, 
and that, I = cH, 
we then have, H = H’ — érI, 


ll 


from which we see that for a sphere, N 


#x. Thus, with the value 
p = 1000— f 


P ‘.D 
Se fe ere he ORS ree 4 fact 
H= ~— Megane > 


1002 


and since B = »H— 
B = 3000H’' = 3H’ approximately. 


If there were no demagnetisation effect, B would have 
been 1000 H’ ; and hence the important part played 
by the free polar surfaces in this case: 

The effect is greatest for a magnetic sheet. per- 
pendicular to the field. In this case the surface con- 


dition (ii.), p. 234, tells us that B = H’ (Fig. 268). Fia, 268, 
H’ 

Further, B = pH, . H= ne 

But =l+4rk, «.H(1 +4ck) = H’ 

ee ‘ hen i 


IS See 
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For a permeability of 1000, the actual field inside the sheet is only 
sans Of that outside. 
In the case of a very long wire parallel to the field, the demagneti- 
sation effect throughout the greater part of the length of the wire is 
negligible, owing to the distance away of the poles at the ends. When 
the wire is not very long, Ewing? treated it as an ellipsoid with the 
axis parallel to the field of much greater length than the axes perpen- 
dicular to the field. 

For an ellipsoid having semi-axes, a, b and ¢, when e¢ is the long 
axis, parallel to the field, and a=b= /1-—ec, it is shown in 
“ Maxwell’s Treatise on Electricity and Magnetism,” vol. ii., that— 


N = 4e(5 — 1)(g; log + - 1), 


and using this equation, the values of N corresponding to different 


values of = or ratio of length to diameter of the wire, are caleulated— 


length . 
diameter ) nN. 
é & 
50 ; 0-01817 
100 0-00540 
200 0-00157 
300 0-00075 
400 0-00045 
500 0-00030 


Thus for a wire of length equal to 500 times its diameter— 
H = H’ — 0-00030I, . 


or, = = 1 + 0-00030k. 


I: does not often exceed 200, and for this value— 
Bie, 
H — 06. 


Thus, the field is reduced about 6 per cent. by the free poles. The 
magnitude of the effect shows that in measuring the ausconbiia of ant 
iron wire, it is usually necessary to correct the magnetising field for the 
demagnetising effect of the free poles upon the specimen. 


1 J, A. Ewing, “‘ Magnetic Induction in Iron and other Metals.” 
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Practical Methods.—(i) Magnetometer. For material in the form of 
a wire, the magnetometer, as developed by Ewing,’ is usually employed 
in studying the magnetic properties. The specimen is placed vertically 
inside a magnetising solenoid, with its upper pole on a level with the 
le of the magnetometer of the type shown in Fig. 7. If then a 
be the area of cross-section of the wire, the strength of pole at each end 
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Fic, 269, 


is Ia, when intensity of magnetisation is I, and the strength of field due 
to the pole A at the magnetometer needle M is = (Fig. 269). ‘That 
gr 

due to the pole B is — Fir the horizontal component of which 


; 
/ is — arcerand the resulting horizontal field due to the specimen 


is laf ~ wri When this is at right angles to the controlling 
field f, then the deflection 6, is given by— 


1 d 
lal gs — ERAN T Hn 
d ; ; 

. If the specimen is very long the term a+ Pi is small, but in any 
ease it may be calculated. The effective length | is about three- 
i of the length of the wire. If the controlling field f be known, 
4 can then be found in terms of the deflection 9. The magnetising field 
WY is known in terms of the current i in the magnetising solenoid ; n 

being the number of turns per centimetre length of coil, H' = 47ui, 

where i is in absolute units. 


1 J. A. Ewing, ‘‘ Magnetic Induction in Iron and other Metals.” 
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There are several disturbances to be allowed for. In the first place 
the solenoid produces a magnetic field at the magnetometer. This effect 
is eliminated by placing the vertical circular coil C, whose axis passes 
through A and M, in series with the solenoid and adjusting its distance 
from M, with the specimen removed, until on passing the current 
the magnetometer needle is undisturbed. This balance, if perfect for 
one current, holds for all currents, and the disturbing effect of the 
solenoid on the needle is then eliminated. The coil C serves another 
useful purpose, for if we disconnect the solenoid and observe the 
deflection 6, produced by a current 7, in C, we can obtain the value of 
the controlling field f. Calling the distance of M from C, 2, the field 


2ana’i, : 
; : 5 
at M due to the current in C is (a? + ai (see p. 228), where n is the 
number of turns in C. 
Qarna’i. 
pth Vale J tan 4, 


from which f can be found. 

The second disturbance is due to the fact that the specimen is 
always magnetised by the vertical component of the earth’s magnetic 
‘field. To eliminate this effect a second solenoid is wound upon the 
first (not shown in the diagram) and the current in it adjusted until, 
on demagnetising the specimen, the magnetometer needle remains in 
its true zero position when there is no magnetising current. This 
earth neutralising current is maintained constant during the experi- 
mnent. 

Having made all the adjustments, a series of values of 6 and i is 
observed, beginning with the slider of the rheostat in the position Ry, 
so that the value of the magnetising current is small. The current is 
then increased step by step to a maximum by moving the contact from 
R, to R, 6 and 7 being observed at each step. The current is then 
diminished in a similar manner to zero, then reversed by means of the 
key K, increased to a negative maximum, diminished to zero, and 
finally reversed and increased to its original positive maximum. The 
series of readings of @ and 7 are then converted by constant factors, 
determined as above described, into the corresponding values of I and 
H', which may then be plotted in the form of a curve. In the 
case of the ordinary reflecting magnetometer, the deflection is usually 


ee small to use @ instead of tan 0, without appreciable error. 
en— 


Qrnaa i d aay 
L= ———_, — —— ————————— oS 
(a + a), \z (+ mt foe 
H' = 4rni. 


If the currents are measured in amperes, each of these expressions 
must be divided by 10. 


-through the origin, making angle 


pq = Op tan (pOq) = Op . N = NI. 


_ The whole curve is then corrected 
_inthesame way. This is equivalent 
_ to shearing the H’ curve through an 


calculating the demagnetisation ef- 
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The dotted curve H’ for a specimen of steel piano wire is shown in 


_ Fig. 270. To obtain the curve connecting I and H from this, the demag- 


netisation effect is to be allowed 
for. To do this the line Og is drawn 


pOq such that the tan pOg=N. 
But H = H'’—NI. Then, 


Thus, pg = H’ — H, and drawing 
ef = pq, horizontally from the point 
e of the H’ curve, we get the corre- 
sponding point f on the H curve. 


angle tan“! N to obtain the true H 
curve, and obviates the necessity of 


fect H'—H or NI for every reading. Fie. 270. 
(ii) Ballistic Method.—In this 


method the total magnetic flux in the material is measured by means 


of the ballistic galvanometer. The material in the form of a ring, 
usually of circular cross-section, is wound uniformly with an endless 


solenoid which produces an approximately uniform magnetising field 


4an I 
10 


(p. 232), where the current I in it is measured by the 


ammeter A, 


A secondary coil of n, turns (Fig. 271) is also wound upon the ring, 
and is cut by the magnetic flux Ba, on establishing the magnetising 
field, B being the magnetic induction in the material, and a the area 


of cross-section of the ring. In-series with the secondary coil is 
a ballistic galvanometer G. The charge caused to circulate in the 


: Ban, ‘ p 
-galvanometer is then ae where R is the resistance of the secondary 


Ban, 


| circuit, and if 6 be the galvanometer throw, —p~ = ké. kis determined 


by means of the standard flux produced by the straight solenoid n, and 
its secondary n, (p. 262), and if 6, be the throw produced by establish- 
ing current I, in this standardising solenoid— 


Aan, 1, An, 
fon 

The two secondaries n, and m, being permanently in series with the 
alvanometer, R is the same in both cases, and therefore, eliminating & 


from the last two equations, we have— 
T 
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= 4ann, Al, 
B a 10an,6, 


From this and the equation— 


the ballistic throws 6, and the ammeter readings I, may be converted 
into the corresponding values of B and H. 


From an inspection of Fig. 272 it will be seen that on establishing 
a field Oh, and then removing it, the reverse throw on removal will be 
less than the direct throw on pro- 
ducing it, since a large fraction of 
the magnetisation remains ; in fact, 
the throw obtained on establishing 
or removing the field depends so 
much on the previous condition of 
the specimen that it does not afford 
any useful information regarding 
its condition, 

A better method of procedure 
is to obtain the throw for a reversal 
of the field, which of course gives 
2B instead of B, for any value of 


Fig. 272. H. Thus in Fig. 272, if the value of 
the magnetising field is Oh, and this 
be reversed to Oh’ = — Oh, B changes from Ob to OU’, that is, the ballistic 


throw is proportional to bb' = 20d. Instead of halving the value 
obtained for B to get that corresponding to the magnetising field Oh, 
it is usual to use a reversal of the current I, when obtaining the 
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_ standardising throw @,, and since the throw for a reversal is made in both 


Arn n,AL,0 


cases, the numerator and denominator in the quantity 
10an,0, 


are 


__ both halved, which of course leaves it unaltered, and the fact of reversal 
~ may be ignored. 


The method of procedure then is to apply the greatest magnetising 
current that is going to be used, and adjust the resistance R, until 
the ballistic throw on reversing the current by means of the key K 
(Fig. 271) makes full use of the galvanometer scale, but still lies 
upon it. This resistance must then remain constant throughout the 
observations. A few reversals of the current bring the iron into a 
steady cyclic condition; and then the throw 6 for the reversal of the 


_ current I from positive to negative and again from negative to positive 


is Observed, and the mean value of the two taken. The current is then 
reduced by means of the rheostat R,, the repeated reversals performed 
and the process repeated. This is continued down to the smallest 
currents that give a reasonable throw. ‘The 6’s are then converted 


- into B’s, and the I’s into H’s, and the results plotted in the form of a 


curve. In Fig. 272 the curve OMP is obtained in tiis way for a ring 
of soft iron, and the permeability p is calculated for each value of H 
by dividing B by H. 

In this method there are no free polar surfaces, the tubes of 
magnetic induction being complete circuits within the iron; there is 
therefore no demagnetising effect, which is one of the advantages of 
this over the magnetometric method. Another advantage is that the 
galvanometer, if of the suspended coil type, is much less sensitive 


to outside magnetic disturbances than the magnetometer needle. 


Thus the employment of the magnetometric method requires the best 
laboratory conditions for success, but the ballistic method can be 
carried out almost anywhere. On the other hand, the ballistic method 
requires the welding, turning to circular form, and separate winding 
of each specimen examined, whereas in the magnetometric method 
any piece of the wire to be tested can be immediately placed in the 


‘magnetising solenoid for experiment. Then again the ballistic method 


does not, as a rule, give us the cycle of magnetisation, but only the 
curve passing through the tips of the cycles for various magnetising 
fields. 

Cycle by Ballistic Method.—If a cyclic curve of magnetisation be 
required, it may be found by modifying the key K, Fig. 271, by 
replacing one of the cross conductors ab by a rheostat R, (Fig. 273). 
In making the reversals to establish the steady cycle of magnetisation, 
the short-circuiting tapping key T can be closed. To make the first 
measurement, Tis kept closed and the rocker which connects e to d 
and f to b thrown over to a and ¢, which simply reverses the current. 
The reversal of H from the value OE to OF (Fig. 274) causes a throw 
proportional to the change of induction AB, and this is plotted 
downwards from A, the point C on the curve being obtained. The 
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process is now repeated with T open, so that the magnetising field 
OE is reversed to the value OG, the corresponding throw being 
proportional to AL. This gives us the point M on the curve. 
' is then closed, the reversals made to re-establish the cycle, R, in- 
creased, T’ opened, and another throw obtained, giving the point 


Fic, 273. Fia. 274, 


P on the curve. The point S is found by merely breaking the circuit 
to reduce the field to zero, the throw proportional to AR being 
obtained. Points such as T are obtained by diminishing the field 
OE or suddenly increasing, by a small amount, the resistance of R, 
(Fig. 271). The other half of the cycle may then be drawn from 
symmetry. 

The values of I may be obtained from those of B by means of the 
relation B= H-+47I. Thus the I—H curve may be derived from 
the B—H curve, and vice versd. 

Cycle of Magnetisation—Hysteresis.—The behaviour of magnetic 
materials when subjected to cyclic changes of magnetic field, were first 
systematically studied by Prof. J. A. Ewing, and for a detailed study 
of such cyclic changes, the student is referred to Ewing’s work on 
“ Magnetic Induction in Iron and other Metals.” A typical cycle is 
seen in Fig. 275, the behaviour of the material being represented by the 
curve OABCDEFG. It will be observed that the descending branch 
of the curve always lies above the ascending branch. Hence the zero 
Meda ar dee alater point of the cycle than the zero value of H 

o this lag of the magnetisation behind th enetisi ing 
gave the name of Hysteresis, me PROSE eae 

The value OC of the intensity of magnetisation when the mag- 
netising field is reduced from great values down to zero is called the — 
Residual Magnetism. The value OD of the reversed field required to 
reduce the intensity of magnetisation to zero, is called the Ooercive Force. 
A knowledge of the intensity of magnetisation near saturation, together 
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with the values of the residual magnetism and the coercive force, enable 
one to draw approximately the magnetic cycle, and hence, failing the 
complete diagram of the cycle, these three quantities give a very good 
knowledge of the magnetic properties of the material. 

The condition of the material at a point in the cycle represented 
by D, is very different from that of the 
neutral or unmagnetised condition repre- 
sented by O; for a further negative field De 
produces a large increase in the intensity of 
magnetisation represented by ef; while an 
equal negative field Og, applied to the un- 
magnetised subtance, would only produce the 
small intensity gk. Or again, if, when the 
point L on the cycle is reached, the magne- 
tising field, instead of being continued in 
the negative manner is brought back to its 
positive maximum, the dotted curve LB is 
followed, or if the return is made on reaching 
the point D, the path is the dotted curve Fie. 275. 
DMB, in either case a closed loop being 


_ formed. Thus if the field is merely removed after the point D has 


been reached, there will be remaining magnetisation of intensity OM, 
and the specimen is certainly not demagnetised. The only satisfactory 
way to demagnetise a specimen is to take it repeatedly through 
cycles of continually decreasing range, ending with extremely small 
cycles ; for the effect of one or two reversals of the field is to wipe 
out the effect of previous cycles, provided that there is not a great 
difference in range between the cycles. A specimen of iron may 
be demagnetised by heating it to red heat, and allowing it to cool 
in a region of no magnetic field; but this method is unsatisfactory, 
as the heating and cooling change the physical properties of the 
material. 

Iron and Steel.—In Fig. 276 the curves are taken from Ewing’s 
results. A is for annealed soft-iron wire, and B for the same wire after 
being hardened by stretching. C is for annealed pianoforte steel wire, 
and D for the same wire, glass-hard. We can see that the harder the 
material, the less is the residual magnetism, and the greater the coercive 
force. In Fig. 277 we have the curve E for annealed nickel wire and F 
when hardened by stretching. G is that for cobalt (containing 2 per 
cent. of iron). The curve for nickel resembles that for soft iron, but 
the saturation value of B is only about one-third of that for iron. The 
cobalt curve resembles that for steel, but the ascending and descending 
branches lie closer together. The saturation value of B for cobalt is 
very little short of that for iron and steel, The coercive force for 
nickel is about 7°5 and for cobalt 12. 

The effect of mechanical disturbance such as tapping is to make the 
ascending and descending branches for soft iron very nearly coincide ; 
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the residual magnetism and coercive force are practically zero. The 
effect upon steel is in the same direction, but is not so marked. 
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Work due to Hysteresis.—The act 
of magnetisation involves the 


magnetic field, since the magn 
negative field has to be applied 
is brought to zero, 

We will show from fir 


st principles that the work necessary to 
produce a change dI in thei 


ntensity of magnetisation is HadI, dI being 
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a so small that the magnetising field H may be considered to be constant 
throughout the change. 

Let m be the magnetic moment of one of the molecular magnets of 

the, material, and @ the angle its axis makes with the direction of 
- mIagnetisation. 
m cos @ and m sin @ are the components of its moment parallel and 
_ normal to the direction of magnetisation. Then for the whole of the 
magnetic molecules throughout unit volume, 3m cos 6 = I, the total 
magnetic moment per unit volume, and further Sm sin 6 = 0, other- 
_ wise there would be a component of the magnetic moment at right 
_ angles to the direction of magnetisation, which is contrary of the very 
_ meaning of the term 


r 
“ 
e 
» 
~- 
aA 
= 


= 


; From the former equation we have— 
: dm cos 6 = dL 
1.@. — 3m sin 6. d6 = dl. 


| Now the couple acting on the molecule m in the field H is mH sin 6 
(Fig. 278); and for a small rotation —d6 the work done is 


—mH sin 6. dé. 
For all the molecules in unit volume— 


work done = — mH sin 6.d0, 
= —Hdmsin 6. dd, 
since H is constant. But this means an increase dI in the intensity 
of magnetisation, and 


— Smsin 6. dé = dl, 
.. work done = Hdl. 


Thus in the I—H diagram, Fig. 279, the work done for the small 
change dI in the intensity of magnetisation is HdI, that is, the area of 


Fie. 278. Fie. 279. 


the strip ef, and that in passing round the curve from a to d is the 
area of all such strips, that is the area abecdfa. Similarly the 
work done for the path dka is represented by the area dkabed ; and the 
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balance of work done on the specimen of unit volume, for the whole 


cycle is area afdka; thus i Hdl is the work done for any cyclical path, 
0 


where / is the integral round the whole path. We can therefore see 


0 

that the work for a cycle of magnetisation of steel is much greater 
than that for soft iron, since the hysteresis curve encloses a much 
larger area. This work appears in the form of heat in the specimen 
and represents an irrecoverable loss of energy. Not only is energy 
lost, but the heating effect is cumulative, and in a mass of iron 
subjected to an alternating magnetic field, as in the armature core of 
a dynamo, or the core of a transformer, the consequent rise of tem- 
perature may be considerable. For this reason the iron used for these 
purposes has as low a hysteresis effect as possible. 


The area i HdI may be obtained from any of the I—H cycles, 
0 


paying due regard to the scale upon which the curve is drawn. If the 
curve be one for B and H, the area must be divided by 47 to obtain the 
work done per cubic centimetre per cycle. 


Pon, easier es 
>. HdB = Hdl + 4eHaL 

and, | HdB.= | Wat de | Hal. 
0 0 0 


The term | HdH is necessarily zero, for if we plot H against H, we 


0 
get a straight line, and the area enclosed for any cycle will of course 
be zero. 


The value of | HdI varies from about 10,000 ergs for annealed soft 


iron to 117000 ergs for hardened pianoforte steel wire. 
Taking the density of iron as 7°7 and its specific heat 0-11, 
the thermal capacity of 1 cc. is 7-7 x 0-11, and the rise in tem- 


HdI 


0 
TT XO TL X42 x 107 TSte’s 5 
the mechanical equivalent of one calorie being 4-2 x 10’ ergs. Fora 


perature per cycle of magnetisation is 


value of 50,000 for | HadI, and a frequency of 100 cycles per second, . 
we have a rise of temperature per second of— 
50000 x 100 
TT x Oll x 42x 10 = Ol 


or 8:4° per minute, provided that the heat produced did not leak away. 
Hysteresis Tester..—The importance of this hysteresis loss of 


. J, A, Ewing, Inst. Elec, Eng., vol. 24, p. 398. 1895, 
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energy in a magnetic material led Prof. Ewing to devise a piece of 
apparatus by means of which the hysteresis loss in a specimen of the 
material may be found, without making the laborious test for finding 
the magnetic cycle. The specimen is rapidly rotated between the 
poles of a permanent magnet, which is supported upon knife-edges 
to enable it to turn about a horizontal axis (Fig. 280). 

As the specimen rotates, it is magnetised by the field of the 


ELLIOTT: BRO: 
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permanent magnet, the lag in polarity causing it, by the attraction 
between the respective poles, to drag the magnet after it. The 
deflection of the magnet is measured by the pointer and scale, and is 
proportional to the hysteresis effect in the specimen, being independent 
of the speed of rotation. This may be shown in the following 
manner :— 

Let H be the field due to the permanent magnet at any point, 
and @ the angle between H and the direction of magnetisation of the 
specimen at the point. As the specimen makes one complete rotation, 
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its magnetisation at the point considered goes through a cycle, and 
the work done due to hysteresis is | HdI per unit volume. 


0 
Thus, at the point considered, H in this expression must be replaced 
by H cos 6, and further, I = 4H cos 6, where & is the susceptibility. 


-. dl = —kH sin 6. dé. 
Therefore the work done for one cycle is— 


[x cos 6( —KEL sin 6)d0 = -| LH? sin 0. cos 0. d6. 
0 


Again, to find the couple exerted on the specimen,—I is the 
magnetic moment of unit volume, and the couple on it is therefore 
TH sin @, tending to rotate the specimen into the direction of H, and— 


I = £H cos 0, 
.. couple = £H? sin 6. cos 0. 


The mean value of this for a complete rotation is— 


| kH? sin 9. cos 0. d6 
0 


| do 
0 

Comparing this with the expression for the work done due to 
hysteresis, we see that the variable parts are identical, and therefore 
the mean couple acting between the specimen and the permanent magnet 
is proportional to the hysteresis effect, and is independent of the speed 
of rotation. It is balanced by the gravitational couple, which is 
measured by the deflection of the permanent magnet from its mean 
position. 

The instrument is calibrated by means of two specimens, one of low 
and the other of high hysteresis value, and the samples to be tested 
are made of the same size and shape as the standards, the length being 
the important quantity to have correct. 

Steinmetz Law.—An empirical formula for the work done in a 
cycle of magnetisation has been given by Steinmetz,! which is very 
useful for many practical purposes ; it states that the work per cycle 
is proportional to the magnetic induction raised to a constant power 
which ranges between 1°66 and 1°70. 


Thus— | Hdl = B®, 
0 


= ~ | HEL sin 8. cos 6. dé. 
a7 0 


where 7 is a coefficient depending upon the material, and B the 
maximum value of the induction during the cycle. 


1 C. P. Steinmetz, Hlectrician, 26, p. 261 (1891) ; 28, p. 425 (1892). 
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For very soft iron n = 0:0020. 

‘,, hardened steel 4 = 0°025. 
» annealed cast-steel 1» = 0-0080. 

» nickel 7 = 0:012 to 0-038. 
» cobalt 7 = 0:012. 


The law only roughly represents the truth, and can only be used for 
approximate purposes. 

Iron and Steel Alloys——Many substances, such as silicon, 
chromium, tungsten, and manganese, in small quantities, profoundly 
modify the magnetic properties of steel. Thus chromium, tungsten, 
or manganese, in small quantities (up to 4 per cent.), greatly increase 
the coercive force, in some cases up to 40 or even 50, while 12 per 
cent. of manganese (Hadfield’s manganese-steel) renders it almost 
Eee enotic at low fields, the permeability being about 1-4 for all 

elds. 

Magnetic Alloys of Non-magnetic Substances.—It was found by 
Heusler* that it was possible to produce an alloy of non-magnetic 
substances that shall itself be magnetic. Thus several alloys of 
manganese, aluminium, and copper, and of manganese, aluminium, and 
zinc, exhibit marked magnetic properties. An alloy of 26-5 per cent. 
Mn, 14-6 Al, and 58-9 Cu, has a permeability of 225 for a magnetising 


_ field of strength 20.1. The magnetic behaviour of these alloys depends 


very much upon their previous condition with regard to temperature. 
Force between Magnets in Contact—When two magnetic polar 
faces are in contact, as in the case of a soft iron core divided trans- 
versely, there is a force pulling the two polar faces together. Let o 
be the amount of pole per unit area of face, N on one side and S on 
the other. Then each produces a field of strength 270, and the other 
polar face being situated in this, experiences a force 270” = F per 
unit area. The two faces are not in contact at more than a few points, 
and the strength of field H in the air interspace is 4ro = H (p. 268). 
H? 
k= Bn" 
But the magnetic field being normal to the faces, the value of H 


- in the gap is equal to the value of B in the iron (p. 234). 
2 


B 


Tv 

Weak Magnetic Fields.—The experiments described above are not 
sufficiently delicate to determine the form of the curve of magnetisation 
very near the origin. Lord Rayleigh* has examined this point, and 
finds that for very weak fields & and yz are constant, and hence the 
J—H and B—H curves are practically straight lines near the origin, 
and are inclined to the axis of H. The method he adopted was to 
place the specimen inside a magnetising coil B (Fig. 281), with its end 


1 Hr, Heusler, “‘ Verh. D. Phys. Ges,” 1903. 
? Lord Rayleigh, Phil. Mag., 23, p. 225. 1887. 
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very close to the magnetometer needle. For moderate field strength 
the effect on the magnetometer needle is balanced by a coil A, in 
series with B. On varying the current, the balance is still perfect if 
the permeability is everywhere constant, but 

my B if that of the specimen varies, the effect of A 
and B on the needle will not change at the same 
rate, and the balance is destroyed. With a 
piece of Swedish iron wire the balancing was 
made with a field of strength 0°04, and it was 
found to remain perfect as the field was reduced 
to 0:00004. Hence, for these fields the per- 
meability is constant. Up to values of H 
equal to 1-2, the following formule gave, fairly 


Fig, 281, well, the values of k and pz. 
k=644+4 51H. 
p = 81 + 64H. 


Time Lag.—Prof. Ewing found that in the case of soft iron, the 
specimen did not take its final value of the magnetisation instan- 
taneously, and in employing the magnetometer, an interval had to be 
allowed to elapse before reading the deflection, to allow the magnetisa- 
tion to creep up to its full value. This renders the readings taken by 
the ballistic method somewhat uncertain, but if the ballistic galvano- 
meter were replaced by the Grassot Fluxmeter (p. 263) this difficulty 
would be removed. With hard iron and steel, Lord Rayleigh found 
that there was no time lag for weak 
fields. Using a method similar to 
Lord Rayleigh’s, Prof. Ewing * found 
that annealed wrought iron took in 
some cases as long as 60 seconds to 
creep up to its final magnetisation 
for fields not exceeding 0:1, but the 
greater part of the magnetisation was 
acquired within 5 seconds. <A cycle 
of magnetisation may therefore be 
produced in a variety of ways. Thus 
for the weak field Oh (Fig. 282) suddenly applied, the resulting 
intensity of magnetisation is ha, but after a time this creeps up to hb. 
If the field had been applied very slowly, the path Ob would have been 
followed. On then suddenly reversing the field bd’ is the curve fol- 
lowed, and with time the point b' is slowly reached. Another reversal, 
followed by a pause, gives the path b'db.. Thus for a cycle consisting of 
rapid reversals, the magnetisation curve is aoa'oa, and there is no 
hystersis loss ; for very slow change of field the curve is bob'ob, again 
with no hysteresis; but for any other change there is always a loop 


Fig. 282, 


1 J, A. Ewing, Proc. Roy. Soc., 46, p. 269. 1889, 
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gps mel hysteresis loss, reaching a maximum for the path 

Very Strong Fields.—In order to determine whether the intensity 
of magnetisation really approaches a limiting saturation value, as in- 
dicated by the molecular theory, Prof. Ewing and Mr. Low! employed 
what they called the Isthmus method. The specimen forms a neck or 
isthmus between the tips of the conical poles of an electromagnet. 
They showed that for greatest uniformity of field at the neck, the 
semi-angle of the cone should be 
39° 14’ while for greatest value of 
the field it should be 54° 44’. Both 
forms were used. The magnetic 
induction in the specimen forming 
the neck was measured by winding 
a coil on it and rotating it through 
180°, the throw of a ballistic galva- 
nometer in series with the coil being 
observed, In order to make the 
rotation possible, the tips of the 
pole pieces are bored through transversely by a circular hole abcd 
(Fig. 283), and an iron bobbin with the neck as shown placed to fill 
the hole. The strength of magnetising field is determined by winding 
a second coil outside the first, so that it encloses an air space of known 
section. The difference in the ballistic throws for the two coils is 
proportional to the magnetic flux through the air space between the 
coils, and therefore to the magnetising field. 

The results for a specimen of Vicker’s tool steel are given below— 


H B I i 
6210 25480 1530 4:10 
9970 29650 1570 2:97 

12120 31620 1550 2°60 

14660 84550 1580 2°36 

15530 35820 H 1610 2°31 
| 


It will be seen that the intensity of magnetisation has become very 
nearly constant, and » seems to be approaching the value unity, which 
it should have for infinite fields if I ceases to increase ; for we see from 
the expression— 


B=H-+4rI, 
that if H becomes very great compared with 47I, the latter is negligible, 
and B= H, or p=. 
1 J, A. Ewing and W. Low, Phil. Trans., A., 180 (i), p. 221. 1889, 
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Variation of Temperature —All magnetic materials vary in sus- 
ceptibility when the ape changes. Hopkinson * found that 
in general the susceptibility increases with rising temperature when 
the specimen is subjected to a weak magnetising field, but for 
strong fields the reverse is the case. At a dull red heat, iron loses 
its magnetic properties entirely, the! temperature at which this occurs 
varying from 690° C. to 870° C. for different materials. _ The 
change does not take place suddenly, but in a few degrees’ rise in 
temperature the iron changes from a highly magnetic to a non- 


5000 
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magnetic substance. This critical temperature is also the temperature 
at which recalescence or the sudden reglowing of a mass of cooling iron 
occurs, and it was shown by Tait that the thermo-electric power of the 
magnetic metals undergoes rapid changes at the critical temperature. 
Evidently some important molecular rearrangement occurs at this 
temperature, and that this arrangement is intimately associated with 
the acquirement of magnetic properties on cooling, is shown by the fact 
that non-magnetisable manganese steel (12 per cent. Mn, 1 per cent. C) 
does not exhibit the phenomenon of recalescence, From Fig. 284, 
taken from Hopkinson’s results, it is seen that in the case of soft 
wrought-iron, for fields below 0°5 the susceptibility increases with 
temperature, while for strong fields the susceptibility falls with rising 
temperature, as will be seen on comparing the changes of B with 
temperature along the vertical lines F and G. At a temperature of 
788° the material has become non-magnetic. 

If the permeability be plotted against the temperature for three 
fields 0°3, 4, and 45, the diagram, Fig. 285, is obtained. It will be 
seen that for low magnetising fields the permeability increases rapidly 
as the critical temperature is reached, but for high fields in which 
the value of B is of course much nearer saturation value throughout, 
the permeability is not so much affected by temperature, and in all 
cases the permeability becomes zero at 785° C. 


1 J. Hopkinson, Phil. Trans., A., 180 (i), p. 443. 1889, 
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For nickel, Hopkinson ! found the critical temperature to be 310° C. 
and the general course of the phenomenon similar to that in iron. 

Ewing has shown ? that there is no temperature hysteresis unless 
the range of variation of temperature includes the critical temperature. 
That is, on heating and cooling the metal in a magnetic field the 
intensity of magnetisation at any temperature is the same when the 
temperature is falling as when it is rising. 

It has been found by Curie* that besides the great change that 
takes place at the critical temperature, there are others at still 
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higher temperatures, the most important of which consists in a sudden 
rise in magnetisation at 1280°C. On plotting the magnetisation- 
temperature curve to a very large scale, it is seen that between 750° 
and 800° C. the intensity of magnetisation drops to one-hundredth of its 
value, and then continues to decrease, with a slight inflection at 860° C. 
At 1280° C. I suddenly rises from about 0:025 to 0:040, and from then 
again decreases, 

Mechanical Stress.—The effects of mechanical stress upon the 
magnetic properties of materials are exceedingly complicated, but the 
following are the most striking. 

It was found by Villari‘* that for weak fields, longitudinal tension 
increases the magnetisation, but for strong fields the reverse is the 
case. ‘Thus the curves for annealed soft iron wire subjected to a pull 
are as shown in Fig. 286, after Ewing.’ Also the effect of varying the 
load in a cyclic manner, when the field is constant, is similar in character 
at all fields, but varies in amount with the field. With a magnetising 
field of 0-34 the effect of increasing and then decreasing the load is 


1 J. Hopkinson, Proc. Roy. Soc., 44, p. 317. 1888. 
2 J. A. Hwing, Phil. Trans., 176, p. 523. 1885. 

* P. Curie, Compes Rendus, 118, 726, 859, 1134. 

4 Hi, Villari, Pogg. Ann., p. 822. 1868. 

6 J. A Hwing, loc. cit. 
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seen in the lower dotted curve (Fig. 287), and on again increasing 
and decreasing the load, the curve becomes cyclic, as shown by the 
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full line. With a magnetising field of 2°49 the effects are similar 
and are much more marked. Fewer reversals are necessary to reach 
the cyclic state at high magnetising fields than at low fields) In 
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the case of steel and hard iron there is no hysteresis, the chain curve 
in the figure being typical of the changes which take place. 
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In nickel the Villari reversal is absent, the effect of longitudinal 
pull being to decrease the magnetisation for all field strengths, while, on 
the other hand, the effect of longitudinal compression is to increase the 
magnetisation.! 

The effect of longitudinal tension upon the magnetisation of iron was 
also investigated by Lord Kelvin? who found that a transverse stress 
had the opposite effect to one applied longitudinally. From this, many 
interesting and complicated effects may be expected when a magnetised 
wire is subjected to torsion, which effects have been experimentally 
obtained. 

Magneto-striction —The changes in dimensions caused by magnetisa- 
tion have been studied by 
Shelford Bidwell,? who ob- 2 
served the increase in length 
by a system of two levers S 
and a mirror, so that by © 
means of the deflection of s 
a spot of light, he could 
measure a variation of one 
ten-millionth of the length 
of the specimen. ‘The varia- 
tions in length for iron, 
nickel, and cobalt are given 
in Fig. 288, which is taken - Fre. 288. 
from Bidwell’s results. The 
effect of applying a tensile stress to the iron at the time of magnetisa- 
tion is shown in the dotted curves, where the ordinates indicate the 
elongation due to magnetisation while under stress. The curve 
changes continuously in character from that under no stress, to that 
under a stress of 1950 kilos. per square centimetre. 

Molecular Theory.—The molecular theory of magnetisation, due in 
its original form to Weber, has been improved and confirmed by sub- 
sequent experimenters, until now it is used universally for explaining 


‘magnetic phenomena. The essential truth of it rests upon afew simple 


facts, namely, the production of new poles when a permanent magnet 
is broken transversely, and the saturation which occurs in very strong 
magnetic fields. Again, there is never an excess of one kind of pole 
over the other in any magnetised body, which may be proved by show- 
ing that there is no resultant force producing translation acting upon a 
magnet in a uniform field. If a magnet be floated upon a cork on 
water it is seen that the magnet rotates into the meridian but does not 
move bodily in one direction or the other, as it would if the amount of 
N pole on it were not equal to the amount of S pole. 


1 J, A. Ewing, Phil. Trans., A., 179 (i), pp. 325 and 333, 1888. 
2 Sir W. Thomson, Proc, Roy. Soc., 27, p. 439. 1878. : b 
3 Shelford Bidwell, Proc. Roy. Soc., pp. 109, 257 (1886) ; Phil. Trans., p. 469 


(1890) ; 179 (i), p. 205 (1888). : 
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These effects follow at once if we consider a magnetic body to be a 
collection of molecular magnets, which in the neutral or unmagnetised 
state of the body are oriented indiscriminately in all directions, but, 
in a magnetic field, are rotated into its direction to an extent which 
increases with the field. 

In order to get over the difficulty that all the molecular magnets 
should not, even in the weakest field, rotate entirely into the direction 
of the field, and thus at once produce the condition of saturation, 
Weber assumed that the molecules are subject to restoring couples 
acting towards their neutral position and of an amount proportional to 
the displacement. This, however, does not account for the phenomenon 
of residual magnetisation, and Maxwell suggested that the restoring 
couples resemble the strain in a solid substance ; for small effects the 
elasticity is perfect and there is no hysteresis, but for strains beyond 
the elastic limit, the recovery is not perfect and hysteresis is exhibited. 
Wiedemann suggested that the opposition to rotation is of frictional 
character, which explanation accounts for the phenomenon of hysteresis, 
but it would follow that the magnetisation for very weak fields would 
be zero when the directive force due to the field is less than that 
required to overcome the frictional resistance to turning. Lord 
Rayleigh, however, showed that the susceptibility is not zero but has a 
constant value differing from zero, for extremely weak fields (p. 283). 

Prof. J. A. Ewing suggested that the only restraint on the molecules 
of which a magnetic substance is composed, is due to the magnetic 
forces occurring between neighbouring molecules, and he showed how 

the phenomena of residual magne- 


s Ss tism, hysteresis, and the other effects 
a. in varying field could in this way 

N N be accounted for. The student is 
St Tw =o” »sreferred to Ewing's book on “ Mag-7 
x aan N’ netic Induction in Iron and. other 

| ; NG Metals,” for a full account of this 
ab ii) (iii) theory, but a general idea of it may ~ 
a) SS be obtained from a few simple con- 

Fig, 289. siderations. 


Consider two neighbouring mole- 
cules (Fig. 289). With no external magnetising field they would, if 
free to turn, set themselves in line (i). In a weak field H, they would 
be slightly deflected into the direction of the field (ii), but the force 
between N and 8’ would prevent their swinging round into the direction 
of the field. As the field is increased, an unstable state would be 
reached, when the couples due to the field are greater than the re- 
storing couples due to the poles, and the condition (iii) will be attained. 

For a group of four molecules, Fig. 290 (i) represents the condition in 
zero field, (ii) is the arrangement just before instability is reached, and 
(iii) the state just beyond instability. Any further increase in the field 
can only produce a further slight increase into alignment with the 


. eee 
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field. A curve of magnetisation corresponding to this group of four 
molecules is indicated in Fig. 291, and it will be seen to have some 
resemblance to the actual curves of magnetisation for iron (Fig. 284). 
When it is remembered that a piece of magnetic material consists of 
an infinite number of groups of all degrees of stability, it will be seen 
that the groups will not all break up at the same time, and the angular 
ae of Fig. 291 will become the flowing curve of H of Figs. 272 
or 284, 

By means of a model consisting of a number of pivoted magnets, 


N Ss N S : 
Ss Nos N 
$ N.S N 


N a ea 
=) G/N Sit. un 
(1) (ti) (iii) (iv) 
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the whole cycle of magnetisation may be traced, as the magnetic field 
undergoes a slow cycle. 

The effects of stress, of temperature, and of mechanical vibration 
are all shown to be consistent with I 
the above theory. 

An interesting result, pre- 
dicted from Ewing’s theory, which 
was afterwards verified by ex- 
periment by Prof. Baily’ is that 
in a strong field, when all the mole- 
cular magnets are nearly in align- 
ment with the field, if the field be 
caused to rotate, instead of being 
reversed with constant direction, (j) 
the molecules will all turn with the Fig. 291. 
field, and the work done in a rota- 
tion should be zero. As there is no return to unstable grouping with 
subsequent remagnetisation in the opposite direction, the phenomenon 
of hysteresis. will therefore be absent. It was found that for rotating 
instead of alternating field, the hysteresis loss diminished after the 
strength of the field was increased beyond a certain amount. =. 

The Magnetic Circuit.—We have seen that magnetic flux is dis- 
tributed circuitally, for at the surface of separation of two media the 
normal magnetic induction is continuous as it crosses the surface (p. 234), 
and in a uniform medium the tubes of induction are continuous. Con- 
sider a tube of induction whose cross-section at any point is s, the value 


1 FB, G. Baily, Phil. Trans., A., 187, p. 715. 1896. 
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of the induction at the section being B. The total normal induction or 
magnetic flux over this cross-section is Bs, if B is uniform ; and if B is 
not uniform then / Bds is the flux. This quantity is constant for every 
section (p. 234) and is therefore characteristic of the tube. 

Let us now find the line integral of the magnetic field for a circuital 
path round the tube of induction. It may be expressed in the form 


Hal, if H is everywhere parallel to the element of the path dl, which 

0 - 
will be true if the tube is sufficiently narrow; but in any case 
H Cos edi will be the line integral, where « is the angle between the 


0 
directions of H and dl. This line integral is the work done on carrying 
a unit pole once round the path, and by analogy with the corresponding 
electrical case, it is sometimes called the Magneto-Motive Force 
(M.M.F.) round the complete circuit formed by the tube of induction. 
We have seen that the line integral of -the electric field round any 
closed path is equal to 47 times the total current linked with the path. 


4rnl 
[Ha = Ty 


where I is the current in amperes flowing in a wire linked with the 
magnet circuit, and n the number of times the two circuits are linked 
together. ‘The product nI is frequently called the number of ampere- 
turns linked with the circuit, and hence we may now write for any 
magnetic circuit— 


4 
MME. = 10 x (ampere-turns). 


Again, for the circuital tube of induction— 
magnetic flux N = Bs = » Hs 


. A= N 5 
ps 
and, MMF. -| Hdl = | NaN i al 
0 0 lee 0 he 
since N is constant for the circuit. 


ee N= 


dl 
ps 
0 


By analogy with the case of an electric current circuit for which— 


t= 
Sdl 
8 
0 


MnO 
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Sdl . : 
where i ris the resistance, S being the resistivity at any point, the 


quantity “ is frequently called the magnetic resistance of the circuit. 
0 
It must be remembered, however, that the resemblance is only in the 
form of the expressions, as there is no such thing as a magnetic 
current. ‘The quantity N, although called a magnetic flux is only a 
statical condition defined by the relation N = fuHds. 
When the shape of the tube of induction is completely known, and 


l 
also the value of » at each point, the quantity “ can be found. In 


i) 

certain simple cases the circuit may consist of several parts, for each of 
which » and s are constant, and when this is so, the magnetic resist- 
ance of the whole circuit is the sum of the magnetic resistances of these 
separate parts. In many other cases, where the boundary of the 
circuit considered is not everywhere parallel to the direction of the 
flux, useful approximate values for the magnetic resistance may be 
obtained by following a similar method, but in this case the magnetic 
circuit is not perfect, and uncertainty in calculation is introduced by 
the uncertainty of the dimensions of the nearest perfect circuit. 

The following examples will illustrate the method :— 

(i) Ring wound with Endless Solenoid.—In this case the magnetic 
circuit consists of one homogeneous iron ring; B, H, and p» being 
approximately constant for all points. The magnetic resistance of the 


abs dl Qar 
ring 1s — = —. 
HS ps 


Hence if there are n turns per centimetre length of ring, total 
turns = 2z7rn. With current I amperes in each turn— 


ampere turns = 2zrnlI, 
and M.M.F. = Salter) 
4n(2rrnT) 
10 ArnTps 


en. 10 


But, = 
and, Eye ie 


a result which we obtained previously on p. 232. 
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(ii) Ring with Small Air-Gap.—If the air-gap have thickness d 
(Fig. 292), the magnetic circuit consists of two parts (27r — d) ems. 
Qnr —d 


of iron, having magnetic resistance , and d cms. of air, having 


’ d , 
magnetic resistance —, since p = 1. 
8 


.*. whole magnetic resistance = Sr 


_ ert (w= 1d 


Inr —d d 
8 


= An(2arn1) ps : 
a 10 : S2ar+(u—1)dt 


Then, N 


By comparison with the value of N for 
the ring without gap, it will be seen that 
the magnetic effect of the gap is to increase 
apparently the length of iron in the ring 
by an amount (jf — 1)d, which is approxi- 
mately 1000d, when » = 1000. Hence the 
enormous drop in magnetisation due to quite 
a small gap. 


N Aar(Qarnl)y 
“8 1042ar+(u—1)d}’ 


and the actual value of H within the iron, where the permeability 
is p, is— 


Fig. 292. As before, B 


os Be 4x(2arn1) 
& 10}27r+(u—1)dt 
Calling the corresponding value of the magnetising field when there is — 
no gap, H’— 
4n(2rrnl) 
’ =S—- OO 
ae 10(2z7r) ’ 
and we have— 
Het +(e ee 
HO er 


d 
But 7 = 6, the angular thickness of the gap; 


-1 
. H=H+ Une, 


T 


—— 


ii i) 
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p=1-+ 4ak, “p= 1= 47k, 
kH =T, 
‘ek = EE 210 
4? 
Se EEN 
where @° is given in degrees instead of radians, for— 
> 360 
6 = a . 


47? 


The equation is therefore H = H’ — =,~I, and it will be seen by 


360 
comparison with the equation on p. 269, 
that the gap produces a demagnetising 
effect, the coefficient of demagnetisation 


4 
ae When the gap has a thickness 
of half a degree— 

H = H’ — 001741. 
And it will be seen from the table on p. 
270, that the demagnetising effect of the 
gap is nearly the same as that for an 


ellipsoid whose length is fifty times its 
diameter. 


being 


Fig. 293, 


(iii) Core of Electro-magnet.—In a complicated case such as the 
core of an electro-magnet (Fig. 293), an approximate value of the 
magnetic resistance may be obtained from the dimensions of the 


circuit. Thus— 


for the air gap, magnetic resistance = re 


for the pole pieces " 
for the cores 7 


and for the yoke Y 


The total magnetic resistance is then— 
| Mie 1 F pam) L, 


9 
Oe) oc oc 


and if there are nI ampere turns— 
Aan x! 2h ls 


10 ~ Ne pati pot 


1 

21, 
ad pS: 

74 p 


ad ? 
}+282 


ts 
[4383 
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The value of B in the air-gap is N/s,, and since the permeability is 
here unity, this is also the strength of field in the gap. The above 
calculation is only an approximation, since the circuit is very imperfect 
from the magnetic point of view, but it becomes more reliable as the 
air-gap is reduced, since the magnetic induction in that case will be 
more confined to the iron, less straying into the surrounding space. 

Bar and Yoke Tests.—The objections to the magnetometer and the 
ring methods of measurement of permeability, consist in the necessity 

for drawing the material 
s into the form of a wire in 
the former case and welding 
it into a ring in the latter. 
Both processes produce phy- 
sical change in the material, 
and hence the desirability of 
employing some method in 
Fie. 294. which these processes are 
unnecessary. Hopkinson? 
used a straight bar of the material and completed the magnetic circuit 
by means of a heavy soft-iron yoke, so that there are no free poles 
(Fig. 294). The magnetising coil is wound on the rod, the number of 
ampere-turns being known. In the earlier experiments, the experimental 
rod was constructed in two parts so that the secondary coil 8, which 
is in series with the ballistic galvanometer, might be jerked out of the 
field on separating the parts of the rod. The joint, where the ends of 
the rod are in contact, introduces an unknown magnetic resistance, so 
in later experiments the rod was made in one piece and the ballistic 
throw for a reversal of the magnetising current observed. 

Then, if 1,, s,, and w, are the length, area, and permeability of the 

rod, and J,, 8, and jz. the values for the yoke— 


magnetic resistance of circuit = ae f bs : 
rl td a 
ni ot ds 
and, es eS ae 
10 » fy 8} 289 


where nI is the number of ampere-turns in the magnetising coil. 


ene if H is the magnetising field, and B the induction in the 
rod— 


N = Bs 2, Hee 
Arnl 


i ls 
10(2 uh), 
1+ am 


* J. Hopkinson, Phil. Trans., 176, p. 455. 1885, 


yay 8 ee 
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If the rod alone formed a complete magnetic circuit so that there 
were no free poles, as in the case of the ring, we should have had— 


4rnl 


PS Fone 


and we see that the yoke is equivalent to an additional length Lsips 


2 


of rod. This is made as small as possible by making s, and py large, 
the yoke being of high permeability soft iron, and as massive as 
possible. 

Double Bar and Yoke.—The method has been modified by Prof. 
Ewing’ by using a double bar and yoke in such a way that the error 


- due to the yoke is eliminated. 


The equation for H on the last page, may be written— 


_ 4mnl — 1,8,4,H 
ss 101, - 8ofLoly : 


But »,H = B, the induction in the rod ; 


: A4inl 1,8,\1 
ee GIs) Ca 


85ph2 


Two rods RR are employed, which are united at their ends by two 


Fig. 295. 


massive soft-iron yokes YY (Fig. 295). Then, for any given value of 
B, the quantity B(=*) is constant for the given yokes, and writing e€ 
2/2 


in place of it, we have, taking / as the length of the rod— 


: dnd e€ 
H= 707 7T 


Now ake is the magnetising field H’ due to the coil when there is 


1 wing, ‘‘ Magnetic Induction in Iron and other Metals.” 
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no correction to be applied on acvount of the magnetic resistance of 
the yokes, 


oe 
H=H--| 


With half the length of rod, the equation would have been— 


H =H" - 
*/ Ht Hs 7 
SHE 


The measurement of the induction B is therefore made twice over, 
the length of rod in the second case being half the length in the first, 
with the same number of turns 
per centimetre of the magnetising 
coil.in the two cases. This is 
attained by having the magne- 
tising coils wound on two paiis of 
bobbins, one twice the length of 
the other, the first having 100 
turns on 12°56, 7.e. 47 cms., and the 
other 50 turns on 6°28, 7.e227 cms., 

‘ 4anl 
igi aoa so that in each case ior = 10 x4; 
A curve of B and H for each 
arrangement is obtained by the ballistic method in the ordinary way, 
and the curves for H’ and H” plotted as in Fig. 296, Then for each 
value of B, such as OD, we have seen that— 


H’ — H' = H' — 8, 


Hence if FG be made equal to EF, i.e. to H” — H’, the point G is 
situated on the true or corrected B—H curve. 

The two bars must be of the same material, and the B—H curve 
being found, one of the bars may be compared with a bar of any other 
material, having the same dimensions, by the rapid method to be next 
described, ‘I'he experiment with the double bar and yoke is carried 
out in a similar manner to that with the ring (p. 274), a set of 
observations being made with each pair of magnetising coils. The 
secondaries of these and of the standardising coil are permanently in 


series, so that the resistance of the secondary circuit is not changed 
during the experiment. 


U 
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Permeability Bridge.1—The rod A, standardised by the double bar 
and yoke method, and B the rod to be tested, are placed between 
massive yokes CD as in the double bar and yoke test, the direction 
of Magnetisation produced by the magnetising coils being shown by 
arrows in the plan in Fig. 297. The distance between the yokes is 
12:56 cms., and the number of turns upon A, 100, so that the 
magnetising field in A is 
10 x I. Thenumber of turns E FE 
upon B can be varied by 
means of a switch or plugs, 
until the induction is the 
same in the two rods, the 
ratio of the number of mag- 
netising turns upon A and B 
when this balance is obtained 
being the ratio of the two 
magnetising fields required to 
produce that particular value 
of B in the tworods. If M 
(Fig. 298) is a point on the 
B—H curve found by the 
last experiment (p. 297) for 
the rod A, and the ratio 
LN : LM be that of the mag- 
netising fields in B and A 
for this value of the induction, 
the point N on the B—H curve 
for the specimen is found. The 
whole curve ONH, may be found from the standard curve OMH 
in the same manner by taking the ratio of the magnetising turns for 
various values of the induction B. 

The test for equality of the values of B in the two rods is made by 
observing that the suspended magnet G (Fig. 297) remains stationary 
when the magnetising current, which passes through the two 
magnetising coils in series, is reversed. ‘This shows that there is no 
magnetic flux passing from C to D through the soft-iron horns E and 
F. Hence the flux entering the yoke C from the specimen B is equal 
to that leaving C by the specimen A, and the same for the yoke D, 
and the magnetic induction in A is therefore equal to that in B. 

Permeameter.—For testing the magnetic properties of iron in bulk 
without the’ necessity of making specimens of it into a wire or 
rod, O. V. Drysdale* has devised the instrument which he calls the 
permeameter. By means of a specially designed drill, a hole is bored 
into the material, leaving a central pin A (Fig. 299). Into the hole is 


1 J, A. Ewing, The Electrician, 37, p.41. 1896. 
2 ©, V. Drysdale, Jowrn. Inst, Elec, Hng,, 31, p. 283, 1902, 
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. inserted an iron plug E carrying a bobbin upon which the magnetising 
and the secondary coils are wound, the bobbin fitting on to the pin A. 
It will be seen from the diagram that the magnetic circuit lies within 
the material to be tested, except at the small portion of its path where 
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Fig. 298, Fic. 299. 


it passes through the iron plug E. The author describes several 
methods of making the tests, but the most satisfactory is to obtain the 
B—H curve as described on pages 274 and 275, 


CHAPTER XI 
VARYING CURRENTS 


THE laws which govern the flow of steady currents in conductors are 
inadequate to determine the value of the current when changing. 
From Ohm’s law we can define the resistance of a conductor to steady 
current, and then calculate the electromotive force required to 
puoduce any current in the conductor. When, however, the current 
varies, the magnetic flux linked with the circuit varies, and we have 
seen that this variation in the magnetic flux linked with the circuit 
means another electromotive force acting init. Again, there may be 
accumulation of electric charge at some part in the circuit, and this 
also implies a changing electromotive force in the circuit. For sim- 
plicity, we shall in the first place neglect this last effect, which is only 
of importance within certain limiting values of the capacity in the 
circuit, and confine our attention to the effect of the changing magnetic 
flux. The effect of capacity will afterwards be treated, and finally the 
circuit will be dealt with, in which the effects are all taken into 
account. 

Inductance.—When the magnetic flux linked with a circuit is 
changing, an electromotive force acts round the circuit, whose value 
is the rate of change of the flux (p. 249). Thus— 


—~ dN 
aaron ade 


Again, for current i in the circuit there is always a magnetic flux 
linked with the circuit ; let this flux be li. Then— 


Neh Miers goa ae 
and, e= - 7 = —1.5, Ts: 6 | 10a (ii) 


provided that 7 is constant, which is true so long as there is no material 
of variable permeability in the neighbourhood of the circuit. 

When the current 7 is increasing, we may, by the laws on pages 
948 and 249, show that the induced electromotive force e is in the 
opposite direction to the current ; consequently work is being performed 
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at the rate ei ergs per second, the energy appearing somewhere in the 
circuit (p. 60). That is— 


rate of working = e 


= —li- - ergs per second 


and for the total work done in opposing this E.M.F. while the current 
i, is being established— 


- [us ‘at = —1f" id= — 12 9, ae 


i, being the final steady value of the current. 

The quantity 7 which appears in these three equations is called the 
Coefficient of Self-Induction or the Self-Inductance of the circuit; it 
may be defined from (i) as the fluw linked with the circuit when unit 
current flows in it ; from (ii) as the H.M.F. round the cireutt due to unit 
rate of change of current in it; and from (iii) as twice the work done in 
establishing the magnetic flux associated with unit current in the circuit. 

The three values of / are constant, and are, moreover, identical so 
long as the medium comprising the magnetic circuit linked with the 
current has constant magnetic permeability, but when is variable the 
three values are neither 
identical nor constant, and 
the inductance of the cir- 
cuit may be defined from 
either of the equations, the 
question of the most con- 
venient definition for any 


; decided by experience. 
Fra. 300. Thus, if OKA (Fig. .300) 
be the curve connecting 
N the total magnetic flux and the current é in the circuit considered, 
it is of the same form as the B—H curve, the scale only being changed ; 
for N = Bs, when B is constant across any section of the magnetic 
circuit, or /Bds in any case; and the magnetising field is everywhere 
proportional to the current, Then from equation (i)— 


rN _ AB 

ae OB 

4 aN di 
Again, Seale? ahi7 


dN AB 
and 7; is equal to 7,7, where AD is the tangent to the curve at the 
point A; hence— 

AB di 
po DBide 


particular problem, being | 


a 
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‘But from equation (ii)— 


z 
J re Sa 
ee 
DB 


‘The work done in establishing the current is — 


[ieiat = ae iNat = — | ian 


= area OEANO. 
But from equation (iii)— 
work = — 3]. OB’, 
. 31. OB? = area OEANO. 
ape ee EANG 
pic OB? ; 


It will easily be seen that if OKA becomes a straight line, in which 
case the permeability is constant, all these quantities are equal and are \ 


moreover constant." 
In practice the meaning of the term self-inductance must vary with ; 


the conditions in which it is employed ; with iron in the circuit it | 
varies from value to value of the current, but without iron the term | 
has a definite meaning, and for a given conducting circuit it is constant 
so long as the current does not change so rapidly that the distribution 
of current in the conductor itself differs from that for a steady current. 

Growth of Current.—While the current in a circuit is growing, the 


di. : 
~ electromotive force —/ a ® acting, and therefore the resultant 
electromotive force overcoming the resistance of the “Grcuit is 


e- FP where e is the applied electromotive force due to outside 


. ; i ore 

sources. Hence our equation from which to obtain the current, 
: di : ; 

changes from e = ri for steady current, to e — 1 aor for varying 


current, 
di 
Py chink = 6: 


This is the general equation of electromotive forces for a circuit 
having inductance and resistance only. In.order to integrate it let it 
be written in the form— 
di 
e—r 

U 
1 W. E. Sumpner, Phil. Mag. (Ser. 5), 25, p. 453, 1888, 


= dt, 
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‘ or, assuming J to be constant — 


Integrating both sides, we have— 


“log. (° j Ee a oe 
k is the constant of integration, to be determined from the conditions 
of the problem ; for the differential equation represents the manner in 
which the quantities vary with respect to each other, and its integral 
is the total change in a given time, but will not give us the value of the 
current reached at the end of this time, unless we know the value at 
the beginning of the time during which the change has taken place. 
Let the current at the moment of applying the external E.M.F, be 
zero, 1.e. let i = 0 whent = 0, Then— ‘ 


e 
> 10g. pee h, 


and substituting this value for k we have— 


l r 
e—ri r 
or, log. é = T t. 
Writing this in its exponential form we have— 
; E iP . 
ON ape fet of 2) a 
€ P UN (CAtLReL . Vv c feed : 
or i=l u 
‘ a r : 4 ee | 


e. 
|, 38 the final steady value of the current, and writing i, for this we 
have— 

i= (1 — e-74)s 
an equation which shows us how the current grows. The mode of 


growth is shown in Fig. 301, in which the values of i and ¢ are plotted. 


Strictly speaking the current never reaches its steady value ty but 
continually approaches it, 
Thus for 7 to equal ¢,— 
Ca " = VU, 
=e, 
The rate of growth of the current may easily be found ; it is— 
di Oe eee LAR . 
eT a aa C= j o—?). 
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This gets less as ¢ approaches its final value 7,, but for any value of 7 
it is proportional to . The rate at which a current approaches its 
final value therefore depends upon the ratio ; and not upon the 
separate values of r and 7. Unless the circuit has a great many 
turns, or the circuit includes iron, / is usually very small compared 
with r, so that the current approximates to its final value in a very 
small fraction of a second. 


Zs is 
fo? 2x10? 3x03 4x/0 Sec. 


Fic, 301, 


l 
The ratio a is called. the Time Constant, d, of the circuit, and the 


equation for the current may be written— 
t 
t=1(1—« 4). 


After time A, i= i = *) 


tis 
= 40° 9-718 


= 0°632%,. 

: : Gat z 1718 
Thus the time constant is the time in which a current reaches e718 
or roughly two-thirds of its final value. The four curves in Fig. 301 
are drawn for values of the time constant equal to 4 x 10-8, 2 x 10-%, 
10-3, and 0°5 x 10-3, and the time taken for each current to reach the 
line A, where OA = 0°632i,, is the time constant. 

The variation in rate of growth of the current cannot be observed 
with an ordinary galvanometer, but by using one having a very high 
frequency for its moving part, as for example the vibration galvano- 
meter (p. 380) the difference in rates of growth of current in an electro- 
magnet and in an equal resistance having small inductance may easily 


be demonstrated. 
x 
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Decay of Current.—If, when the steady value ¢, of the current has 
been reached, the electromotive force be suddenly reduced to zero, the 
variation of the current may be found, fore in our E.M.F. equation is 
then zero. 


di : 

WT +ri= 0. 

Transforming the equation as before, we get— 

L di 

->: = = ay 
re 
; : l , 

and integrating, 7 loget= —t+ k. 


When ¢ = 0,4 = %. 
1 : 
ae ; 108. Oe Iie 


and substituting this value for k, we have— 


t 


one a 
a gie aa 
r 
t 


or, i= A€ 

t 

=> he A 
Thus the greater the value of A, the more slowly will the current die 
away. Fig. 302 illustrates the decay of the current for A = 4 x 10-3, 

2% 10%, 10, and OD «10. 
It will be noticed that the growing and decaying currents are 
t 


complementary, for if the currents 7,(1 —« ) and ie A be added 


t 


on 3 aes ond 
/ 2x10 3x10 4x10 2S ec. 


together, the sum is #4. Hence the curves in Fig. 302 are those 
of Fig. 301 inverted. 


A 7 oe 
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The variation in rate of decay of the current in different circuits may 
be demonstrated by means of the vibration galvanometer in a manner 
similar to that described for the growing current (p. 305), but in this 
case the circuit must be closed as the battery is cut out; it must not 
merely be broken, as this would introduce an infinite resistance. The 
result of this increase in resistance is that the time constant of the 
circuit is reduced and the current drops at an enormous rate. The 
electromotive force due to inductance, being proportional to the rate of 
change of current, is then enormous, and is sufficient to cause a spark 
or even an arc at the break in the circuit. 

Inductance in electrical problems plays a similar part to mass or 
inertia in mechanical problems; its effect is to retard the growth of 
the current or the motion, and similarly neither the current nor 
the motion can be stopped instantaneously. The energy due to the 
magnetic field linked with the current is $i? ergs; that due to the 
inertia of a moving mass is }mv’ ergs. 

Inductance of Solenoid.—In certain simple cases, the self-inductance 


“a eee: 
of a circuit may be calculated from the definition e = —1. a pro- 


vided of course that the permeability is constant. In the case of a 
solenoid having an air core, if b be its length, n the total number of 
turns, and a its area of cross-section— 


: dani 
Field inside solenoid = (p. 232) 
: Annat 
magnetic flux = i" 


Tf the solenoid is straight 6 must be great. re 
When i varies, any change in the flux cuts the circuit n 


times, 


$ d (4a oa 
..6e=— Nn at b 
4rn?a di 


oer 


By comparison with the above equation for / we see that— 


4in7a 


t= b ° 


Coaxial Cylinders——When the circuit consists of two coaxial 
cylinders of radii a and b, one being the return circuit for the other, 
the magnetic field is confined to the space between them. For, a 
circular path taken externally round them both encloses equal and 
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opposite currents (Fig. 303) and, therefore, the line integral of the 


magnetic field round 


Fic. 303. 


the path is zero. Again, within the inner cylin- 
drical current the magnetic field is zero, for a 
closed path in this region does not enclose any 
current. It follows that the resultant magnetic 
field is confined to the space between the cylinders 
and is that due to the current i in the inner 
cylinder. At external points, the magnetic 
fields due to the two cylinders are equal and 
opposite. This proves incidentally that the field 
due to a cylindrical current is the same at 
external points, as though the current flowed 
along the axis, for the inner cylinder may be 
reduced to as small dimensions as we please. 


The value of H at the point P is therefore a5 
r 


and the flux through the area ABCD, where AD has unit length, is— 


Now when i vari 


But, 


09; b 
ay = 21 [t0e. | : 
at a 


Lay 
N = 2% loge - 


es 


per unit length of the coaxial cylinders. 

Practical Unit (the Henry).—In the foregoing equations, all the 
quantities have been given in absolute C.G.S. units, but in practical 
work it is desirable to employ a unit in conformity with the system— 
volt, ampere, ohm, etc. The unit chosen is called the Henry, and is the 
inductance of a circuit in which a rate of change of current of one 
ampere per second produces an electromotive force of one volt. The 
relation of the henry to the absolute unit of inductance may be found 
in a manner analogous to that employed in the case of the ohm (p. 62). 


The volt is equal to 


10° absolute units of electromotive force and the 


ampere to 10-* unit of current, whereas the second is the unit of time 
on both systems, and thus, since— 


e=!1 


di E volts 
ak? L= Altai eee 


pO Retes per sec. 


Set 
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1 volt ¥ 10° absolute units of E.M.F. 
1 ampere per sec.” 107! absolute unit of current per sec. 
= 10° absolute units of inductance. 


Thus the inductance of a solenoid— 
- 4an?a 
ale 


and that of the coaxial cylinders on p. 308 is 2 x 10-® log, henry. 


or, 1 henry = 


henrys, (p. 307) 


In future we shall use the letter J to represent inductance.in absolute 
units, and L that in henrys. 

A convenient form of variable inductance made by Messrs. Nalder 
Bros, & Co., Ltd., is shown in Fig. 304. The two coils are in series, 


Fia. 304. 


and one of them can be rotated so as to vary the resultant magnetic flux 
due to the two. The scale on the instrument is calibrated in millihenrys. 

Charge and Discharge of Condenser.—On applying an electro- 
motive force e, due to some external source, to a circuit consisting 
of a capacity in series with a resistance, a current will flow for a time, 
put electric charge is all the time accumulating upon the plates of the 
condenser, and for charge q, the difference of potential between the 


plates is a where c is the capacity of the condenser; and this is 


directed one particular way round the circuit. A current in one 
direction will increase this, giving energy to the condenser, and in the 
other the energy of the charge on the condenser will be used in driving 
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the current. Hence the condenser produces an electromotive force in 
the circuit, and the equation of electromotive forces becomes— 


, : 
c oo 


Now the current in every part of the circuit 
e being the same, it is equal to the rate at which 
charge accumulates in the condenser. 


dt 

dq.q 
Fia. 305. : . cad mie 
as Ta te =e. 


rT j= Sl orcg Sete 


This equation may be solved in a similar manner to that on p. 303. 


Ce r 
AR Qing, Bee ee 
at &C R cr log. 3 ‘) =--—t a ke 
me 
If g = 0, when t=0— 
. Gy f e& é 
Qere) - 4 @ % dh or loge = k. 
‘ b&b ane | F 
RE CNC as + tx vn LORY ae a ee 
f :. as t 
Gx EC. Cowl t™ q =ec(l—e o) 


~\ fac 


a 


ec is the final steady charge in the condenser ; calling this g, we have— 


t 
C= qo 1 —_ ee); 
The time constant in this case is er, 
San re 
. ~~ g=qil =eiay 
If now the external electromotive force be reduced to zero, the 
E.M.F. equation becomes— 


aim d 
Bh Bg eg %\ ra ti =0, 
whence, dq = dt 
l q e 
fe f a =e log. = = = + k. 


x 


eee ees eee 


y Ne Yh 4a 7 
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Tf g = q@, when ¢ = 0— 


or, 


gt 
Fia, 306. , 


The curves for g and ¢ for charge and discharge are drawn in 
Fig. 306. 


—t 


Fia. 307. 
The equations for the current may be obtained from those for the 


charge, remembering that i = 7 ‘ 
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Thus, for the charge— 
d ae ae 
$= 9 7,(1 —« a) =. cr 


and for the discharge— 


; ae: Wh, ge 
t= h a (e ef) = bea CT. 
Since PPS 
c 
qo _ @ ° 
es ea 


i, being the value of the current at the beginning of both charge 
and discharge. It may be noticed that in both cases the current starts 
with its greatest value and falls off exponentially; the discharging 
current is negative, that is, it is in the reverse direction to the 
charging current (Fig. 307), 

Measurement of High Resistance by Leakage.—From the equa- 
tion for the discharge, we see that q falls to about one-third of its 

t 


value in time \ = cr; for, Gaex= a when t=. If the time ¢ 


0 

is to be measured with reasonable accuracy, it must be over a 
minute, say 100 seconds. Therefore cr must be at least 100. Now 
the condensers of convenient size, found in every laboratory, have 
_ a capacity of the order of a micro-farad, that is 10-® farad, or 10-” 
absolute units, where the practical unit of capacity, the Farad, is the 
condenser which one coulomb will charge to a potential difference of 
one volt. Hence for cr to have the value 100, when c is 10-”, r must 
have a value of 10” absolute units or 10° ohms. Hence a capacity 
of 1 micro-farad discharging through a resistance of 10° ohms or 100 
megohms (1 megohm = 10° ohms) will lose about two-thirds of its 
charge in 100 seconds. 

This gives rise to a convenient practical method of measuring 
resistances of the order of 20 megohms and upwards ; for the condenser 
is charged and then allowed to discharge through the resistance for 
a known time é From the relation— 


are tee 
loge q = cr? 
t 
or, == 
clog. 2 


c being known and i being observed, r can be calculated. When the 


-v% Sea 


Sati pAes 
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rate of leakage is small, 40 may be measured by means of the quadrant 


electrometer, the deflection being read at known intervals, 


6, qo 


6, re 


7 


Or the condenser may be charged and instantly discharged through the 
ballistic galvanometer. The throw 6, is then proportional to qd» - it 
is again charged and allowed to leak for ¢ seconds through the resistance 
and then discharged through the galvanometer. The throw 6, is then 
proportional to the charge q remaining after ¢ seconds, so that— 


t 


2 
ée 


=> 


th 
Gp 
It is advisable to obtain a number of readings of ¢ and 6 by 


¢ log, 


repeating the above process and plotting a curve of ¢ and log, A A 


straight line lying evenly amongst these points may be drawn and 


from it a mean value of obtained, from which r may be 


t 

0; 
log. é, 
calculated. 

Mutual Inductance.—We have already seen that a variation of the 
current in a circuit is accompanied by an electromotive force in any 
neighbouring circuit (p. 247). Thus if the current in the circuit A 
(Fig. 248) varies, there will be an electromotive force in the circuit B, 


d , ee : : 
equal to —m 7? due to this variation of the current in A. mis called 


the coeficient of mutual induction or the mutual inductance of the two 
circuits. The defining of mutual inductance is subject to all the 
difficulties encountered in the case of self-inductance when the mag- 
netic permeability is variable (p. 302). It may be defined as above, or 
as the magnetic flux linked with the secondary circuit B, due to unit 
current in the primary A. Thus— 
dN d(mi) di 
nd wedi Sa) dba, cde 


when m is constant. 
m may also be defined as the mutual potential energy of the two 


circuits when unit current is flowing in each, and this again leads to 
the same value of m when the permeability is constant. 

Let 7, be the current in the secondary circuit, and let it be situated 
in a magnetic field whose value at the point P, Fig. 308 (i), is H, @ being 
the angle between the field and the circuit at P. Then the force per 
unit length of the circuit is i,H sin 6 (see p. 239), and for the small 
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length 1 of the circuit, is 7,HI sin 6, and is at right angles to J and H. 
Let the element 7 be displaced in the direction of the force by an 
amount da, then work done = 7,H sin 6.1.dx. 
But H sin 6 is the component of H normal to the area léx 
swept out by the element 
(Fig. 308 (ii)), and therefore 
H sin 6.1.6” is the amount of 
magnetic flux dN added to 
or withdrawn from the total 
amount linked with the cir- 
cuit. Hence— 


work done = 1,dN, 


and fi,dN is the total work 
done when the magnetic flux 
N, linked with the circuit, 
Fie. 308. changes by the amount fdN, 

i, being constant. 

It is immaterial whether the circuit changes in size, or whether the 
change in N is due to the alteration in the distribution of the flux, for 
the work done at each element of the circuit is proportional to the 
value of H at the point, and to the relative motion of the circuit and 
the flux; in fact the problem is similar to that of finding the work 
done in the case of the change of volume of a gas, which is /pdv, where 
p is the pressure at the boundary and dv a small change in volume. 
The same limitations as regard reversibility apply in the two cases. 
If the permeability is not unity H must be replaced by B in the above. 

If now the flux N is due to another circuit carrying current 7,, the 
flux due to it and linked with both circuits is m,,, and therefore 
Mytt2 is the work done in linking the flux mt, with, or withdrawing it 
from 7. Similarly the current ¢, involves a flux m,i, linked with %,, 
and to withdraw this flux from 7, involves an amount of work m,t,i,. 
These two amounts of work must be the same, for if the two circuits 
be separated to a great distance, the forces on the two at each instant 
during the act of separation must be equal and opposite. 


ee Myl jbo = Meololy 
and, Mm, = Me, 


so that there is only one value of the mutual inductance between the 
two circuits, and the flux linked with the second due to unit current 
in the first is equal to the flux linked with the first due to unit current 
in the second. 

Calculation of Mutual Inductance——In any case in which the 
flux linked with the secondary circuit due to current ¢ in the primary 
circuit can be calculated, the mutual inductance may be deduced from 


: d 
the relation e = —in 7 Thus for the solenoid (Fig. 260) in which n, 


Ae hs 5 
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turns of secondary are wound near the middle of a primary of n, turns 
per unit length— 
H = 4rnji, and, N = 47n,Ai. 


This is the flux linked. with each turn of the secondary. 


d 
._. = —— Ns ; dt (47, A‘) 


di 
= — 4rnn,A We 
from which, m = 4rnn.A. 

If the flux due to the current in the primary is not all linked with 
the secondary, as, for example, when the secondary turns are not all 
wound near the middle of the solenoid, the mutual inductance will be 
less than the above amount. 

In the case of two identical circuits wound so that they practically 
coincide with each other everywhere, the mutual inductance would be 
equal to the self-inductance of either. . 

From the identity in form of the quantities self, and mutual, induct- 
ance they are measured in the same units. Thus the henry is the 
practical unit of mutual inductance, and is the mutual inductance of a 
pair of circuits when a rate of change of one ampere per second in one, 
causes an electromotive force of one volt in the other. We shall write 
‘‘m” for mutual inductance measured in absolute units, and “ M ” for 
that measured in henrys. 2 

In comparing inductances experimentally, it is often convenient to | 
have a variable standard of inductance, but in the case of self-induct- 
ance there is the difficulty that the low values cannot be obtained, since, 
however the positions of the two parts of the circuit (see Fig. 304) are 
varied, the self-inductance can never be reduced to zero. Mr. A. 
Campbell! has suggested instead, the employment of standards of 
mutual inductance, since this can be varied for two coils from zero, or 
even a negative value, up to a maximum, by altering the relative 
positions of the primary and secondary coils. 

Current in Secondary.—On starting the current in the primary 
circuit, we have seen that there is a current in the secondary, which 
ceases when that in the primary has become steady. Further, on 
stopping the primary current we again get a transient current in the 
secondary. To find the value of the current in the secondary at any 
moment, we must write the electromotive force equations for the two 
circuits and then obtain a solution. Let ¢,, 1,, and 7, 7, 4, and 12, be 
the currents, inductances and resistances of the two circuits, and m the 
mutual inductance; then for the primary— 

_ di di. : 
oe a mat ri, = 6, 


' 4, Campbell, Proc. Roy. Soc., Ser. A., 79, p, 428. 1907. 
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and for the secondary— 


di. 
154 4 mot + my = 0. 


To obtain the equations for the primary and secondary currents, 
these two simultaneous equations must be solved. The mathematics 
involved is beyond the scope of this work, but the currents may 
be plotted by the step by step method with the help of these 
‘9 - equations. 

Writing them in the form— 


Waa 


Lider iatidta ue. wae : 3 
—7 T= HK --i=4,-1 
rydb a MEE ES eRe 


d phe se pata 
ADCs r,dt | 1,46.” 
where 7, is the final steady value of the current in the primary, we can 
: : di. di 
then solve the simultaneous equations for a and = . This gives us— 
di, = (iy — Uber, + mre 
dt Ll, — m?* 
diy __ (ty — 4) mr, + tl ,ry 
ai? Ll, — m* ; 
ee (ig EAS +1. fui di 
on Ll, - me 
3 . 
dere (ip — t)mr, + tht dt. 


Ll, — m 


If small intervals of time, di, be taken, we can begin with any 
values of 7, and 7, we please, say 7, = 0 and 7, = 0, and find the values 
of di, and di, for the first interval. From these we know the values 
of i, and 7, for the beginning of the second interval and can then 
calculate di, and di, for the second interval. This process may be 
repeated until 7, has reached its steady value and i, has again become 
zero. ‘The first two curves in Fig. 309 have been obtained in this 
way, taking L, = 10 henrys, L, = 1 henry and M = 0°8 henry, 

soe a) ol R, = 1 ohm, and E = 10 volts, in which case the 
equations are written— : 


(yen Ge aie 

dl, = ap 
sted Tyigegle A Becta Ea Rte 

ats LL i dt 


state has been very nearly reached. The dotted curve gives the 


. and I, = 1 ampere. It will be seen that after six seconds the steady 
growth of the primary current when there is no secondary circuit. 


Cay y may de, ) yXita-w) ae 4 £44 vith, Chas 
em. = F | d nt tits i, ” 
a hig : ar ed p ie ~~ RA ee “dG : 
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a The second curves have been drawn for the falling primary current. 
_ They may be obtained by putting E = 0 in the differential equations 
_ whence— 


; ee 
ah Lie 
= Ree TB 
a ieee eat 


and taking the initial value of I, to be I, #.e. = 


E 
oe 
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Charge Flowing in Secondary Circuit.—The quantity of electricity 
that has been caused to circulate in the secondary circuit at either the 
starting or the stopping of the primary current, is | i,dt and is the 
area included between the 7, curve and the axis (Fig. 309). It may 
also be found from the equation— 

Ls diy | m a 
Tr, dt 


: Integrating this with respect to i from zero to infinity, we get— 


7 +4 =0, 


l, * diy m a 
dt + — Ts ih 
a + pdt = i,dt. 
Be ee lina 0, ae ies i = 0, 
and at time ¢, i, = 0, and, 4, = %. 


Therefore ts first term is zero at path limits, and— 


u 
"fr ai=— |, indt. 
1 0 0 
Now | idt is the quantity of electricity that has circulated in the 


0 
a 


2- 


. ; 
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secondary circuit, and therefore it is equal to — ~ When the 
2 


current is stopped, the limits 0 and 7, are reversed, and therefore the 
2, Aig 
quantity is re 
Divided Circuits.—By a similar method we may prove that wheny 
a quantity of electricity passes 
through two circuits in parallel, 
it divides between them in the 
inverse ratio of the resistance, 
just as a steady current would 
do, the inductances of the parallel 
circuits having no effect upon 
the ratio in which the charge 
divides. Let the two circuits 
Fra. 310, have resistance and inductance 
r,;, 7. and 1, I, respectively, and 
e be the impressed electromotive force acting between the points A 
_ and B (Fig.*310). 
For the first circuit— 


1% 
7 Lat + rs, = = ¢, 


and for the second— 

pia . 

dt + Polo = @. 
Since they are in parallel e is the same for both. 


di di 
ou & ae + rh = a, + Pyhoe 


nf aes sf idt = L{ Fatt i,dt. 


Now if the current is zero before and after the passage of the 
charge— 


Hence— 


di 
ie 4 dt = ns di, = 0, and similarly, [s 2 “a di = =e Oe 


and further, le 1,4 = Gis 
0 
1 [ia ae 
n¢ indt = , 4 
and, },” 25 to pen 
oe 119) = Toga ost \ P 
Tr. we al Mv 
or, h =e So a yw L: 
q2 rY VAs ‘ ut 
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Hence in comparing capacities by means of the ballistic gal- 
vanometer, a shunt may be employed to reduce the throw, since the 
charge divides exactly as a steady current would do, the ratio in which 
the division takes place being unaffected by the inductances of the 


shunt and galvanometer. It does not follow that the currents at each , 


5 instant will be inversely as the resistances: they will not. For let | 


l, = 0; then the current in the first branch will be in excess of that 
calculated from the resistances, while the currents are growing. But 
it will be less while the currents are decaying and may even be reversed, 
owing to the inductance /,. All that is implied by the above calcula- 
tion is, that the total charges passing through the two branches are 
inversely as the resistances. : 

The Induction Coil.—A particular use of mutual inductance, of great 
practical importance, is made in the case of the induction coil, which is 
a piece of apparatus for pro- 
ducing small currents at very 
high electromotive force from 
comparatively large currents 
at low electromotive force. 
The primary coil PP (Fig. 
311), consisting of a number 
of turns of thick wire, is 
wound upon an iron core D 
built up of a number of 
strands of soft-iron wire, 
while the secondary coil SS 
has a great number of turns 
of fine wire, and is wound 
upon the primary. On start- 
ing the current in the Fig. 311. 
primary, the magnetic flux 
produced in the core cuts the secondary, producing a high electromotive 
force, and when the primary current is stopped, the flux again cuts the 
secondary but in the opposite direction, causing a reversed electro- 
motive force. Many induction coils are provided with an automatic 
make and break, which consists of a spring having at its extremity 
a soft-iron armature A which is attracted towards the core when the 
primary current is made. This breaks the primary circuit at B, and 
on the core becoming demagnetised the spring recovers its original 
position and makes the circuit again by means of the contact B, and 
the process is then repeated. As considerable sparking occurs at B 
when the circuit is broken, the surfaces that come into contact are 
faced with platinum to prevent undue sparking and wearing away. 

Although an electromotive force is produced in the secondary coil 
at both make and break of the primary circuit, the latter is by far the 
greater, since the primary current dies away much more rapidly than it 
grows. When the circuit is closed, its resistance is small and its time 


CS 
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constant 4 great, but when the circuit is broken r is enormously 


increased and the time constant correspondingly reduced ; thus the rate 
of decay of the primary currentis high. The magnetic flux in the core is 
therefore removed much more rapidly than it is produced, and the electro- 
motive force in the secondary is much higher at the break of the 
primary circuit than at the make. On this account the electromotive 
force in the secondary circuit at the make is usually insufficient to 
produce a discharge through the gas surrounding the secondary 
terminals, and the secondary current is therefore unidirectional. 

The manner in which the secondary current rises and falls on each 
break of the primary circuit may be seen from Fig. 309. 

The efficiency of the coil is much increased if a condenser be placed 
in parallel with the contact breaker of the primary circuit, for the 


primary coil and the condenser comprise a circuit in which electrical | 


oscillations occur, the condenser at the end of the first half oscil- 
lation being charged oppositely to its condition at the instant of 


break. The magnetic flux in the core due to the primary current is | 


therefore reversed at each break, and the amount of charge caused to 
circulate in the secondary approaches double the value in this case, of 
that when no condenser is used, for without condenser the primary 
current merely drops to zero on account of the high resistance intro- 
duced at the break. The oscillations in the primary current will be 
rapidly damped, owing to the loss of energy due to heating produced 
by the currents in both primary and secondary, so that only the first 
discharge is of importance. 

The effect of the condenser upon the secondary current may be 
found, on neglecting the effect of the resistance of the secondary at 
the beginning of the discharge. This is, to a first approximation, 
justified, for when the secondary current is varying rapidly, as at 
the beginning of the discharge, the predominant factor in deter- 
sapere its rate of growth is the large inductance of the secondary 
circuit. 

The E.M.F. equations for the two circuits are therefore— 


di di, 3 . j 
i, oe ails ma +r, =0 at as ch 
di, } 
and, l= + me = 0. 


. Multiplying the first by 7, and the second by m and subtracting, we 
ave— f 

(il Bag eas ii = 0, 

1%2 dt DUIS oad 3 


the solution to which is— 
- ee FUN us 
= ihe =m (see p. 306). 


en 
— 
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Lr, 


Writing a for 7;——,, , we have— 
Li, Oe 


1, = ine “A 
4 is here the current in the primary at the moment of breaking the 
circuit. 
Integrating the E.M.F, equation for the secondary circuit, we 
have— 
Isig + mi, = k 
where & is a constant. 
*. lily + mie = be 
Tf i, = 0 when ¢ = 0, then— 
k = mi, 
and, ty = r ig] — ey 
As ¢ increases to infinity this gets nearer and nearer to the value 


oe but we must remember that this would only be true if the resistance 


iB 
of the secondary circuit were zero, which is far from being the case. 
From the start, the effect of the resistance is to decrease the current, 
and a short time after the electromotive force due to variation in 
the primary current has reached zero, the secondary current will also 


become zero. The value “ is the limit which the secondary current 


2 


cannot exceed, and would only reach if the resistance were zero. 

When the resistance r has been replaced by a condenser of capacity 
ec, the maximum value of the secondary current may be obtained 
approximately by a method given by Lord Rayleigh,‘ and which has 
suggested the above. The electromotive force equation for the primary 
circuit being— 


“i : hoger 8 ae, 
and for the secondary, La +m a = 0, 


or, lap +m dt = 
Multiply the first by /, and the second by m, and subtract, and we 


pet— 
dq, , |, ag 
(Ll, - m”) dt? + pe =— 0. 


‘1 Hon, J. W. Strutt, Phil. Mag. (Ser. 4), 39, p. 428, 1870. 
we 
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2, 
This is of the type oe + kx = 0, which was solved on page 22. 


It is of the simple harmonic or oscillatory type, and we therefore see 
that the motion of the charge in the primary circuit is oscillatory. 
Consequently the current is likewise oscillatory, and varies between the 
limits + 7% and — 4. 

The solution of the equation— 


di, di, 
is, Icha a> mi, a k, 
and if 7, = i,, when 7, = 0— 
Ss ee 
and, L=7 (ty — 44). 
2 
Since $, varies between the limits + i, and — i, the greatest value 
of i, occurs when 7, = — i, in which case— 
2miy 


It will be seen that this is twice the greatest value of the secondary . 
current when the condenser is absent, the drop in the primary current 
being produced merely by the break at the contact maker. Since the 
charge passes into the condenser instead of across the gap the sparking | 
at the break is much reduced. 

Practical Methods of Measuring Inductances.—The mutual induc- 
tance of two coils may be measured by making use of the fact that the 

aes ctA tea 2}p2=—3I quantity of electricity caused to_cir- 
ure y culate in one when current I is 
BRalbohe 


established in the other is = 


coulombs (p. 317). Thus, with the 
plug in A (Fig. 312) the ballistic 
throw in the galvanometer G when 
the current I is started or stopped in - 
the primary circuit may be observed. 


MI cT : 
Then in, =Q= or AH 6 (see p. 254). 
Fic. 312, In order to determine we the 


plug is removed from A, and two 
are placed in B and C, which are connected to a very small resistance, 
R,, say 735 ohm, in the primary circuit. The difference of potential 
between the ends of this is now IR, and a current a flows in the 
secondary circuit, giving a steady galvanometer deflection 6,. 


— 
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IR, AH 
Then, Ro =A 
MI_ IR, Ty 
et BO ar? 
R,T 
M = 974°? 


The time of vibration T of the galvanometer needle may be found 
in the usual way. 

Self-Inductance (Rayleigh’s Method!),—As in the last. method, an 
inductance is measured in terms of 
a resistance and a time, but here 
the Wheatstone’s bridge is em- 
ployed. The inductance to be 
measured is placed in the arm 
AB of the bridge (Fig. 313) and a 
balance for steady current obtained 
in the ordinary way, the battery 
key being closed before the galva- 
nometer key (not shown in the dia- 
gram). On closing the battery key 
with the galvanometer key already Fia, 313. 
closed, a throw will be obtained, 
since the balance is disturbed while the current is growing, owing to 
the extra electromotive force La in the arm AB, Any electromotive 
force in one arm of the bridge causes a proportionate current in every 
part of-the bridge. Let “LE be the current in the galvanometer due 
to electromotive force E in the arm AB. 

Then the instantaneous current in the galvanometer due to electro- 
motive force L - in ABis kL = , and therefore the total quantity 
of electricity that flows through the galvanometer due to this cause, 
while the current I, is being established in AB is— 


t I 
[ie DGpae =e [at 
0 dt J0 
= kLI,. 
cL 5) 
*, LI, = spar 4! +5 
where @ is the throw, and A the logarithmic decrement. 
z , the resistance in AB is changed by 


kI,A 
Tn order to determine — 


amount R,, which is so small that there is no appreciable change in 
the current I,. The effect is to introduce the small electromotive 


1 Lord Rayleigh, Phil. Trans., 178, p. 677. 1882. 
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fone T,R, into the arm AB and to produce a steady current EI,R, in 
the galvanometer. The steady deflection 0, produced is given by— 


Ji RoAH 106, 
“I,AH 6, 
60 aR 


and substituting in the above equation, we get— 
a ( r 
L= 9g 1 +5) 


The balance for steady current must be perfect. When the metre 
bridge is being used this condition is easily attained, but owing to the 
low resistance of the bridge wire, a Post-Office box, or a suitable 
combination of resistance boxes, is used by preference. In this case 
the smallest resistance in the box is usually sufficient to change the 
steady deflection from one side to the other, and hence a perfect 
balance cannot be obtained. To get over this difficulty, one of the 
connections between the boxes may be made with platinoid or man- 
ganin wire and the final adjustment carried out by slipping the wire 
in the necessary direction through the terminal. The small resist- 
ance R, may be a standard 0:1, 0°01 or 0-001 ohm, included in the 
arm AB. 

Comparison of Self-Inductances.—The value of a self-inductance 
in terms of a standard, may be found by placing them one in each 

; adjacent arm of a Wheatstone’s 
bridge, and adjusting the resist- 
ances until a balance is obtained 
for an intermittent, as well as for 
a steady current. If P, Q, R, 
and S are the respective resist- 
ances of the arms of the bridge 
(Fig. 314) we have, when a 
balance for steady current is 

‘ Pe @ 
obtained, ae 
Fig. 314. On closing the galvanometer 


key and afterwards the battery 
key, a galvanometer throw will be observed, unless we have the additional 


} 1 — Fi eS 
relation i, A 


For the points A and C are at the same potential before the 
current starts and also when it has become steady, that is, the potential 
difference between D and A is equa? to that between D and C. If 
now the current grows at the same rate in both branches DAB and 
DCB, the differences of potential between D and A, and D and C 
respectively, are equal at every instant, and therefore A and C are 


bi 
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always at the same potential, and there will be no current in the 
galvanometer. The currents grow at the same rate if the time 
constants of the two circuits are equal, that is— 


SL 


 _ & cue lO BAEQ 
P+Q R+8’ a eee es: 
But, Ee bot Qs 
oboe 6? 
1h RiekiQ 
eo Tay 292-8 


Either AB, or BC, must include a variable resistance, in order that 
the ratio s may be varied. Hence it is necessary to produce a steady 
balance first; then if the ballistic balance is found to be imperfect, 
the ratio = must be altered and the process repeated. This is con- 


tinued until the balance is perfect for both steady and variable 
currents. 

In order to increase the sensitiveness to making or breaking the 
circuit, Ayrton and Perry designed a commutator which they called 
a Secohmmeter, which on rotation makes the battery, then the gal- 
vanometer circuits, then breaks the battery and afterwards the 
galvanometer circuits, so that the “break” impulses send a charge 
through the galvanometer when the ballistic balance is imperfect, but 
the “make” impulses do not. On reversing the direction of rotation, 
the charge passes through the galvanometer at the “make” instead of 
at the “break.” The rotation is made rapid by a series of gearing 
wheels, so that a considerable number of “ makes” or ‘‘ breaks” may be 
made per second and the galvanometer deflection therefore increased. 

Comparison of Capacities (de Sauty).—A method similar to the 
above may be applied to the comparison of capacities, but in this case 
the steady current is of course fe 
zero. On depressing the key 
(Fig. 315), a difference of poten- 


tial is established between B and R 
D and currents flow in the circuits B C, ! D 
BAD and BED. A and E are C, Ro 


at the same potentials at the begin- 
ning and after the completion of 


the charging of the condensers, is 
since the current in both cases is 

zero. If then the charges on the S| 
two condensers have grown at the Fira. 315. 


same rate, A and E are all the 
time at the same potentials and there is no throw of the galva- 


nometer. The charges grow at the same rate when the time constants 
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of the circuits BAD and BED are equal, that is when R,C, 
= RC, (p. 310). ; ; 
ete co the resistances are adjusted until there is no dis- 


: See = 
turbance of the galvanometer on charging or discharging, G, = R, 


When the balance is not attained, the throw is one way on charging 
by depressing the key, and the other way on discharging by releasing 
the key. . ; . 

Comparison of Capacity with Self-Inductance. (i) (Maxwell’).—A 
similar method was employed by Maxwell, the condenser C being placed 
in parallel with the arm ab and the 
inductance placed in Ed (Fig. 316). 
Then, for a balance with steady 
current 5 = s and if in addition 
no charge passes through the galva- 
nometer on starting, we have the 
potential at a equal to that at E, 
during the whole time that the 
current is growing. If p,q, r, and 
8 are the instantaneous currents in 

Fic. 816. the respective arms, the difference 
of potential between a and b is Py, 
and the charge upon the condenser is CPp. The rate of flow of charge 


into the condenser is therefore eo = OF = , and since there is no 


current through the galvanometer circuit, g = p + CP us ; for the sum 


of the currents meeting at a must be zero. 
Again, the difference of potential between d and E is 


d 
LS + 8s, and that between d and a is Qq, and since these are 


d. 
equal, L i + Ss = Qq, and replacing q by its value (» + CP. a) we 
have— 
ds dp 
LG +8: = Ap at cp.) 
Again, since difference of potential between 6 and a is equal to 
that between b and E— 
Pp — Rr — Rs, 
a ap ds 
. —=R— 
Ne ae 
r being equal to s, and no current flowing through the galvanometer. 


* Maxwell, “ Electricity and Magnetism,” vol. ii. 


— 
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Substituting, we have— 


Fee abe ante + QoS. 
Now, am = s, 
Se acho 
or, 4 = QR = Ps 


Li (Rimington).—The process of finding the double balance is 
tedious, since it necessitates re-balancing for steady currents each time 
that the ballistic balance is found to be imperfect. The method has been 
modified by Rimington! in such a 
way that the steady balance when 
once obtained need not be dis- 
turbed. Instead of connecting the 
capacity permanently in parallel 
with the whole resistance P, one 
end is joined to } (Fig. 317) and 
the other is movable, and the 
adjustment consists in finding a 
position for the movable contact, 
such that on making or breaking 
the battery circuit no charge passes Fig. 317. . 
through the galvanometer. 

Let X be the resistance in parallel with the condenser when this 
condition is fulfilled, then if 2 is the current in it, and p the current in 
the remaining part of ab, whose resistance is P—X, we have as before— 


difference of potential between ends of condenser = Xa. 
Therefore charge in condenser is CX and current into condenser is— 


d(CXa) _ dx 
Ti eee 


and since the currents meeting at the movable contact have resultant 
zero— 


d ; 
Fee A ee 4, 


Since there is no current through the galvanometer, p = g andr = 8, 
and since potential difference between d and cis equal to that between 


d and a— 
%, LG + Se = Qq = Q en gph | 16/5, mene (ii) 


1 I. O. Rimington, Phil. Mag. (Ser. 5), 24, p. 54, 1887, 
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For a similar reason— 
Xa + (P — X)p = Rr = Rs 
we A Xp _ Pp = Rs, 
and from (i)— 


dx 
Xe —Xp= — OX’ 7, 
da 
 torheteallt 
”. Pp — CX di = B8 
Re ,.CX* de 
and, p=p tz 


Substituting for this in (1i)— 


ds QR QCX? dz 
Lig t Et = pv anna 
From the condition of steady balance we have— 
QR 
Sear 
.L ds __ QCX* da 
eed eS | 


This is a condition which determines the ratio of the rates of growth 
“of current in X and in R or 8S, whatever the actual rates of growth may 
be. It follows that the rates of growth of 2 and s are in a constant 
ratio when no current passes through the galvanometer, so that this 
condition is represented by the equation— 


LP _ de 
Ox?” ds* 


2) 


Integrating, we have— 
LP 
c= Qcx?® + constant, 


and if a = 0 when s = 0, the constant of integration is zero, so that— 
LE ee 
QOX* st 
a and s being now steady currents. 


When the currents are steady, those in the respective branches bad 
and bed are in the inverse ratio of the resistances of these branches. 


LP _S 
UO 

Los 

a. (Ce or 
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(iii) Anderson.—A further modification of Maxwell’s method is due 
to Prof. Anderson.’ The balancing is performed as before, but the con- 
denser is connected to B and to 
a point T (Fig. 318) between A 
and G, such that the resistance 
X of AT can be varied until 
there is no throw of the galva- 
nometer om making or breaking 
the battery circuit. 

Let the instantaneous current 
in BT bec; in G,g; in S,s; and 
in the battery, b. Then by 
Kirchhoft’s first law (p. 69) the 
currents in the other branches 
are as shown in the diagram. 
Then, applying Kirchhoff’ssecond Fig. 318, 
law (p. 69) tothe circuit BATEB, 


E : 
P(b—c—s+g)—X(c—g) +Gg +p 5) — Ris — g) =0 


where p is the self-inductance of the galvanometer ; and to the net 
BADEB, 


P(b —e— 5 +9) + Q(b—s) — Ss —LF — Re — g) = 0 


Integrating these with respect to time, using as limits the instant 
when the battery circuit is closed, and that at which the currents in 
the branches become steady, and remembering that g = 0 in both cases, 


P(by — ¢ — & + Jo) — X(¢ — go.) + GH — R(s — g) = 0 
and 


? 

P(by = Cy = 8 + Jo) + Q(bo — %) — Ss — Ls — R(s, — yo) = 0 
where b, ¢, 8, and g, are the total quantities of charge that have passed 
through the respective circuits from first to last. Rearranging the 
terms in these equations, we have— 

Pb, — (P+ R)s, + (P+X+R+4G)gq,—-(P+X)q=9 (i) 
(P+ Q)b, —- (P+ Q4+R+8)s,+(P+R)g — Po —Ls=0 (ii) 
Subtracting the first of these from the second— 
Qby — (Q +8) —(K +E) +Xq—Ls=0 . (ii) 
Multiplying (i) through by Q, and (iii) by P and subtracting, the 
terms in by disappear, as do those in s) since Q(P + R) = P(Q +8) 
from the relation between the resistances for steady condition ; that is— 
Ea RoR 
Q S Q+8’ 
1 A, Anderson, Phil. Mag. (Ser. 5), 31, p. 829. 1891. 
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and we now have— 


(Q(P+X+R4G)+P(X+G)}g — {Q(P + X) + PX}c, + PLs = 0 
(Q(P +X +R+G) + P(X+G)}m = (QP +X) + PX}e, — PLe. 


For the total charge passing through the galvanometer, that is gy, 
to be zero, the right-hand side of the last equation must be zero, so 
that— 


PLs = {Q(P + X) + PX}. 


Now s and ¢, can be found from the steady conditions, for there is 
no current through the galvanometer, so that the current in BE is s; 
and further, the difference of potential between the ends of the condenser 
is Rs, and the charge c, = CRs. 


Hence, PL = CRiQ(P + X) + PX} 
L = CE (PQ +X(P + Q)} 
R(P 
~ ofa +x B® +9) 
: PA ae 
and since, fe See eee 
» L= O{RQ+ X(R+8)}. | 


Comparison of Mutual and Self-Inductance (Maxwell*)—The 
mutual inductance of a pair of 
coils may be found in terms of 
the inductance of one of them, 
by placing this coil in one arm 
of a Wheatstone’s bridge, the 


2 d other being in the battery circuit, 
R iS care being taken that the one in 
yw the battery circuit is so connected 

that the electromotive force pro- 

z e Se ae duced in L on account of it, when 
the current grows, is opposed to 

Fie. 319, the self-inductance electromotive 


force in L itself. 
Then, when the balance has been obtained for steady current, 


PLR 
Qs’ 
and when the current is growing, the difference of potential between 
b and a (Fig. 319) is— 
dp di 


1 Maxwell, “ Electricity and Magnetism,” vol. ii, 
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This to be equal to the potential difference Rr, between 6 and c, 


d di 
‘ La ~MG+Pp= Br. 


ee di 
Nowi=p+r, 
dp dp dr 
se La = Ma Ma + Pp= Rr, 
- dp dr 
or, (L - M)7, —- M5, = Rr — Pp. 


But if there is no current in the galvanometer, 
p= q, andr = s, 
therefore, for potential difference between d and a to be equal to that 
between d and c, 


Qp = Sr 
and hence, dp _ dr 
0, esta Tag 
Substituting a for r, and oe for = in the above equation, we 
have — 
dp MQ dp _ QR 
eee ea ee TPP 
M 
And remembering that So = P, this reduces to, L — M — a = 0; 
ya ates se 
“L” S+Q 
eS 
= Penk. 


Further methods of comparing inductances, capacities, and resist- 
ances will be described in the chapter on. alternating currents. 

Circuit with Inductance, Capacity, and Resistance (Charge).— 
We will now find how the current grows in a circuit to which a constant } 
electromotive force e is applied, when the circuit has inductance and , 
capacity as well as resistance. From the cases treated earlier (pp. 303 Z 
and 310) we see that the equation of instantaneous electromotive forces 


will contain four terms and will be, / 

ey : onty omutla lxy ches 
u 5 q / f t 
Ij +ri+tAz=e nS ees ey Fe 

dt + + c 3 INOW : r ‘ ; > fe . 

j f Parse bvtintig 


ay 


a nad aoe | 


where the letters have the meanings previously assigned to them.’ 


Further, «= = , and the equation becomes— 


2. 
eee eet i ec 
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It will therefore be necessary to solve this for q, afterwards 
obtaining the current by differentiating the value of q with respect to 


time. 
For convenience we will aa = 2b, and i = k?, so that— 


é 
sy phe 11 iq “Raat he 


Let «= q —- im then 
da _ dq a dq 
dt. dt’ and, de” di?’ 
and substituting these values in the equation, we get— 
dx dx . 
qe + Gt he =9, 


which, being a homogeneous equation, may be solved in the form— 


@ = ert, 
From this we have— 
da 
a = ue 
d’a 
and, 7 = azent 


so that, substituting these values in the equation, we get— 
ae? + Qhactt + fet = 0, 
or, a’ + 2ba +h? = 0 
that is, a=—-b+V7P—#F 
and there are two solutions— 
wo = Alf-bt VF TN and, « = pega VF et 


where A’ and B’ are any arbitrary constants, 
Now when two solutions such as— 


—b+/F-B)t —b-r/ B= 1 
Amey Ny pie ® 0, and, « — Be‘ NP le 

have been found, it obviously follows that— 

Sec b+ /F— yt _ py to Neae =a 

A! ! 
or writing A for > ,and B fore : 

i leo m= AGE NTS 

at + /6 ee b— J — 

or, since « = q — Fy’ 
=F bk —b—v/e— ke 
ae ace By Tepes N¥-Mt e 
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: 1 
Remembering that i? = Te? We see that the last term is equal to ec, 


Whatever the nature of the variation of charge may be, we know that 
after a sufficiently long time has elapsed the charge will become steady 
and equal to ec (p. 149). Writing this final steady value of the charge 
equal to q,, our equation becomes— 


—04 Seow —b- Joe 
Ee RE ORG TE SO a2 ar ar aT 

This equation expresses the mode in which the charge q varies, but 
it does not give us definitely its value at any given time unless the 
arbitrary constants A and B are known. These may be determined if 
we know two conditions as regards charge, or rate of variation of charge, 
that is, current. Now, in the case considered, the electromotive force 


is suddenly applied to the circuit, and therefore the charge on the con- | 


denser at the instant of application is zero, the expression of which 
condition is that q = 0, when ¢ = 0. 
Equation (ii) then reduces to— 


0O=A+ B+ or, A+ B= —q. 

Further, the current is zero at the instant of applying the electro- 
motive force, that is, 7 = a = 0, when ¢ = 0. 

Now, from equation (ii)— 
az 2 2 am /F2B Oe a, 
| ee Boy achat 

20=(-b4+VP—-FP)A+(—b- VP-P B, 

or, —v(A+B)+ VP —F(A -B) =0, 

But A+ B= -—q, 


: = Co 
ee 
b b 


eee AS — 9/1 + ap yee a3 = +p). 


Putting these values of A and B in equation (ii) we get— 


WA b am (i! b — 
TG a eS as 5 ae (1-55) (-b-VE=P 
q=40\! al 4 TFB! NO Ve 
(iii) 
r 


When b’ > k’, that is ap? a this equation for q cannot be further 


simplified, and the charge gradually acquires its final value q,. The 
mode of approach to q, is shown by the dotted curve in Fig. 320, 


i 
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which is drawn for the case in which the inductance is 10 millihenrys, 
the capacity j; microfarad, and the resistance 1260 ohms, 


dats ‘ 

Thus, 4 = 10*° 

1 9 

and, ra 


so that, b = 6°31 104, and & = 3:16 x 10‘, and if the charging electro- 
motive force be 10’ volts, the final steady charge Q, is 1 coulomb. 


Coulomos 


! - 
1o-F# 2xio 3xioF 4axio* 
Seconds 
Fig. 320. 


Tf, however, b <k there is an entirely different state of affairs, for b?~ J? 
is negative, and / i — is an imaginary quantity. Letit be written, 
V —1 VP—B, or jv k* — b*, where j = / —1, so that the quantity 
under the root sign is again real. Equation (iii) thus becomes— 


2 
4 bei NOE _ eS 
VE ~~ 
INPH wd _iNB= Bt 


Now the exponential form of cos 7 i? — 6% is 5 
eee iN Ot =i f= ot 

and of sin 7k? — Ut is ee p. 377), and sub- 
stituting these values in our edunteae we have— 


t 
q= 1 — (VF = cos J — Ut + bsin JE = V4) u 
| Vet ) 
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Taking an angle 6, such that— 
p h JEP 


tan @ = Tp ed sin § = pp and cos = Se 
{ ke ~ es rena 
I= % i" = JE plo 6 cos VW k* — Ut + sin 6 sin Mv Ke = ve)! 
ee — *t 
= 95|1 — pay coe(V Fe — 0) ee 


The full curve OABCD, ete. (Fig. 320), is obtained from this 
equation, for the case in which L = 10 millihenrys = 10-? henrys, 
C = 3, microfarad = 10-7 farad, and R = 200 ohms, the charging 


electromotive force being 10" volts, so that Q, = EC = 1 coulomb, 
200 \7 1 
es Pas 2 ee 
B= (saps) =10, and, Pappa ga = 10 

In this case the discharge is oscillatory, being alternately greater 
and less than Q, before settling down to this steady value, and with the 
given quantities it will be seen that after passing the value Q, four times, 
the amplitude of the oscillation is reduced to about % of its original 
value. 


_R 
The diminution in amplitude is due to the term e~, ore 2/4, and 
with a less resistance than that chosen, this term would become of less 
importance and the damping of the oscillations less rapid; in the 


B 
limiting case when R = 0 the term e a would equal unity, and the 
charge upon the condenser would vary in a simple harmonic manner. 
It will be seen that the value of the charge for the point B upon 
the curve, that is after one half-oscillation, is much greater than its 
final steady value. This explains the fact that on connecting a con- 
denser to an electrical supply, when’ the inductance in the circuit is 
large and the resistance small, the potential difference between the plates 
momentarily attains nearly twice the final steady value, and the 
insulation of the condenser may break down, although sufficiently strong 
to stand the final steady potential difference. The breaking down may 
be prevented by putting in circuit at the moment of connection, a 
resistance which may subsequently be removed, but which has the 
effect of damping out the violent oscillations that would otherwise 
occur. 
Current.—The current in the circuit at any instant may be derived 
from equation (iv) ; thus— 
._ AY wr ke ~ JEAFi 
i= 7%, = Whe -“ sin (VF — fe i 6) +4, JE ao ( ke — vt— 6) 
ke +E aos a ee : 
= a {/F — sin (VF — bt —9)+ boos (Vv — bt — G}. 
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b ; 
Remembering that tan 6 = Veo’ etc., we see that this equa- 
ve —— 

tion becomes— 


2——bt 
if sn VP OP ee 


Frequency of Oscillation.—In the case of a current, we see from 
equation (v) that at times 0, J Te JBoF = 
zero, and from aaa (iv) that aie Fa ek from the start, of 


045 a+ be. ithe -value.ofig's ie! In eith 
ee , etc, the value of q is equal to gq. In either 
ie B Vem B “7 


=, etc., the value is 


a cen the time for half an oscillation, so that the 


case 7S 
time for a aames oscillation, or the periodic time, is— 


LO 417" 
When R is small, this approximates to 27 LC, and in most 
practical cases the value of R is not great enough to cause the periodic 


time to differ greatly from this value. 
The frequency is given by— 


1 R? 
l LO” 417 
N=,,= 
aly Qa 
or when R is small— 
1 
N= —- 
ne ire 


R? 
In the example given on p. 334, o- = 10? and 5 a2 = 10%, so that— 


. ola 
N= es = 4776 oscillations per second. 
Tv 
Limiting Case.—Equation (iii) evidently breaks down when 
b = k, for in this case two of the coefficients become infinite. Return- 


——— 


ing to equation (ii) let us see what form this takes when V7? — 
has not vanished but is reduced to some very small quantity h. 


Then, PIG. 2 Be Baa 
= 2 Aer + Be Ms) + 4, 


~I 
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Writing ¢! and «~” in the form of series— 
(eee 
wie i Mea a + oe 
he 


ee 
We 


goeM{Al +t t...)4B(1- m+ NSE a, 


Now, h being very small, the terms in i? and higher powers may be 
neglected; but the quantities Ah and Bh have unknown magnitudes 
since A and B are unknown. 


Thus, qgq=e "{(A + B) + (A — B)ht} +. q, 
Calling these two constants (A +B) and (A — B)h, G and H re- 
spectively — 
ge" (G+ Hi) +4, 
This is a solution of equation (i), as may be shown by differentia- 
tion and substitution of q, and a in (i); it represents the limiting 


case when 4/b” — k? approaches the value 0. 
Now let g = 0, when ¢ = 0, and we have G = — q,. 


d 
Again, let, «= a = 0, when ¢t = 0 
a = — be" (G + Ht) + He™ 
0= —bG+H, or, H= — by, 
9 = Gil — "(1 + bi)} 
The curve representing this equation is shown by the chain line 
in Fig. 320. In this case L=10-* henrys, C = 10-* farads, and 
R = 2 x 10? ohms = 632°4 ohms, so that— 


eee a Et LO" soe 
Caer! tana = 1 


Discharge.—To find the manner in which the condenser discharges 
on suddenly removing the external source of electromotive force, we 
put e = 0 in equation (i) on p. 331, which then becomes— 


a l i 
Vetta ts =o 5 ae eer 4.09) 
a2. d 5 
or, dé a ai ae? 


r 5 1 
where, as before, b = oT} und k= = 
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This is of the same form as the equation in a on p. 332, and, as there 
explained, the solution is— 


qu Ag=** Ne—By 4 Be(-b- NF mye (vii) 
Putting in the limiting conditions we have, since q = g, when ¢t = 0, 


A+B=4, 


d 
and since “t= = 0, when ¢ = 0— 


(-b+ VF —-F)A+(—-b-VF—F)B=0., 
Solving these two equations for A and B and substituting their values 


in (vii)— 


a= 0), 11 +35 ss ~b+ NEE Bey (1-7 eae -b-JF&-B 4 


(viii) 
When b > & this equation represents the dead beat discharge, the 
dotted curve in Fig. 321 being drawn for the case given on p. 334. 


Coutlombs 


Seconds 


Fra. 321, 


Whenb < k& the equation is transformed as on p. 354, into the form— 


a INP = bt 4 e -INEE 4 b cINE Ut _ .-j NBO 
q= 4, ne: rere. OE ee 7 tas 
or, 

= —Ut es 
G= NE {cos VF = b — Fano pein VE 
= ker LIS ys ‘ . 
gy eran Oe. Pate ey (ix) 
where tan @ = VEoR => ete. > 
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The discharge is therefore oscillatory when & > b, and the curve 
q ABD in Fig. 321 shows the form of the discharge in the given case. 
At B the charge upon the condenser has the reverse sign to that 
of q,. The points where the curve cuts the axis are separated by an 


sr which is therefore half 
LO 43 


interval of time Fa or 


eB 


the periodic time. 

The oscillatory character of the discharge of a condenser when 
on ee in the circuit is sufficiently great for the condition 
a <te be fulfilled, was first pointed out by Lord Kelvin 
in 1853." 

In the event of R being inappreciable, b = 0, and the equation for 
the discharge becomes— 


t 
— ) COS —— 
ge he ATC” 
and the oscillations are harmonic, the charge surging backwards and 
forwards through the inductance, being alternately positive and 
negative upon either plate of the condenser, For either extreme, the 
2 


energy of the charge is es and at an instant halfway between these 


extremes, the charge upon the condenser is zero, and the energy is 
associated with the inductance and has the value 4LI° joules 
(see p. 302). 
Since— 
: dQ 1 nce 
lemigae TO PTO! 


the greatest value of this occurs when— 


ay d, sin 1 
vio LOS 
Q, 
is insta. ———— 
Hence at this instant, VLG 
2 2 
and the energy, 4LY = 3L. A = ee 


Thus the energy alternates between the statical and the dynamical | 
form, and is associated first with the capacity and then with the | 


inductance, being reversed twice at every oscillation. ) 


1 W. Thompson, Phil. Mag. (Ser. 4), 5, p. 393. 1853, 
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When R is not zero, there is a continual dissipation of electrical 
energy into heat as the current flows in the resistance, and since this 
process is not reversible, the energy of the charge gets less and less at 
each oscillation and finally vanishes. It is also possible that some of 
the energy is radiated into space at each oscillation, but a discussion 
of this will be reserved to a later chapter. 

Limiting Conditions ——The distinction between the dead beat form 
of discharge, in which the sign of the charge is not reversed (b > k), 
and the oscillatory form (b<), although very much in evidence 
in the mathematical form in which the discharge is represented, is 
not really very marked, for as & gets nearer and nearer in value to b, 
the oscillations become so rapidly damped that the discharge is almost 
exponential in type. In fact there is no discontinuity in passing from 
one form of the discharge to the other, as the student may see if he 
will plot several curves resembling those in Fig. 321, for values of k 
approaching very near to that of b. 

As before, equation (viii) breaks down when b = &, and we obtain 
our solution by putting Vb — i? = h,and finding the form of the solu- 
tion when h is extremely small. On p. 338 we saw that the exponential 
terms take the form e~”(G@ + Hi#), and therefore— 


q = ey (Ge a Ht) 


If now, qg=q, when ¢=0, G=q,; and ig Of = 0, when ¢ = 0, 
H= bq, 
“g= ge CU + Up 


The chain curve in Fig. 321 represents this equation in the given 
case. 

Rate of Discharge.—— When bis very small in comparison with k, the 
oscillations are nearly simple harmonic, and die away very slowly ; and on 
the other hand, when 6 is very large in comparison with k, the discharge is 
dead beat, the steady state being reached only after the lapse of consider- 
able time. Thus when 6 is very small or very large with respect to k 
_the process of discharge takes considerable time for its completion. 

This consideration, together with an examination of Fig. 321, will lead 
us to the conclusion that the final state of complete discharge is reached 
' more rapidly as b approaches in value to k. ‘ 


From equation (ix) (p. 338) we see that the term cos (7 i°—U't — @) 
has alternately values +1 and —1, the values +1 occurring at times 


ver : 2a ; 
differing by el GIP eee ; hence the maxima occur at times 


mer cf oe 

differing by these intervals, and have values q « qe V#-, where 
n has the Successive values, 0, 1, 2, 3, etc. Remembering that 
for the oscillatory discharge, b < k, we see that these successive maxima 


———S 
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decrease most rapidly as b increases, since VPoF becomes greater. 
We have the maximum rate of damping out of the vibrations when 
b = &, since in this limiting condition— 


te z 
Vie — & * ” at 6 -h* 


Returning to equation (vii) (p. 338) we see that for the dead 
beat discharge, that is, when b > k;,/the second term diminishes 
extremely rapidly since — 6 —V i? =® is always numerically large. 
The first term is therefore much the more important, and the greater 
the numerical value of the term —b +76? — k, which is always 
negative, the more rapidly does the charge decay. Thus,asb —Vb? — 
increases the decay becomes more rapid. To find how b —V7v' — 
varies as b approaches & in value, write— 


d 
and as b approaches in value tok, ih is evidently negative, that is, as b 


diminishes b — /b? — K? increases, and therefore as b diminishes the 

rate of decay increases. This holds up to the limiting case when b = k, 

and we therefore see that as we approach from the oscillatory side or the 

dead beat side, towards the limiting case, the rate of discharge becomes 

more rapid. Hence the limiting case when b = k is that in which the| 
charge most quickly disappears. 

This was first pointed out by Dr. Sumpner' and is of particular 
importance in the design of galvanometers. There is complete analogy 
between the motion of a galvanometer needle and that of a discharging 
condenser (see p. 258). With no damping, the swings last a great time, 
as in the case of the ballistic galvanometer. On the other hand, if the 
damping is too great the motion is dead beat, and the final position of 
the needle is taken up too slowly. This is extremely troublesome as it 
renders the galvanometer very sluggish. The best working conditions, 
for ordinary use are obtained when the needle comes very quickly to 
rest after very few oscillations, a condition sometimes, although wrongly, 
called dead beat. 

Discharge examined by Rotating Mirror.—The change in character 
of the discharge from dead beat to oscillatory, as the resistance of the 
circuit is reduced, may be seen by examining the spark by means of a 
rotating mirror. The condenser is charged by means of the induc- 
tion coil, the spark discharge taking place between the terminals P 


1 W. E, Sumpner, Phil. Mag. (Ser. 5), 25, p. 453, 1888, 
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(Fig. 322) once at every break of the primary circuit. The circuit 
ACBP in which the oscillations occur, has usually sufficient inductance 
‘for the purpose, but if necessary this may be increased by including a 
few turns of wire. When the points P are far apart, the image of 
the spark seen in the rotating mirror consists of one thin band for each 


Cc 


Fia, 322. 


discharge, but on approaching the points until the resistance falls 
below the critical value, a group of lines which may extend to 6 or 7 in 
‘ number, is seen at each discharge, which is consequently oscillatory. 

The production of oscillations will be further considered in the 
chapter on radiation. 


CHAPTER XII 
ALTERNATING CURRENTS 


Tue development of dynamo-electric machinery, in which a coil or 
system of coils is rotated in, or moves through, a magnetic field, giving 
rise to alternating electromotive forces, and of the transformer which 
enables the energy produced to be changed from small current at high 
voltage to large current at low voltage and vice versd, has rendered a 
study of the current produced by an electromotive force which varies 
harmonically, of great importance. A still further importance to this 
study arises from the employment of oscillating currents, the com- 
mercial application of which is realised in the various systems of 
wireless telegraphy. 

Circuit with Inductance and Resistance.—For many purposes, the 
capacity in the circuit is relatively unimportant, and we will first 
consider the simple case in which a harmonic electromotive force, 
E, sin pt, is applied to a circuit having resistance and inductance only, 
the effect of including capacity as well, being left until later. 

The equation of electromotive forces for such a cireuit has been 
given on p. 303. It is— 


dl 


Replacing E by the value E, sin pt, we have— - 
Te + RI = E, sin pt, 


2 each 
E, being the maximum electromotive force, and 7 the periodic time of 


alternation. alg 
A pure sine electromotive force, that is, one-which varies in a simple 


harmonic manner, may be produced by rotating a coil with constant 
angular velocity in a uniform magnetic field. For, if N be the magnetic 
flux linked with the coil when its plane is perpendicular to the field 
Fig. 258), N sin 0 is the flux when the plane of the coil makes angle @ 


with the field. : 
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Tv 
But if the angular velocity a =p, then, d6 = pdt, or 6 = pt + 5? 


the constant of integration being = 3? if time is reckoned from the instant 


at which 6= — 5 
Then, E = —pWN cos ( pt +5) 
= pN sin pt 
= §, sin pi. 


The electromotive force produced by an alternating current dynamo 
is not usually of this simple type, but is of the form— 


E, sin pt + E, sin 3p¢ + E, sin 5pi+ ..., 


but we shall only deal with the case in which the first term alone 
is present, this one being always by far the most important. 

The only part of the solution of our equation which is of importance 
to us, is that in which the current has the same periodicity as the 
electromotive force, any other being quickly damped out. The current 

after a very short time takes the form, I = A sin pt + B cos pt, which 
is the most ie” ‘form of a simple harmonic current of periodic 


Dar 
time—. A andB are constants to be determined from the conditions 
of the problem. To find them, differentiate I with respect to t, and 
dl , 
substitute for I and — in the original equation. 


dt 
dl 


Thus, c= pA cos pt — pB sin pt, 
and substituting in the equation on p. 343, we have— 
LpA cos pt — LpB sin pt + RA sin pt + RB cos pt = E, sin pt. 
This must be true for all values of ¢. 
When, t= 0, sin pt = 0, and cos pt = I. 
ee LpA 4 RB = 0. 


When, pis 2 sin pt = 1, and cos pt = 0. 


WAS 
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Solving these two simultaneous equations for A and B, we get— 
_ __RE, Lp, 
7 ligt A net lea Be Br 
E , 
Hence, if Dp + Rk sin pt — Lp cos pi). 


This may be thrown into a more convenient form by writing cos 6 


for a h 
V Lip? + R? whence— 


Fas Tope = sin 6, and, 2 = tan 6. 
E, 

j : = Jip pee pt cos 6 — cos pt sin 0), . 
ren i: Eoabte ee t= 8) eee 
L v Lp? BR? = K 

We therefore see that the current has amplitude Jerk - = ol | 
and lags in phase behind the electromotive force by an mee 
L 

é@ = tan-! = . 
In the special case in which L = 0— 
y — Eo sin pt_E | . 
ie 


The current is then in phase with the electromotive force, and its value 
at every instant is given by the ordinary ohmic relation. 

Vector Diagram.—tThe behaviour of a circuit to which an alternat- 
ing electromotive force is applied, may conveniently be represented by 


a vector diagram of electromotive forces, and by means of such a 


diagram the current may be plotted in the form of a curve, Thus if 
OA in Fig. 323 (i) represents to scale the value of E,, then the projec- , OF 
tion of this on the axis of y at the instant ¢, is E, sin pt and is equal to 
E, the instantaneous value of the electromotive force. On constructing 


ja 
the right-angled triangle AOB with angle AOB = 6 = tan" 5? 
ose 
OB = E, cos 6 = Jip +R Re = RI, 


and OD, the projection of OB upon the axis of y, is— 
RE, 
Mv Leo Lép? + R2 


Rp Le ck _ ee enn 


sin (pt — 0) = RI, sin (pt — 0) = RI, 


aK) 


ee ys ia te - co Oe a aX } Ee. = 
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and is the instantaneous value of that component of the applied electro- 
motive force that is used in driving the current in opposition to the 
ohmic resistance of the circuit. 

Again, since DE = OK — OD = E — RI, and LS = EK — RI, we 
see that DE represents the component of the electromotive force that 


(ii) 


Fria. 323. 


is due to the inductance of the circuit, and is the projection of BA 
upon the axis of y. But BA = OA sin@= MEE = Lol, 
V L?p? + B® 
BA is at right angles to OB, and the electromotive force due to induct- 
ance is therefore 90° in phase ahead of the current. 
This might also have been obtained from the relation— 


I =I, sin (pt — 6), 


dl 
for, a pl, cos (pt — 0) = pl, sin (pi — 6 + 90°) 
aie Lo = LpI, sin (pt — 6 + 90°) 


The vector OC may be drawn parallel and equal to BA, and we 
see that the angle aOC = pt — 6 + 90°, and electromotive force OA is 
resultant of OB and OC. As the three rotate with constant angular 
velocity p, their projections on the axis of y represent the instantaneous 
values of the applied electromotive force and its components. The 
current being in phase with OB, it may be represented by a vector 


OB , : ‘ 
Ol; = RR » and by taking an axis of time parallel to Ox we may, by 


making the ordinates equal to OE and to the projection of OI,, draw 
the curves of electromotive force (E) and current (I) in Fig. 323 (ii). 
_ Impedance and Reactance.—The quantity / L?p? + R® plays a 
similar part in the consideration of alternating currents, to resistance 
in continuous currents, for I, = een ets a It is called the Imped- 


AV LP p? a R2 
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ance of the circuit. If either L or p becomes zero, the impedance " 
reduces to R, the resistance. The greater the value of Lp, the more | 
does the impedance differ from the resistance, and when the periodicity n | 


} 
(that is a5) becomes so great that the resistance is relatively unimpor- 


tant, the impedance becomes Lp. This quantity is called the React- . 
ance of the circuit, and thus the impedance has for its limiting values | 
the resistance, for very low frequency, and the reactance, for very high | 
frequency. | 
Measuring Instruments.—An ordinary electromagnetic ammeter 

or voltmeter whose moving parts are comparatively massive, will 

indicate the mean value of the quantity to be measured, when this 

varies rapidly. The mean value of the quantity E,sina for a 

complete cycle, where a is written for simplicity instead of pt, is— 


and therefore the reading of an electromagnetic voltmeter on an 
alternating supply will be zero. The reason is, that for the first half 
Seats d D) 
of a cycle, the mean value is -| EK, sinada = — =I cos a" = 2K, ead 
Tg T 0 Tw 


uf 27 : 9 
for the second half, ee | E, sin a da = — one Thus the mean values are 
Tv 


alternately positive and negative, and the suspended needle or coil 
will receive equal and opposite impulses during a complete cycle. For 
- this reason it is necessary to employ instruments whose deflections are 
all in one direction, whatever the direction of the electromotive force 
or current. This is the case when the deflection depends upon the 
square of the electromotive force or current, as in the case of the hot- 
wire voltmeter or ammeter, the heating produced by the current in a 
fine wire causing its expansion, which the instrument indicates. Also | 
the electrometer used idiostatically (see p. 159) may be used for the | 
measurement of alternating electromotive forces; or certain soft-iron | 
ammeters (p. 88) in the case of current. | 

In order to interpret the readings of such an instrument, let us 
find the mean value of I,? sin? a, or EH,’ sin? a, for it is this mean value 
that is proportional to the indication of the instrument; that is, we 
| T? sin’ a da 
0 aa 

da. 


0 


must find the value of the quantity, 


2ar 
Now, da = 27, 


iu) 
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: "7 — cos 2 
om : tons Se 
and, J I? sin? a da = a "ne hae da 
: 0 
a sin 2a am 
—T2|= —-—— 
eae Ja) BY 4 0 
2 
== lies 
Tie ele 
.“. mean value = > = 3° 
aT 


Virtual Current and E.M.F.—The same value of the mean would 
have been obtained if we had taken half the cycle instead of the whole, 
since the square of any quantity is positive, and the sign of I,” sin” a 
does not change during the cycle. In Fig. 324 the values of I and I’ 


Fig. 324. 


are plotted, when I, = 3. The line AB has the same mean ordinate 

as the curve I’. The continuous current represented by CD, whose 

square would have the same mean value as that of the alternat- 
I 

ing current is therefore Ss and would give the same reading on a 


hot-wire ammeter. This is called the virtual current, and is equiva- 
lent to the alternating current whose maximum value is I, Thus 


ito , : 
if I, is measured in amperes, 7 is the equivalent current measured in 


virtual amperes. 


a 


In a similar way 73 is the virtual voltage of an alternating 


current whose maximum voltage is E). 

The advantage of measuring electromotive force in virtual volts, 
and current in virtual amperes, is that a suitable instrument may be 
calibrated by means of a continuous electromotive force or current, 


and will then read virtual volts or amperes on an alternating current 
supply. 


pond a 


x. POWER IN ALTERNATING CURRENT CIRCUIT 349 


Measurement of Inductance.—When a source of alternating 
electromotive force is available, the self-inductance of a coil may be 
found by measuring the electromotive force and current, first using a 
direct, and then an alternating current. The first readings give the 


resistance R of the coil. The second pair of readings give —*- and ~~ 


Mat oP Ug: 
rf E 
Bu 2 => a i 
% V/2 Vf 24/Lp? + R? 
2 Ey — BY 
eee: te is 


where E~ and I~ are the virtual volts and amperes. 
If the frequency of alternation is nw, 


in = #, wre p= Qrnw, 


and L may then be calculated. 

This method has the advantage that when the circuit encloses iron, 
and the inductance is therefore variable, the value obtained is that for 
the particular value of I_ employed, and this may be chosen to be 
the value at which the coil is eventually to be used. 

Power in Alternating Current Circuit.—In the case of a non- 
inductive circuit, I = R sin pt =I, sin pt, when E= §, sin pt. The 
rate of working at any instant is therefore EI = E,I, sin’ pt watts. 

We have seen (p. 348) that the mean value of sin’ pt for a cycle 
is equal to 4, and therefore— 


mean rate of working = 3E,I, watts 


I, 
= —=, —= wats. 
z 5 wa 


I : 
Now 2a3 is the virtual voltage, and a5 the virtual current, there- 


fore mean rate of working in watts is the product, (virtual volts) x 
(virtual amperes). 
In the case of an inductive circuit— 
E = &, sin pi, 
= I, sin (pt — 0). 


Therefore the instantaneous rate of working is— 


EI = E,I, sin pt sin (pt — 6) 
= E,I, sin pt (sin pt cos 6 — cos pt sin @) 
= E,I, sin’ pt cos 0 — $4,1, sin 2pi sin 6. 
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The mean value for a cycle is } in the case of sin’ pt, and zero for 
sin 2pt. ‘ 


.. mean rate of working = 4E,I, cos 6 watts 
= (virtual volts)(virtual amperes) X cos 0. 


The following method brings us to the same result, and throws 
additional light upon the processes going on. 
Let the vector E, (Fig. 325) represent the maximum electromotive 
force, and I, the maximum current. Re- 
Yn solving I, along and at right angles to K,, 
we get the component I, cos @ in phase 
with the electromotive force, giving us 
the mean rate of working }E,I, cos 6, and 
the component I, sin 6, lagging 90° in 
phase behind the electromotive force, 


and giving us a mean rate of working 
1 


aS | "* BI, sin a sin (a — 90°) do, that is— 
27, 0 
E,ly 2a 


~ Ir Jo 


Fra. 825, 7 < el cos 2a] "= 0. 
8r 0 


sin a cos a da 


This latter component is called Idle or Wattless current since its 
presence does not contribute to the rate at which work is being done 


Fie. 326, 


in the circuit. When the inductance of a circuit is so great in com- 
parison with the resistance that the latter may be neglected, the 
current is entirely wattless ; for in this case, 9 = 90°, and cos 6 = 0. 
The curves for E and I in Fig. 326 are drawn for a case in which 
the current lags behind the electromotive force by an amount ac. 
For the parts of the cycle ce and fg the electromotive force and current 
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are in the same direction, and the source of energy is doing work upon 
the circuit. If we call this work positive, then for the parts ac and 
ef of the cycle, when E and I are in opposite directions, the work is 
negative, which means that the electromotive force is employed in 
diminishing the current, or the circuit is doing work upon the source 
of energy. The curve abcde, etc., is drawn by taking ordinates at 
each point equal to the product of E and I, and the large loops such as 
cde represent work done on the circuit, and the small loops such as 
abe represent energy drawn from it. The difference in area of the two 
is a measure of the work done in one half cycle. 

When L=0, 6=0, and the current is in phase with the electro- 
motive force. The small loops are then absent; but as L increases, the 
difference of phase increases up to 90° in the limiting case when R, is 
negligible, and in this case the positive and negative loops are equal 
in size. Their difference is then zero, and the current is entirely 
wattless. 

The case is similar to that of a frictionless pendulum; although 
the motion is alternating, the total work done by gravity upon the 
pendulum in a cycle is zero. 

Power Factor.—On measuring separately the virtual volts and 
virtual amperes for a given circuit by means of a voltmeter and an 
ammeter and taking the product, we obtain the apparent watts. This 
is not the actual power absorbed in the circuit, unless the current is 
in phase with the electromotive force, for the product has yet to be 
multiplied by cos 6 to obtain the true watts. The ratio of true watts 
to apparent watts is called the power factor of the circuit. 

Since,—true watts = (apparent watts) x cos 6, we see that the power 
factor is equal to cos 6, where 9 = tan™ . 

Wattmeters—The true power absorbed in any circuit may be 
measured directly by means of a suitable wattmeter, whose low 
resistance coil P is in series with the circuit, the high resistance shunt 
coil Q being connected to the points A and B (Fig. 327) between 
which the power to be measured 
is absorbed. In the case of the 
Kelvin watt balance (p. 246) the 
shunt circuit has in it a non- 
inductive resistance R, of high 
value. The mechanical force or 
couple between the two coils is A 
proportional to the product of Fig. 327. 
the currents in them, that in P 
being the current I flowing in AB, and that in Q being proportional 
to, and in phase with, E the difference of potential between A and B. 
The instrument is calibrated to read directly in watts, and will there- 
fore give the mean value of EI, or the true power absorbed between 
A and B. 


—_—_—_—= 


2 Mutu 
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A difficulty arises owing to the fact that the coil Q always has 
some inductance, and the current in it therefore lags behind the 
electromotive force in it, causing the indicated mean value of the 
watts to be too low. In the Kelvin instrument this lag is reduced 
to a negligible amount by making the non-inductive resistance R, in 
the shunt circuit very great; while in the Addenbrooke electrostatic 
wattmeter, which is a modified quadrant electrometer, there is no 
appreciable lag. 

Tf I, be the current in the shunt circuit Q, L, being the inductance, 
and R the resistance of the shunt circuit— 


E 


I = a sin t _- 6 le 
é v L,°p" + BR? e ‘ ee 6 = — Las 
Also the current in the main circuit is— R, 


I =I, sin (pt — 6), 


and the instrument indicates the mean value of the product I x I, 
that is— : 


Vip +R 

Expanding the terms sin (pt — 6) and sin (pt — 6,), and taking the 
product, this quantity becomes— 

Et, 
The mean values of sin” pé and cos’ pt are both }, and of sin 2pé is 
zero, and the mean of the whole expression is therefore— 

1 T,E, 


E,I, sin (pt — 6) sin (pt — 6,) 


v 


{sin? pt cos 6 cos 6,+cos” pt sin 6 sin 0, —}sin 2ptsin (6+6,)}, 


cos (9 — 6;). 


The true power is $1,E, cos 6. 
. indicated power _ 1 cos (0 — 6,) 
true power — 4/ Lp? + R? “eos 6 


Since L, is small in comparison with R, 4/L,2p? + R? does not differ 
. from R in commercial instruments by more than 0:1 per cent., and 
the instrument, if calibrated with direct current, will read correctly 
cos (0 — 4) 
cos 6 
cos (0 — 6,) _ cos 8 cos 0, + sin 6 sin 6, 
C08: 0¢ y= cos @ 
= cos 0, + sin 6,. tan 6. 


on alternating current, provided that is equal to unity. 
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When 6, is small this quantity approximates to unity unless 6 is 
nearly 90°, in which case tan 6 approaches infinity. In general 6 
does not approach 90°, and the wattmeter may then safely be used. 

The power factor of a circuit may then be measured by finding the 
true watts absorbed in it, by means of a wattmeter,-and the apparent 
watts by means of an ammeter and voltmeter. 


Then, power factor = true watts 


apparent watts = °° 3 


Circuit containing Capacity, Inductance, and Resistance——The 
equation of electromotive forces for a circuit having capacity, inductance 
and resistance is (see p. 331). 


dl Q ; 
L,, + RI+ A= E, sin pt id pares 
q dt C 9 ud /) {Jw al ‘ 
Ape Me 
i T= dQ ys fr ”) c 
or, since | = —77— pry 


{ t 


LQ dQ ,Q , 
Lye +B a + Gq = Bo sin pt 


The simple harmonic part of the solution of this equation, that is, 
Q = A sin pt + B cos pt, may be found in an exactly similar manner 
to that given on p. 344. By differentiating, substituting, and solving 
the simultaneous equations for A and B, we find that— 


Bc =a 1) and, B = ess See ER x: se ’ v 
eee es 
and thus— 
i! 
Q (Gp - 1p) sin t{ — E.R cos 


and further— 


1 
BG L ) 
oe dQ _ ‘Cp cos pt + 8 pt 
a asus 2 
iG) + foe) 
1 
Gp” 
Taking as before, tan § = oe 
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E : 
we have, T= nn aaoe via sin (pt — 0). 
Uns Ip) + 
2 
of ezine impedance is in this case 4 fs (G i Lp) +R, 


The following four special cases are of interest. 
(i) When L=0 and C =o, then 6=0 and tan 6=0, and the 


K, . 
equation reduces to ] = Rain pt. 
This case has already been discussed (p. 345). 


(ii) When C = o, then tan 6 = P and the equation is— 


"Gok 


EK, : 
'= /ipeeta sas 
The vector diagram and the electromotive force and current curves 
are given in Fig. 323. 


i 1 
(iii) When L = 0, then tan 6 = CpR? 


E 
= sin (pt + 6). 
at 


and, I= 


The current is here in advance of the electromotive force by the 
1 
é A * “ 
difference in phase, 9 = tan GpR 


The vector diagram is given in Fig. 328 (i) and the electromotive 
force and current curves for one cycle in Fig. 328 (ii). The power 


Eo 
RI, J2 
in Eo I 
ire 5 
Cp 
(1) ( i) 
Fig. 328, 


absorbed in the circuit is again 41,E, cos 6, and the idle or wattless 
component of the current is I, sin 6 (see p. 350). 


If in addition, R = 0, then @ = 90°, and the current is entirely 


wattless. - 


5 » a +< 
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: 1 
(iv) When Lp =r d=0, 
then, . aa Fesin pt. we 


Tn this case the current is in phase with the electromotive force. 
The electromotive forces corresponding to the two wattless currents, 
one due to the inductance and the other due to the capacity, are equal 


E Qe cv’ 


(if) 
Fic. 329, 


and are in opposite phases. We may say that the wattless current 
required by the inductance is supplied by the capacity (Fig. 329). 
Choking Coil_—For many purposes it is required to reduce the 
current in a given circuit, with a minimum waste of energy, when the 
current is derived at constant voltage from a given supply. In charging 
a secondary battery from electric mains, an adjustable resistance is 
included in the circuit, whose function it is to reduce the current to 
the required amount, or in other words, to reduce the difference of 
potential between the ends of the battery to that required for 
charging. Similarly in running an are lamp on a continuous current 
supply, the are requires about 40 volts, so that if a current of 10 
amperes is to be taken from 100-volt mains, the resistance to be 


included in the circuit is es =6ohms. It is merely a matter 
of applying the ohmic relation I =z. With an alternating current 


supply there is another and more economical method which may 


frequently be employed as an alternative to introducing a resistance ; 


for, let an inductance L be placed in series, 

KE, : fee 100. 
— W Lip? + B® and In the above Case, 10 = v Lip? + 4 
4 being the effective resistance, #3, of the arc. 


+, L?p? + 16 = 100, 
L’p? = 84, and Lp = 9:2 approx. 


then, I, 
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If now the supply has a frequency of 50 cycles per second—- 


Pp — or. 50 
[as 0-080 bee 
= ae A y: 


Such an inductance is called a choking coil. Its chief advantage 
‘lies in the fact that with it, the only waste of energy 1s due to 
the hysteresis loss in the iron core (p. 280), which is generally much 
less than the waste of energy in the resistance that would reduce the 
current to the same extent as the choking coil. The resistance of the 
choking coil is generally negligible. When a resistance is used to 
reduce the voltage, there is a waste of energy IR, which in the above 
example amounts to 600 watts, but with the choking coil the only 
additional electromotive force introduced, differs by 90° in phase with 
the current, and the effect is therefore watitless. 

The virtual volts between the points A and C due to the supply 


“aS ow 


Fie. 3380, Fie. 331. 


being E volts, that between the ends AB (Fig. 330) of the non-indue- 
tive resistance is RI, and that between the ends BC of the inductance 
is LpI (p. 346), and the latter differs in phase by 90° from the potential 
difference RI due to the resistance, since this is in phase with the 
current. The three electromotive forces are therefore related as the 
three sides of a right-angled triangle, as shown in Fig. 331. Thus 
the sum of the potential differences between A and B, and B and C, is 
always greater than the potential difference between A and C. Then 
we may find Lp graphically by constructing a semicircle upon AC 
(Fig. 331), and making AB equal to the fraction of AO that the 
required potential difference between the ends of the resistance is of 
the whole potential difference, On joining CB and dividing its length 
to scale by I, we obtain Lp. 

Duddell Oscillograph.—Several devices have been employed to 
determine the wave form of an alternating electromotive force or 
current, but probably the most convenient is that used by W. Duddell? 
in the instrument known as the oscillograph. This is essentially a 
dead beat galvanometer, modified to have an exceedingly high fre- 
quency of vibration (8000 to 10,000) of the moving part, so that its 


+ W. Duddell and E. W. Marchant, Inst. El. Eng. Joun., 28, p.1. 1899. 


ie ee 
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movement copies the comparatively low frequency force due to the 
alternating current. 

The phosphor-bronze strip ssss 
passes over the pulley P (Fig. 332), 
the ends being attached to termi- 
nals fixed in the block K. A 
spring, not shown in the figure, 
pulls P upwards, and maintains a 
considerable tension in the strip, 
whose lower portions are situated 
in the magnetic field due to a 
powerful electro-magnet. 

On passing a current through 
the strip, one limb is urged out- 
wards and the other inwards, 
causing the light mirror M, at- 
tached to them, to rotate. The 
deflection of a beam of light re- 
flected from M is thus propor- 
tional at every instant to the 
current flowing in the strip. The 
spot of light, falling upon a 
screen or photographic plate de- 
scribes a straight line when an alternating current is passing. 

In order to exhibit the variation of the current, the beam of light is 
also reflected by a mirror 
which is rotating about an 
axis at right angles to the 
axis of rotation of M, so 
that the spot of light has a 
motion upon the screen pro- 
portional to time, at right 
angles to that proportional 
to the current, and hence 
describes a path similar to 
the curves of Fig. 333, The 
motion of the second mirror 
is produced by a synchronous 
motor driven by the alter- 
nating current under ex- 
amination, so that the spot 
moves over the path repeat- 
edly, an advantage in ob- 
serving it, as the appearance Fic. 333. 
upon the screen is that of a 


steady curve. 
For the examination of the electromotive force and current curves 
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simultaneously, two strips such as s are placed side by side, the current 
strip is placed in shunt across a low resistance 1n which the current to 
be examined is flowing. The potential strip is placed in series with a 
high, non-inductive resistance, the ends of this circuit connected to the 
terminals between which the variation of potential difference to be 
examined is occurring. The current and potential curves may be 
arranged ,to fall simultaneously upon the screen, and in this way the 
curves in Fig. 333 have been obtained, L being the current curve with 
large inductance, and K that with large capacity, the lead being nearly 
90° for the latter, and the lag nearly 90° for the former (see p. 354). 
V is the voltage curve. ; 

Transformers.—The industrial use of alternating currents owes its 
development entirely to the transformer, which is an appliance for 
converting large current at low voltage to low current at high voltage, 
and vice versd, with very small loss in energy and without the necessity 
of moving parts in the appliance. Thus 
for the transmission of 10,000 watts 
at 100 volts the current is 100 am- 
peres, but at 10,000 volts the current 
is only one ampere. Hence the con- 
ductor required in the second case will 
be much smaller, and therefore less 
expensive than in the first, although 
this must to a certain extent be com- 
pensated for by the better insulation 
required for the higher voltage trans- 
mission. 

The transformer consists essen- 
tially of two coils, a primary and a 
secondary, wound upon an iron core, 
the function of which is to make the 
mutual inductance of the coils as 

Fia. 334. great as possible. The relative num- 

ber of turns in the two coils depends 

upon whether it is required to transform up or down in voltage. The 

induction coil is an example of a transformer for transforming up ; that 

is from low to high voltage. An ordinary transformer with closed 

magnetic circuit is shown in Fig. 334, AB being the primary and ab 
the secondary coil. 

We have already found on p. 315 that the’ electromotive force 
equations for two circuits having mutual inductance, are— 


dI dl 
La, + Ma + Ril, = 8. ° e . > . (i) 
dl, dl 
l,q +MG+Rh=0. ie3. eee 


prabeat 


? 


* 


> 


© 
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When an electromotive force E, is applied to the first circuit, there 
being no source of electromotive force, other than that due to the 
mutual actions of the currents, applied to the second, and FE, vary 
harmonically, it may be written ,E, sin pf, and the harmonic solutions 
for I, and I, might be obtained as on page 344. But this process is 
extremely tedious, and the useful results may all be obtained by start- 
ing with the currents and afterwards finding the impressed electro- 
motive forces required to produce these currents. Assuming then that 
the currents I, and I, differ in phase by the angle 6, we may write 
them, taking ,/, and ,I, for the maximum values— 


UPS SANCHO Ci tee, pen ae SS ag 8 

and, Tgeeyely RPO TOO) > eee ay oe HEY) 

In practice these currents will not be true sine functions, owing to 
the hysteresis in the iron core of the transformer, but will consist of a 
sine term together with a higher harmonic due to hysteresis, which 
is wattless," and may usually be neglected; its study belongs to the 
province of the electrical engineer. 

From equations iii and iv we get— 


I 
o= Pp ol: cos pt, and, = = Pp gl, cos (pt + 9). 


Substituting in equation (ii) we get— 


Lyp pI, cos (pt + 6) + Mp ol, cos pt + R,,I, sin (pt + 6) = 0, 
or, (L,p ol, cos 6 + Mp oI, + RayI, sin @) cos pt 
+ (R, I, cos 0—L,p oI, sin @) sin pt = 0. 


This is true for all values of ¢, and therefore when pt = a we 
have— 
R, 1, cos 6 — Lp oI, sin 6 = 0, 
; — R, 
or, tan 6 = Ton! and .°. sin @ = V Lee + Re 
When t = 0, we have— 
Lp plz cos 6 + Mp oI, + R, ol, sin 6 = 0. 
oly _ Pat ee 
ol, I,pcosd+R, sin 6 
Mp 
ei 2 Gee Vy) Eee 
PTE Re! WL + Re 
= Mpod, 4 
V Lp? + RP 


1 Steinmetz and Berg, ‘ Alternating Current Phenomena.” 


And, 


os gla = 
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From these two results we see that there is a difference in phase 
between the primary and secondary currents determined by the last 


relation, together with the fact that tan @ = ae 4 


Returning to equation (i), and substituting in it the values of 
dI, di, 


re aa and J,, we have— 


Lyp ol, cos pt + Mp ol, cos (pt + 6) + R, oI, sin pt = E,, 
“. E, = (Ry ol, — Mp ol, sin @) sin pt + (Ly p ol, +Mp (I, cos @) cos pt, 
Mp. I, 


R - 
ae oli + Mp. v Lop + Re Ree), sin pt 
pant rte vi a. n 
ee eS ee +(1 Mp Mee fee 
ha lod steperbuely is an P)/Lep 24 R2 V Lp + Re cos pl, 
cc, = a(R, ae re ek) sin pit o L(L 1P ay eas, ree cos pt, 


ee 4) Shy sha (Rs + rate) +P(L.- eae ‘sin (pt-+4), 


tr M?p*L, ) 
where, tan ¢ = Vas Li + Re)P 
R M*p*R, 
LF FF 


La + RP 


We therefore see that the primary electromotive force leads the 
primary current by an angle ¢, or, what is the same thing, the current 
lags behind the voltage by this angle. Further, the primary resistance 

| 2,2 
is increased by an effective amount ee due to the current in 
the secondary, and the primary iducbanes is effectively reduced by 


- the amount Gate a phenomenon first pointed out by Maxwell.! 
’ Mp 
vx Write tae ae P, we may then express our currents in 


terms of K,, eeiie Ei, 


er = i, sin pt, and rewriting our equations, 
(iii) becomes— 


E 
Lt eS — sin (pt—p) . (v) 
Cy, 2)p* + (R, + PR.) 
=gl, sin (pi —.6) eG Pa eee (vi) 
where, tand = eect 
1 2 


1 J. 0, Maxwell, Phil. Trans. Roy. Soc., 155, p. 459. 1865, 


i 
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Again, since ,I, = — P (I, (iv) becomes— 


T, = oI, sin (pt — ¢ + 6) 
— PL sin (pt -—$+6) 
= PI, sin (pt —-$+ 6-7). 
. For the difference of phase between I, and I, is the advance 6, of 
the latter ahead of the former, together with a lag of 7 implied by the 
relation ,I, = — P ,I,. ; 


Nl 


T 


R 
Now tan 6= =", so that tan 6’ = Lap where 6 = 3 


R, 6, and 


substituting this value for 6 we have— 
doe So Es (ve -—-¢?-0-— *), 
and the actual lag of the secondary current behind the primary is an 


angle 6’ + “ =a-— 6. The complete expression for I, is now— 


E,P : 

i ut = pa hak yi e os 
2 V (Ly — P*L,)*p? + (R, + P?R,) a (vi p.— 6 5) . (vil) 
= els sin (ve a aoe g — 5) ee Gates a ee 8 ae (viii) 


The meaning of these equations can be 
more clearly seen by drawing a vector dia- 
gram for the electromotive forces in the two 
circuits. The equations of electromotive 
force are (i) and (ii), and the various terms 
in them and their relative phases may be 
found from equations (v), (vi), (vii) and 
(viii). Thus, from (vi) we have 


R,L, = R, I], sin (pt — ¢). 


Hence we will begin our diagram with the 
vector OE, whose value is ,H,, the maximum 
of E,. At an angle ¢ behind this we have 
OA, equal to R, ,I,, which is in phase with 
the primary current, ¢ being very nearly 90° 
since L,p is usually large in comparison 
with R,. 


Again, from (vi) we have— 7™ leu « 
dl. F Sun Pete sol warm eo 
Tv ; pe 
baa = Lap oh sin ( pi-— b+ z) (see p. Fra, 935, bela & af 
346). . 
Hence AB is drawn 90° ahead of OA, and is made equal to L,p fl, 
From (viii) — ee 


rs ' . 
R,l, = Ry oI, sin ( pt - $ - 6 ay 
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"ak 
so that we next make OD equal to R, ,I, at an angle AOD = é+ 3 
behind OA, and this ig in phase with the secondary current. Also 


from (viii)— ~—— AS ene ont 
i 


2 sl = Lp (I, sin (pt — $ — 4); 


L 
and therefore DF is drawn 90° ahead of OD and equal to L,p,I,. FO is 
now the vector sum of the two electromotive forces ee and R.I, in the 
secondary, and is equal to the electromotive force due to the variation 
of current in the primary, which is ua = Mp I, sin ( pt-pt a 
from (vi), which we see is parallel to AB; and further the vector BE, 


which is the electromotive force in the primary due to the variation of — 


the secondary current, is Mp ,I,, and ie parallel to DF, since from (viii)— 


dl 
M Tt = Mp . all sin (pt = fea) —?). 


The three vectors OD, DF, and FO have zero resultant, and if the 
diagram rotates with constant angular velocity p, their projections on 
a fixed axis are at any instant the three terms in equation (ii). 

Similarly the three vectors OA, AB, and BE, having a resultant 
equal to HE, correspond to the three terms in equation (i). 

If a perpendicular Ea be dropped from E on to OA, the vector 
Oa is equivalent to R,',I, where RB,’ is the effective resistance of the 

2,2P2 
primary circuit, which we saw on p. 360 to be R, + i ae 
Lj’ p’ + Re 
M?p?R, 
Lp a2 ae 

Similarly Ea is the quantity L,'p,I, where L,' is the effective 

inductance of the primary, and the vector Bb is therefore equal to 
M?p*L, : : 

Lip + RP so that the lag ($) of primary current behind the electro- 

motive force which occurs when the current in the secondary is ol. 


The vector Aa is therefore equal to 


29 


might be reproduced when ,I, is zero by increasing the primary ~ 


resistance by the amount Aa, and diminishing the primary inductance 
by the amount Bob. 


When the secondary circuit is broken so that I, is zero, the current 


in the primary is Jip phe and the rate of working is jE, oI, cos ¢, 


‘ L 
.where ¢ is now tan~} rae The only work dofe, apart from that due 


to hysteresis and eddy currents, is that required to drive the current 


—a 


ys. 
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through the primary in opposition to its resistance. The vector 
diagram reduces to the form shown in Fig. 336. Since R, is usually 
small in comparison with L,, ¢ is nearly 90°, and becomes more and 
more nearly equal to 90° as p increases. ‘There 
is nowonly one electromotive force in the secondary, 
equal to Mp ,I,; and since this is parallel to AE, 
the electromotive force in the secondary is very 
nearly opposite in phase to the primary electro- 
motive force, OK. From its value Mp j1,, we see, 
calling it »E,, that— 
M ‘p = oH, : 

V Lp? +R? 
hare: = ub 


AS = oly 
and neglecting ; IM comparison with L,p— 


o Hn => Mp AG — 


of, M 


Rist, =e F 
From Torf oF b 361 ahs =P.1, ele 


When the primary and secondary coils are 
wound upon the core in such a way that they 


both enclose the whole of the magnetic induction have—_» ‘ 

Se as a amc (020n = aan 

LL, = M2 fg Ey pe oe 

a SAC “A ae 
for, M = Ty = “Ts, where n, and n, are the ' saat ‘numbers. ~ P= 
1 2 

of turns in the primary and secondary .°. oft, = VUL, BS ae 
oly L, L, 


But the inductance of a coil is proportional to the square of the 
number of turns linked with the magnetic flux, and therefore L, « n,’, 
and L, « n,”. 


That is, the electromotive forces in secondary and primary are 
proportional to their respective numbers of turns. 

These conditions may be approximately fulfilled in the case of 
the induction coil (p. 319), the primary coil having very low and the 
secondary very high resistance, the latter being very great, not only 
on account of the number of turns being very great, and the wire 
employed being thin, but also by the fact that part of the circuit 
consists of air or some other medium of exceedingly high resistance. 

Returning to the vector diagrams (Figs. 335 and 336) we may 
now consider the effect of reducing the resistance of the secondary. 
until appreciable current passes in it. When this current is small, 
the vector OD is nearly at right angles to OF, so that the secondary 


ath 
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current is nearly opposite in phase to the primary. As work is now 
being performed in the secondary this implies that more power 1s taken 
in at the primary. This is supplied in two ways. In the first place the 
primary current comes more into phase with the electromotive force, 


Lip 
since tan @ changes from —5- to— 
‘ ; % M?2p?L. whan R. 7 0 Lb 
; met ey Pa Ree 
(1.- Lp) + Ry? Yor anne 
WR du Rw bw 
Beet Lp? + R,? eM ee ub 
so that ¢ diminishes, and cos ¢ increases, and the power oH; ol; cos & 
increases. But in addition to this, the primary current usually 
increases owing to a diminution in the effective primary impedance 
from 7 Lp? + RZ to 7 (L, — P*L,)p? + (Ri + PPR.) 
Tf the latter of these two quantities is less than the former— 
Lip? + Re > Lp — 2L,L,P’p’ + PAL gp? + RY + 2R,R,P? + PRE 
. 2L, Lap? > P?(L,?p? + R,’) + 2R, Ry 
M?p? 
But, P= Lp’ +R 
. 20,1, p? > M*p? + 2R,R,. 
In the case of an ordinary transformer, R, and R, are made as 


small as possible, in order to avoid loss of energy due to heating of the 
conductors. Therefore, neglecting the term 2R,R., we have— 


2L,L, > M2, 


a condition which is necessarily fulfilled since M? cannot be greater 
than L,L,. Thus the result of the current in the secondary is to 
decrease the effective impedance of the primary, and the primary 
current therefore increases. It should be noted that if the resistances 
are not small it does not follow that the effective impedance of the 
primary is reduced and the current increased. There is, however, 
always an increase in the power absorbed by the primary, on account 
of the advance in phase of the primary current caused by the current _ 
in the secondary. : 

For an account of the efficiency of transformers and the measure- 
ment of the various losses occurring in them the student is referred to 
works on electrical engineering. 

Resistance and Inductance of Wires for Currénts of High 
Frequency.—A steady current flowing in a uniform wire is distributed 
uniformly in the cross-section of the wire, the current density being 
constant over any given section. When the voltage applied between 
the ends of the wire is alternating, the distribution of current is no 
longer uniform; there is a concentration of the current in the outer 
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= layers, and, when the frequency is very great, the current is almost 
_ entirely confined to the surface layer. This phenomenon is known as 


the “skin effect,” and on account of it, the effective resistance of the 
wire is greatly increased. For this reason, conductors that are required 
to carry high frequency alternating currents are made up of a number 


_ of strands of fine wire, insulated from each other, in order to have a 
’ large surface for any given area of cross-section, since the central parts 


of thick wires would not carry any appreciable part of the current and 
would therefore be useless. 

The reason for this distribution of the current may be understood 
by examining Fig. 229, in which the magnetic field for a wire carrying 
steady current is shown. Taking any cylindrical shell of the wire, 
the magnetic field outside it is the same as though the current in the 
shell were all at the axis of the wire, but for points inside the shell the 
field is zero. Thus for a given current, the total magnetic flux is 


- greater when the current flows along the axis than when it flows in a 


surface layer of the wire, by the amount of flux that fills the space 
occupied by the wire when the current flows along the axis. 

If then we imagine two elements of the wire of equal cross-section, 
one constituting the central portion A, in Fig. 337, and the other a 
cylindrical shell B, these will carry equal cur- 
rents when the electromotive force is steady, but 
A will have a greater self-inductance than B. 
When the electromotive force is alternating, B 
will therefore have the less impedance, and more 
current will flow in it; and further, the current 
in A will lag behind that in B, owing to the 
greater inductance of A. The phase of the cur- 
rent gets later and later as we pass from the 
surface of the wire to the interior. This is Fic. 337. 
entirely in accordance with the fact that the 
flow of energy from the source of electromotive force takes place in 
the dielectric surrounding the wire, time being necessary for it to 
penetrate from the surface to the interior. This aspect of the question 
will be studied later (see p. 410). 

If we consider a conductor consisting of the two parts A and B 
only, where the resistance of each for steady current is R, the induc- 
tance of A being L, that of B is equal to M, the mutual inductance of 
the two parts; since the magnetic flux linked with the circuit whose 
cross-section is B, is also linked with A, and if we apply an alternating 
electromotive force E, sin pt to the two in parallel, we see by the 
equations on p. 360, that the effective resistance of A is— 


M2pR ap 
R+ yep RE R(1 + aR) 


and its effective inductance is— 


M?y?M 


L— yep RY 
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while the effective resistance and inductance of B are respectively— 


M’p’R M?p? ) 
Ven? L 
and, M — De Re 


The total resistance is therefore in each case increased, and the effective 
inductance reduced, the change depending on the square of p; but since 
L>M, the resistance of A rises more rapidly than that of B when p 
increases, so that the current becomes at very high frequency almost 
entirely confined to B. The better the conductivity of the material the 
smaller is the value of R, and therefore the greater is the quantity 
j 22 M2 2T, lite 
sige or ee the limiting values when R = 0 being M 
2 M2 
and -: Since 2 <1, M is greater than = and the concentra- 


tion of the current into B is greater when R is small than when it is 
Qyp2 22 

great, for in this latter case yer and ee approach to 

equality. 

If the wire consist of a material of high permeability, L is 
enormously increased while M is practically unchanged. This again 
accentuates the crowding of the current into the outer layers ; in other 
words it increases the skin effect. 

The problem of the distribution of an alternating current in an 
actual wire is beyond the scope of this book, but it may be pointed out 
that in the case of a straight circular wire carrying alternating 
current, the effective resistance R’ may be calculated from a relation 
which may be written in the form— 


1 (27?npa2 1 (27’npa*4 
— ae _— 
given by Lord Rayleigh,’ where R is the resistance for steady current, 
a being the radius of the wire in centimetres, n the frequency of 
alternation, and p the specific resistance of the material of the wire in 


2 
absolute units, provided that aan 


is not greater than 5. For very 


high frequencies the relation is— 


Rie Ra/ Saute 
Pp 


The effective resistance of a straight wire for high frequency 
currents has been measured by Prof. J. A. Fleming * by comparing the 


’ Lord Rayleigh, Phil. Mag. (Ser. 5), 21, p. 881. 1886. 
* J. A. Fleming, Proc. Phys. Soc. Lond., 23, p.103. 1911. 
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currents in two similar wires that produce heating at the same rate 
the current in one wire being steady and the other oscillating. The 
arrangement employed is shown diagrammatically in Fig. 338. The 
two wires AB and CD are situated in glass tubes which are united by 
a bent tube containing a little paraffin oil, with an air bubble at P. 
The currents in AB and CD are adjusted until the air bubble remains 
in its equilibrium position, the system 
then acting as a differential air ther- 
mometer ; it indicates that the rates 
of production of heat in the wires 
are equal. 

The alternating current is mea- 
sured by an ammeter of the type 
described on p. 222, which measures 
virtual amperes. It consists in the 
oscillatory discharge from a con- 
denser, the frequency of oscillation 
being determined by means of the | 
cymometer (p. 460). Fie. 838, 

For equal heating in the two 
wires, I?R = I?R’ where I’ is the virtual current, and R’ the effective 
resistance, I and R being the values for steady current. 

Since the wires and the vessels may not be identical in the rates at 
which the heat produced in the wires is dispersed, the currents are 
interchanged, so that the wire which previously carried the alternating 
current now carries the steady current, the effect of dissimilarity in the 
tubes and wires being in this way eliminated. The observations were 
in very good agreement with the calculated results. In the case of a 
bare copper wire of diameter 0-03149 cm. the resistance for a frequency 
of 1:08 x 10° is 1:45 times that for steady current, while for a 


_diameter of 0:198 the ratio is 8°10. 


Shielding Effect of a Mass of Metal.—The presence of a mass of 
conducting material in the neighbourhood of a circuit carrying alternat- 
ing current produces an effect which may be understood from the 
equations on p. 360. ‘The effective self-inductance of the circuit is 
reduced, for the induced current in the material has a magnetic field 
which is opposite in sign to that due to the current in the circuit, and 
consequently while the current is growing, the magnetic flux linked with 
the circuit is less than would be the case if the mass of metal were 
absent. The back electromotive force, due to the growth of the mag- 


- netic flux, is therefore reduced, which is equivalent to saying that the 


effective self-inductance is diminished. Similarly at stopping, the in- 
duced current is in the direction of that in the circuit (see Fig. 309), 
and the flux dies away at a lessened rate. 

As the conductivity of the material increases, so the effect is 
enhanced, for the induced currents become greater, while the reverse is 
the case when the conductivity is diminished. For this reason it is 
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necessary to avoid using continuous masses of metal in the construction 
of coils of large inductance. The frame on which the coil is wound 
should be of some non-conducting material, and if this is inconvenient, 
a saw cut should be made in a direction at right angles to the direction 
of the electromotive force produced by the varying magnetic flux. 
This enormously diminishes the effect. Further, if an iron core is 
employed, it should be laminated or else built up of wires insulated 
from each other. A slight film of oxide on the wires or lamin will be 
highly beneficial. For this reason the cores of transformers are usually 
laminated, for not only is the effect of these eddy currents upon the 
inductance objectionable, but they involve a waste of energy, the 
current in the metal involving a conversion of electrical energy into 
heat within the material. . : 

In a similar manner a sheet or mass of highly conducting metal 
may be used to screen a given space from the effects of an alternating 
magnetic field. 

Let an alternating current I, =,J, sin pt, be flowing in a given 
circuit ; then for a neighbouring circuit or mass of metal, the equation of 
electromotive forces will be— 

dl, dl, 
L, at + M7, + RI, = 0.. 

When R, is very small, as we may suppose it to be in the given 
case— 

dl, au 
-. Lal, + MI, = constant. 


L,I, is the magnetic flux through the closed circuit due to the 
current I, in it, and MI, is the flux due to 


sees the current I,, and since the sum of these 
two is constant, the variation in flux, which, 


A 7. without the closed circuit would be 
Bic wi ML, sin pi, 
is reduced to zero. This effect may be 
~ demonstrated by placing a coil A (Fig. 
; 339) which is in series with a telephone 


receiver, near an electromagnet excited by 

Fra. 339. an alternating current. A note whose 

pitch is equal to twice the frequency of 

alternation of the current will be heard in the telephone. If now a 

thick sheet of copper, B, be placed near A, the loudness of the note is 

much reduced. The sound will never disappear, for the sheet cannot 

have absolutely zero resistance, and consequently the limiting condition 
implied by the last equation is never reached. 

It may be noted that unless the alternations are extremely rapid, 


a a i Bo ek 


’ 
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the effect of the presence of the plate is considerable, on whichever side 
of the coil A it is placed, and is greater the nearer it is to A. If the 
magnet is at some distance, it is immaterial on which side of A the 
plate is situated, for it is the variation in flux at B that is reduced, and 
there is a consequent reduction in the variation at all points near B. 
A radial slot cut in the plate B enormously increases its resistance to 
the induced currents and correspondingly diminishes the effect. 

Repulsion between Conductor and a Circuit carrying Alternating 
Current.—Closely allied to the last described 


effect is the phenomenon of repulsion that 
occurs between a circuit carrying an alter- 
nating current, and a conductor. A closed cir- 
A 
aS) 


cuit or ‘conductor A (Fig. 340) situated near 


an alternating electromagnet, is threaded by a 
magnetic flux MI, sin pi, due to the current Fig. 340, 


_ I, sin pi, in the electromagnet. 


Since A has very small inductance, its reaction upon the electro- 


magnet is infinitesimal, and we may consider that an alternating 


electromotive force — M. = = — MplI, cos pt = Mpl, sin (vt _~ ) acts 


in it. This electromotive force is 90° in phase behind the current I,, 
and neglecting A’s inductance, the current in it will be in phase with 
this electromotive force. Thus— 


I, « Mpl, sin (vt us 5): 
There will be a force between the two currents, proportional to 
their product I,I,. 
.*. Force o MplI,? sin pé sin (vt - a 
We have already seen (p. 350) that the mean value of a quantity 
such as sin pt sin (pt - 5b in which the two harmonic components differ 


in phase by 90°, is zero, and therefore if the inductance of A be zero, 
the mean force on it is also zero. But the inductance, although small, 
cannot be zero, and the current I, therefore lagsin phase by more than 


90° behind I,. 
° = T ¢ 
.. Force oc MpI,? sin pt sin (pe =% 6), 


Mpl? . eit 
« MpI,? sin? pt cos G + 6) = - sin 2pt sin C + 0). 
The mean value of the last term we saw on p. 350 to be zero, and 


the mean of the first is 4 MpI, cos 5 + é). Since cos ( 3 + @) is neces- 


sarily negative when 6 is small, thé force on A is a repulsion, ae the coil 
B 
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A experiences in each complete cycle, an impulse pushing it away from 
the magnet. The curves for I, and I, are drawn in Fig. 341, and the 
dotted curve is drawn for the product I,J, Owing to the phase 
difference between I, and I, being greater than 90° (compare with Fig. 
326, where the phase difference is less than 90°) the positive loops a, 
which indicate an attraction owing to the currents being in the same 
direction, are smaller than the negative loops 6 which indicate a repul- 
sion. It is thus seen that the repulsions predominate. 

It may be seen from the expression for the force, that this increases 


Fid. 341. 


with p, and with the square of the current I,. Hence, to get large 
effects, currents of considerable value and of high frequency are 
necessary. 


The resistance of A plays an important part in the phenomenon, ) 


for the lower the resistance the greater the induced current in it and 
the larger the effect. But the lower the resistance, the greater is the 
lag of the current behind the electromotive force owing to the increase 
in the time constant, and hence the lag @ increases, the result being 
that the loops b in Fig. 341 are increased while the loops a are 
diminished, the repulsion being still further increased. 

By means of powerful alternating-current electromagnets, metal 
rings of considerable weight may be supported. ® 

Rotating Magnetic Field.—If two coils carrying alternating cur- 
rents be placed at right angles to each other, the resulting magnetic 
field at any instant may be found by compounding the fields due to the 
two coils, according to the ordinary law of addition of vector quantities 
or parallelogram of forces, When the currents have the same frequency, 
the resultant magnetic field at any point is periodic, and has the same 
frequency as the currents. 

Representing the currents by the equations I, = ,], sin (pt + 6) 


and I, = oI, sin pt, the magnetic fields are in phase with the respective 
currents and may be represented by— 


H, = Hy sin (pt + 0) 


and, H, = ,H, sin pt. 
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If the field H, be due to the current in the coil AB (Fig. 342) it 
may be represented by the vector OH,, and the field due to the coil 
CD is represented by OH,, and at 
the instant to which the diagram 
refers, OH' is the resultant field. 
This has the value “H+ H.2, 
and is inclined to the direction of 
OH, by an angle ¢ whose tangent is 

z H. 
. H that is, tan d= i Both H’ 
and ¢, which define the resultant 
field, vary periodically ; for when 
Z 
- 


t= 0, then H, = 0, and 
A =H, sin 6, 


Also er H’ = 0, and 


i = ,H, sin (— 6). Fig. 342, 

Thus the resultant field H’' ro- 
d tates, and at the same time varies in magnitude. 
a The case of most importance is that in which ,H, = ,H, = H,. 
Then, H!' = H,# sin? pt + sin? (pt + 9), 
4 sin pt : 
‘ sin (pt + @) ” 
‘ and if in addition 90 = 5 , then— 
, 


and, tan ¢ = 


sin pt 
cos pt 
that is, ¢ = pt. The resultant field is therefore constant in value, and 
rotates with constant angular velocity p. 
Phen at time i= 0, H, = -H,,--and 
_ H,=0, and the position of H’ is O,H, 


Fig. 343). At time ¢ = ~, Hj = 0, and 
g. 343) 


_ 4H, = H,, and the position of H’ is O,H,. 
Hence the direction of rotation of H’ is 
positive, that is from OD to OA, or anti- 
clockwise, when H, is 90° in phase ahead 
of H,. 

c Tf, ou the other hand, H, lags 90° in 
phase behind H,— 
, 


H,; = H, sin (pt ne Dy = —H, cos pt, 


and, H, = H, sin pt, 
tan @ = —tan pt, and d = — pt. 


H' = H,, and, tan ¢ = 


= tan pt, 


Fie. 343, 
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The direction of rotation of the resultant field H’ is therefore in this 
case negative, that is, opposite to that of the rotation of the vectors 
oH, and ,H,, and its angular velocity is — p. 

A conductor placed at O will consequently experience a couple, 
which is in all cases in the direction of rotation of the resultant field, — 
for an exactly similar reason to that for which the magnet rotates in 
Arago’s experiment, described on p. 251. In this case the field rotates, 
whereas in Arago’s experiment the conductor rotates, but in both 
experiments it is the relative motion that determines the couple 
between them, for by Lenz’s law (p. 250) we know that the forces due 
to the magnetic effects between the field due to the induced currents, 
and the original field, are such as to oppose 
the relative motion of the field and con- 
ductor. 

The couple acting on a mass of metal 
situated in a rotating magnetic field can- 
not in general be calculated, because of the 
difficulty in finding the distribution of the 
induced currents in the body, but if we 

Fig. 344, take a plane coil CC (Fig. 344) the problem 
becomes much simpler. 

The magnetic flux passing through the coil at any instant is 
AH sin pt, where pt is the angle between H and the plane of the coil, 
and A the area of the coil. The electromotive force in the coil is given 
by the equation— 


ae tea 
err IG. 


d ; 
eS qy (AH sin pt) 


ll 


—AHp cos pt = AHp sin (os a 
The current in the coil is therefore— 2 
ask AHp ? ( cig 
= Jit sin | pi —5 — ) (see p. 345), 

where / and r are the inductance and resistance of the coil and 
tan a = ig 

r 

The magnetic moment of the coil is Ai (see p. 225), and is per- 
pendicular to its plane, being directed along the normal in direction MO. 
The couple acting on the coil, tending to turn it into the direc- 
tion of H, is then— 
uf xs A*’H’) T 
AiH cos pt = SN ee sin (pt Sa «) cos pt 
A?H’p 


=-—— {sin pé cos pt eos (3 + — cos® pt sin (= 
V Pp? +r ESS BD NS ee 


_—- a al ’' 
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We have seen that the mean value of sin pt cos pt, or sin 2pt, 
for a cycle is zero, while that of sin? pé or cos? pt is 4. 
Therefore mean couple ¢ is given by— 


A?H? : A?H? 
P _ sin (F + a) =a os. 


2) Bet 2) Pp tr 
But, tan a = = 
*, COS = ae A 
OS BEE 
and, A?H’rp 


BG + FY 

The mean couple is in the direction of rotation of the field. 

The average couple therefore depends on the value of p, and this 
is the relative angular velocity of the field with respect to the coil. It 
is evidently zero when p = 0, and again when p is infinite. If then 
the coil is mounted so that it can rotate, its angular velocity in the 
direction of rotation of the field will increase until the rate at which 
work is done in opposition to friction of all kinds is equal to that done 
by the rotating field. On releasing the coil its angular velocity will 
increase at first, and as a result p, the relative angular velocity of the 
field with respect to the coil, diminishes and the couple still further 
increases ; but the speed will never be equal to that of the field since in 
this case p would be zero and the couple would vanish. The average 
couple is a maximum when p has some value between zero and infinity. 

To find the value of p for the average couple to be a maximum, 
find the condition that the rate of change of the average couple with 
respect to p shall be zero ; i.e. let-— 


a APH rp _ 
° = 2(Pp + 98) 


ode ATH*r a) 
ie eee 


Pp? + 7 — 20° 
2(Pp? + 7)?’ 
and putting this equal to zero we have— 
Pp? = 1’, 


Now, 


= A?H?r 


r 
and, p= A 


Again, tan a= e, so that the value of a for maximum couple is 
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7 ; : 

tan-'1 = 45°, and the value of the couple under these circumstances 

is, since p == 


_ APH APH? 
cee Ph See 


This does not mean that the couple is independent of the resistance, 
which would obviously be incorrect, but merely gives the value of the 
couple when the condition lp = r is fulfilled. : 

That this condition corresponds to a maximum couple may be 


7 ae de . ; h 
proved by obtaining dp and showing that dp is decreasing when 
in =*. 

The quantity =” — has been plotted as ordinate in Fig. 345 
cat awe 
for a case in which R = 1 ohm 
5x04 


or r= 10° absolute units and L=0°1 
henry = 10° absolute units. The 
frequency of alternation, n, has 
been taken as abscissa, the value 
of p being 2zn. The relation 


ree er ee 
sll bee tele Eel 


=p = dam 


aI 


Pill baa tedt BPSea! Gaby gives the maximum couple at the 


Fie. 345. 1055 1:59, and it 


Qa 

will be seen that the quantity has the value 5 x 10-** at this frequency, 
and the average couple is A*H® x 5 x 10-% Now H may in a 
practical case be, say, 1000, and if the coil have an effective area of, 
say, 10,000 sq. ems.— ; 


frequency » = 


maximum average couple = 10° x 10° x 5 x 107° 
=5 x 10¢°C.G:8. units. 


It should be noticed that the maximum occurs very near the axis of 
zero frequency, and from this maximum the couple falls gradually as 
the angular velocity of the field relatively to the coil increases. 

The motion of a conductor in a rotating magnetic field has been 
put to many uses, the most notable of which is the construction of 
electro-motors in which two electromagnets are traversed by alter- 
nating currents of different phases. A mass of metal or a system of 
closed coils is mounted upon an axle in the rotating field, and 
experiences a driving couple as explained above. 

If a conductor or coil E be mounted between two pairs of magnets 
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AB and CD (Fig. 346) carrying alternating currents differing in 
phase, the resulting magnetic field at E is a rotating field, and the 
conductor rotates. The magnets A and B may with advantage be 
combined to form one field magnet, 
as also may C and D, but they are 
represented as separate magnets 
in the diagram for the sake of 
clearness. 

If the alternating currents in 
the two circuits are derived from 
the same supply, the currents in 
the two pairs of magnets will not 
differ in phase unless the time 
constants of the two circuits differ. 
To make the time constants differ, 
an extra inductance J may be in- 
troduced into the CD circuit, or 
a capacity into the circuit AB, or both, 


Thus, I, = ol, sin (pt + 6,) 
and, I, = ol, sin (pt — 62). 


Tf (I, and ,I, are equal and the magnets similar, then the magnetic 


field is a simple rotating field, when— 


6, oe 6, =F: 


In using motors of this type, the supply usually consists of two 
separate currents carried by two distinct circuits, the currents differing 
in phase by 90°. Such motors having 
circuits with alternating currents in 
different phases are called polyphase 
motors, and have the great convenience 
that they will start under load. 

Single-Phase Motor.—A single alter- 
nating magnetic field may be looked 
upon as the resultant of two equal fields 
rotating with equal angular velocities 
in opposite directions. If the two coin- 
cide when in the direction Oy (Fig. 347) 
then, when one of them (OA) makes 
angle pt with Ow the inclination of Fic. 347. 
the other (OB) to Ox is t— pt. Thus 
the components parallel to Ox, are H, cos pt and — H, cos pt, and 
these always annul each other ; while the components parallel to Oy are 
H, sin pt and H, sin (7 — pt), and these added together give the alter- 
nating field 2H, sin pt. ~ A mass of metal or coil of wire mounted in 
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the field so that it can rotate, will experience equal and opposite couples 
due to the oppositely rotating components of the field, and it will there- 
fore remain at rest. 

Let the angular velocity of the fields with respect to the coil be 
represented by the value P on the curve (Fig. 345), and it will be seen 
that if the coil be given an angular velocity p, in one direction or the 
other, the relative angular velocity of one of the components of the 
field with respect to the coil will become P — p, and the other P + p,. 
The couple produced by the former is therefore, as will be seen from 
the curve, greater than that for the latter, and the coil will gain 
velocity. The couple due to the driving component thus increases 
and the other diminishes until the mechanical work done on account of 
rotation prevents further increase in velocity. 

The coil will therefore run as a motor in the direction in which it 
is given a start, but owing to the smallness of the resulting couple 
until the angular velocity approaches that of the driving component of 
the field, such a motor will not start}under load. Hence such motors 
are provided with a second magnetising coil with some such device as 
that described on p. 375, for producing a difference of phase between 
the currents in the two coils. A single rotating magnetic field is 
therefore created, and the motor starts. When running at sufficient 
speed, the second or starting circuit is cut out and the motor continues 
to run as a single-phase machine. 

Imaginary Quantities —The usefulness of the exponential forms of | 
the sine and cosine has already been seen (p. 334), and we will now 
make a further application of them to the problems of alternating 
currents. Let us consider the imaginary quantity / —6%. This has 
no real value, but may be defined as the quantity whose square is equal 
to —b*. Writing it in the form / —1 Bb’, or jb’, wherej = / —1, we can 
see that j = / —1,7? = —1, = —v —1, j# = 1, ete. 

If we multiply any vector, say A, by j’, we obtain j?A =—A. Thus 
the sign is reversed, which is equivalent to a reversal in direction of 
the vector, or a rotation of its direction through 180°. Multiplying 
again by j’ or —1, it again becomes +A, and has therefore been 
rotated through a further 180°. From -this we see that j? may be 
looked upon as an operator, the effect of which is to rotate any vector 
upon which it operates, through 180°. Similarly, j rotates it through 
90°, 7* through 270°, ete. 

_Any quantity whatever may be written in the form a + jb, where 
a is a real quantity and jb imaginary, and, further, if any equation 
involves both real and imaginary quantities, the sum of the real 
quantities is zero, and likewise that of the imaginaries. 

Thus, if a+jb=a'+ jv, 
then, a —a'=j(b' — bd), 
which cannot be true unless a — a’ = 0, and b' —b = 0, for otherwise 
we should have a real quantity equal to an imaginary. 
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_ Ifaand b are vectors in the same direction, jb and a are vectors at 
_ right angles to each other, and the position of any point P (Fig. 348) 
may be represented by the vector a + jb, since OQ = a and QP = jo. 


_ .. vector OP = a + jo. 
_ Again, if OP =r, and angle QOP = 6, a 
vector OP = r(cos 6 + 7 sin 6). 


r is usually called the modulus and 
@ the argument of the complex quantity 
represented by the vector OP. From 
Fig. 348 we see that 7? = a?+ 0? and 


tan 6 = : and hence the modulus and 


the form a + jb are known. 
Rotating Vector.—The exponentia 


. jo — €-Jj0 . 3848. 
forms for sin @ and cos 6 are ~—_~— H1G. 008 


oF 
oo 4. ¢—Jj0 : : : 
and ——,—— respectively, and employing these forms, the 


argument of any imaginary quantity J 


quantity r(cos 6 +7 sin 9) becomes re/®, and r(cos 6 — J sin 0) becomes 
Ste J?, 

If, then, the vector OP, or r, rotates with angular velocity p, and 
t be the interval of time since it coincided with Ow, 6 = pt, and 
r(cos pt +7 sin pt) = reJ?*. Now, r cos pt is the projection of r upon 
the axis of at any instant, and is a quantity which varies harmoni- 
cally ; it is also the real part of the complex quantity re”. Similarly, 
r sin pt is the projection upon the axis Oy. The real part of reJP* is 
therefore a harmonic motion taking place in the direction of the axis 
of x, and the imaginary part a similar harmonic motion, a quarter of a 
_ period later, in the axis of y. . 
Application of Imaginaries to Circuit having Inductance, Capacity, 
, and Resistance.—The alternating electromotive force E, cos pt may be 
~ looked upon as the real part of the quantity E,</?', or the projection 
_ upon the axis of a, of this rotating vector. The equation of electro- 
motive forces (p. 353) may therefore be written— 


I . 
Ly + RI + ¢ = Bo" etl cg Hd) 


ee a 


Now consider a solution, I = Ac?*, which has evidently the same 
periodicity as the electromotive force. We must find the nature of the 
quantity A. 


a _. jpt = [ta => Apt onst, 
ay = Ad, and, Q = i ma 


> mm Hong ihe Cecictal 
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The constant in the last expression must be zero, since we are dealing 
| entirely with harmonic changes ; 


Bi A A pt = TA ot, 
JP Sy 
' Equation (i) then becomes, on substitution— 


LypjAciPt + RAs — ii = F<, 


or, EE ————— 


Multiplying the numerator and denominator by JR _ (Ip _ oy 


nln —(9-2)} 
a) +m 


which is of the form a + jb, where 


A= 


a= =n , and b= a 3 %) ; 
(Lrg) +8 (Ip -g) +B 
Hence the modulus is 
PF a “ 
/(12-&) pi L Iv 
and the argument is > S 9 4 . 3532 Van ce 


b OF 
6 = tan ae tan ee 


dake ——Fi bees 
\/ (le - a) ce 


And the solution to our equation is, 


a 
: 
: 
. 
“ 
: 
: 
4 
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The real part of this is the harmonic current required, and will be 
seen to be in agreement with the solution obtained on p. 354. 
Comparison of soca aaa ve awe we see that 


dl 
Lag = lpAc#* = Lypl, and 2 =a Idi = =— il and hence 


the electromotive force einalinn may be acres: 
(Lai are &)t = E,et, 


This is of convenience in solving many problems. Referring to the 
method of comparing inductances on p. 324 (Fig. 314), we see that for 
no current to flowin the galvanometer, we have the current I, in BAD 
and I, in BCD, and the electromotive force in both Pee is the 
same. If, then, the battery be replaced by a source of alternating 
current, 


I 
For branch BAD, Te a + PI, + QI, = ee 
and for branch BCD, die Ss 74+ RI, +81, = bE. ie as oe lion Pe 
Therefore for simple harmonic E.M.F.’s and currents, Lele hutde » do ts 
thy t+ (P+ QL = {lpi +(R + 8)}L. heh ASS ee 
br meg ey 


But the real parts and the imaginary parts must separately Se 


(see p. 376) ; 3 fun 


L,pl, = L,pl,, and (P+ Q)I, = (R + S)L, 
igre OUP | O 
wie VES. BS" 


An ordinary galvanometer will, of course, be useless when alter- 
nating currents are employed, and may be replaced by a ‘telephone 
receiver, the resistances being adjusted until the sound in the telephone 


ceases. 
Comparison of Capacities.—Referring to p. 325 (Fig. 315), we 

may, on joining an alternating source of supply to B and D, and 

replacing the galvanometer es a telephone, obtain silence when 


(Rh +5 = ee, a) = Eye 


or since Q, = f Idi, etc., 


xl ib ie 
(R C, dp) =) lo 
ae: as ‘$ and R,I, = R,I,, 
1 


C, fe) 
Os 


tC Alan 
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Vibration Galvanometer.—In order to avoid the use of a telephone, 
Mr. Campbell? has employed a galvanometer in which a very light coil 
has a bifilar suspension, in which the tension can be varied by altering 
the pull on the suspension. The vibration frequency of the suspended 
coil can thus be varied (from 50~ to 1000~), and may be tuned to 
«coincide with the frequency of the alternating current employed. Thus 
any feeble current in the galvanometer may, owing to resonance, pro- 
duce a large vibration in the galvanometer coil, and great sensitiveness 
may be attained. Campbell also describes a number of methods of 
comparing capacities, inductances, and resistance by means of the 
vibration galvanometer. 
Comparison of Capacity and Mutual Inductance.—Campbell 
; gives the following method for the 
U; A measurement of capacity in terms 
of a mutual inductance. Let C be 
the capacity, and ML (Fig. 349) be 
the mutual] inductance, of which the 
coil in the circuit between D and F 
has inductance L, the arrangement 
being as shown in the figure. Since 
there is to be no current in the galva- 
nometer, we have for the circuit 


F AFD, 
di, di : 
dt _- Mi — Rt, => 0. 
Fig. 349. 
Now, for the point D, i = i, + i, 
di, di, ; di, 
Again; for circuit DBA, since D and A are always at the same 


potential, a= Ri, — Ry, where q = fi,dt, the charge upon the 


condenser, 


iat : 
ors E = Ri, — Rj, 
di 4, _ pdt 
otha ee aed 
substituting this value of s in the above, 
di, di, AE di, 7 
La — Ma 4 Rot, = (Rt a) 


R,) dt Mey 
or (L-M—- Mp) G+ (B—Rg)i=0, 


' Albert Campbell, Proc, Phys. Soc. Lond., 20, p. 626. 1907. 
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_and since the electromotive force is simple harmonic, the current 
equation may be written in terms of symbolic operators, thus, ‘ 


| ad BES 
(1 —-M- MR ii a (R - BG)a = 6; 


; R. M 
and therefore L — M — Me = 0, and, R, — Ro= 0, 
L ; 


R+R M 
M = as = and, roi => RR, 
On adjusting the resistances until there is no current in the 
galvanometer or telephone, the relations between the inductances and 
capacity are known in terms of the resistances. 


CHAPTER XITl1 
UNITS 


Dimensions.—Throughout the whole range of Physics we are concerned 
with the magnitudes of various quantities and their relations to each 
other, and it therefore becomes of importance to examine certain laws 
which underlie these relationships. The most fundamental relationship 
is that of mere number; quantities may be added to each other pro- 
vided that they are all of one kind, but not if they are of different 
kinds. We see therefore that all the terms that are to be added 
together in any equation must be of one kind, and if their nature is for 
any purpose changed, all the terms must change in the same manner 
and at the same stage of the calculation. 

In order to define any physical quantity, two statements are neces- 
sary ; we must know the unit in which the quantity is measured, and 
the numeric relation between the quantity and the unit. The latter is 
a mere number or ratio, which tells us the relative magnitudes of the 
quantity and the unit, while the former gives us information with 
respect to the nature of the quantity. 

We therefore require as many different kinds of unit as there are 
physical quantities to be measured, but the units need not necessarily 
be independent of each other. Before the importance of devising a 
scientific system of units was realised, it was customary to fix a new 
arbitrary unit for every fresh quantity to be measured, quite irrespec- 
tively of its relation to the units already in existence, and sometimes 
many units for the same quantity, as may easily be realised by con- 
templating the number of different units of volume there are in use in 
this country at the present time. 

The attempt is always made in scientific work to have as few 
arbitrary units as possible, and to choose those units to be of as durable 
and easily copiable a form as possible. The fundamental units chosen 
are those of mass, length, and time. The unit of mass is one-thousandth 
part of the mass of a piece of platinum kept in the Archives de Paris, 
and is called the gramme ; the unit of length is one-hundredth of the 
distance between two marks on a platinum bar at the standard 
temperature, also kept at the Archives de Paris, and is called the 


centimetre ; and the unit of time is called the second. It is setos of 


Qe ee ee ee a 
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the average interval between two successive transits of the sun across 


_ a given meridian. 


Most physical units may be explicitly defined in terms of these 
three, raised to various powers ; and the powers to which they must be 
raised to obtain any derived unit are called the dimensions of that unit. 
Thus the unit of volume is that of a cube whose edge is one centimetre 
or writing [L] for the unit of length and [V] for the unit of volume— 


LV] = (L*), 
is the dimensional equation corresponding to the above statement. It 
tells us that a volume is of the third dimension in length. 
Or again, the unit of velocity is such that the body moves through 


a distance of one centimetre in one second, which fact written as a 
dimensional equation is— 


[Velocity] = A ris IFA Were 


In a similar manner we may see that— 
[Acceleration] = [LT-*], 
[Force] = [MLT-*], 
[Pressure] = [ML~“’T-*], 
[Energy] = [F. L] = [ML*T-*}, 
[Moment of inertia] = [ML], 
[Density] = [ML~*], 
LAngiet— [ae.d5*) = (1). 


An angle is of no dimensions, that is, it is a mere ratio of two 
lengths. These two lengths are, however, measured in different direc- 
tions, and if it is desired to retain them in the dimensional equation 
they may be written L, and L,, in which case the equation becomes— 


[angle] = [L.L,~*] 


In the same way— 
[couple] = [ML,L,T~-*]. 


Knowing the units in which any quantity is to be measured, it only 
remains to state the numeric defining the ratio of the magnitude of the 
quantity to that of the unit, in order to define completely the quantity. 
Thus if we state that a force is 12[/ MLT~*] we mean that the force is 
12 units, or 12 times the force that would produce unit acceleration in 
unit mass. Or again, if we say that a density is 3[ML~*] we mean 
that it is 3 times the unit density, that is three times the density of a 
substance in which there is one unit of matter in unit volume. 

On the centimetre-gramme-second (C.G.S.) system, some of these 
derived units have particular names. Thus the unit of force is called 


the dyne, and the unit of work the erg. 
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Uses of Theory of Dimensions.—A consideration of the dimensions 
of the terms in a given equation frequently serves as a useful check 
upon the accuracy of the calculations by which the equation was 
obtained, since all the terms that are added in a given expression must 
be of the same kind, and therefore of the same dimensions. 

Thus in the equation vo? = u? — 2ugé sin a + g’t’, for the velocity 
of a body projected with velocity u at an angle a to the horizon, 


[oe] = (LT), [u’] = [LT 
[2ugt sin a] = [LT-* (a T] = jiztS |; 
and, [9°T"] = Lal. iT] = Rg baa F 


and we see that every term has the same dimensions. If this were not 
the case we should be sure of the existence of some error in the 
equation. 

Another use to which a knowledge of dimensions may be put, is the 
solving of certain physical problems, thus— 

Given that the difference of pressure, p, between the gas inside and 
outside of a soap-bubble depends only on the surface tension of the 
film and its radius of curvature, to find how these quantities enter into 
the expression for p. 


The dimensional equation is [p] = [#R"], where a is the unknown 
power to which the surface tension ¢ is to be raised, and similarly y is 
the unknown power of R, the radius of curvature. 


Now, from p. 383, [p] = [ML~'T-*], and ¢ isa force per unit length, 
therefore [¢] = [ML*T=*] = [MT-*], and [R] = [L]. 


oe. (MET | = (Me, 
= [M°L‘T-™ |, 
Since these two expressions must be of the same kind— 


© = 1, and, y= —1, 
.e [ P| = [¢R-], 


that is, the pressure varies directly as the surface tension and inversely 
as the radius of curvature. 


_ Again, if we are given that the velocity of a compression wave in 
air depends only on the pressure and density of the air, 


[V] = [P*D"] = [ML-T~7[ML-, 
(Ey a MeL ee 


And again, since these quantities must be of the same kind— 


e+y=0, —# — 3y=1, and, —2a= —1, 


Fy 
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from any two of which equations we have— 


a 3, and, p= —3, 


3 [V}= pPipmh = [,/ =I 


' A treatment of this kind will never give us the numerical relation 
between the quantities considered, as their magnitude has deliberately 
been excluded from the equations. 

A third problem will now be considered, in which the method will 


not lead us to any usefulinformation. Given that the gravitational force 
between two bodies depends on their masses and distance apart, we have— 


[EF] = [M*. MY. D4], 
[MLT~] = [M**¥I7T"), 


from which x + y = 1 and z = 1, and, further, we come to the absurd 
statement that —2=0. The reason for the breakdown in our method 


_ does not lie in any imperfection in the method itself, but in the fact 


that we do not know, and have not represented in our equation, the 
whole of the process occurring in the problem. The mechanism by 
means of which the two bodies attract each other is unknown, but 


- should not on that account be omitted from the equation. We can 


ebtain information about this mechanism if we establish the law of 


My Ny 


force between two masses to be G , and then from our dimen- 


=e 
sional equation find the nature of the quantity G. 
Thus, [MLT-"] = (G. M’L-*), 


[G] = [M-VT-}. 


Owing to our ignorance of the mechanisin of gravitation, the dimen- 
sions of G, the “constant” of gravitation, are unintelligible, as, for 
example, we can attach no meaning to M-’, the inverse of a mass; but 


- should we obtain knowledge which will enable us to express G in 


terms of some other effects, this unintelligibility will doubtless disappear. 
Electrical Units.—We are met by the difficulty discussed in the 
last paragraph, directly we attempt to find the dimensions of any 
electrical quantity in terms of mass, length, and time. The dimensional 
equation for the force between two magnetic poles may be written— 


[MLT-"] = [Fl 
from which, [m] = (M?L?T-"]. 
We can attach no meaning to the quantities [M‘] and [L*], and their 
presence in the dimensional equation is due to our omission to take 


into account the mechanism by means of which the attraction takes 
place. The medium in which the poles are situated plays an important 


aC 
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part in determining the force between them, and it is a step in advance 
to include the property of the medium, known as its permeability 
(p. 233), in the dimensional equation. 
m? 
ives [MLT-"] = [ar 
2° [m] = (MLit-n47. 


It is quite possible that if the dimensions of » could be put into the 
equation, they would rationalise the terms in M and L. é 

An exactly similar argument leads to the dimensions of an electric 
charge— 


Ca] = (Mn?T-24), 


where [] is the unit of dielectric constant. 

It is usual to consider, for practical purposes that empty space has 
unit magnetic permeability and dielectric constant, but it should be 
noted that these units are really arbitrary, and until we know more 
about the properties of the luminiferous ether we cannot say what 
their absolute dimensions may be. 

Starting with our definition of unit pole on one hand (p. 2), we 
have built up a system of units for electrical and magnetic quantities, 
all of which involve the dimensions of p, which is called the Electro- 
magnetic System, and with the definition of unit electrical charge 
(p. 116), on the other hand, the resulting system on which all the quan- 
tities involve the dimensions of & is called the Electrostatic System. 
Both of these are absolute systems, by which is meant that the magni- 
tudes of the units are derived directly from the centimetre, the gramme, 
and the second, » and & being taken to be numerically equal to unity. 

Electromagnetic System of Units.—Starting with the magnetic 
pole as defined above, whose dimensions are (Minit -1,4), we can — 
derive the others from this. 

Strength of Field—Since force on magnetic pole is the product of 
strength of field and strength of pole (p. 3)— 


F = Hn, 
“. [MLT-*] = (BH) (ML 't-1,,), 
whence, fH] = pain p—,.-4, 


This unit of magnetic field is called the Gauss. It is a field of such 
strength that a unit pole situated in it experiences a force of one dyne. 

Magnetic Induction—The magnetic induction is defined on p. 234 
as the quantity »H, and its dimensions are therefore (Min-*r-1,3), 

The relation B = H + 4zI given on p. 268 appears at first sight 
to contain terms of different dimensions ; but this is the result of taking 
the permeability of air to be unity, in which case the relation B = 4H 


reduces to B= H. If the permeability of air be written p,, the 
equation is then— 


pH = pH + 4cI 


in which each term has the same dimensions. 
' Magnetic Flux (Bs).—The dimensions immediately follow from 
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; 

J 

those of magnetic induction since [s] = [L’]; they are, 


pinir—,4 


The unit on the C.G.S. system is called the Maxwell. 

Magnetic Moment.—This may be obtained from the definition, 
pole strength x length, or from the couple exerted on the magnet 
situated in a field (p. "5). Either definition leads to the quantity — 


4 fm—1,3 

r- pMrL dee 

; Intensity of Magnetisation is magnetic moment per unit volume— 
a Min T-") 


Electric Current.—From the relation between current and magnetic 
field (p. 53) 


: H= idl _ 6 

F 

; (i) = (MILT, 77h] 

4 piss (M?L'T-14,~ 4), 

} 

_ since sin @ is of zero dimensions. Or from the equivalence between a 
F current and a magnetic shell (p. 237), we have for the strength of 
_ shell yi, the magnetic moment per unit area — 

, 


2. [ei] = (MILT wl] 
| = (MLIT*y'] 
[4] = (Mbt *] 


| 


, Quantity of Electricity.—Since 1 = q, or q = it (p. 121) 


[a] = [M'L'p- 4] 


Electromotive Force.—(e) The rate of working in units of work 
per second is equal to the product of current and electromotive force 


(p--59). 
ise = ey 
pM?r To47}.e) = ML*T-*} 
2. fe] = (Mie it-n 4] 
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Electric Intensity —From the relation e = fEdl (p. 120), we 
have— 
[EB] = (MET *y'). 


Resistance—The ohmic relation between electromotive force and 
current (p. 60) gives 


e 
ir] = Z = (LT). 
Neglecting the dimensions of p, resistance is seen to be of the 


dimensions of a velocity, and for this reason it is sometimes spoken of 
as so many centimetres per second. 


Capacity.—From the equation ¢ = 4 (p. 150) we obtain— 
[o] = [LT]. 

; : di di 
Inductance.—Using the relation e = — la ore = — ma, (p. 313),. 


we see the dimensions of inductance, either self or mutual, to be— 


(ML ir-2,4[T) 
OL Tt, 4] = [Lp]. 


Again neglecting the dimensions of pp, an inductance may be 
measured in centimetres. 


Electrostatic System of Units.— Beginning with the unit of electrical 
charge, [q] = [M'L'T—7Z'), as defined on p. 386, we may obtain the 
other electrical and magnetic units in terms of this. 

Potential Difference—As defined on p. 120, we have— 


p.d. x charge = work, 

.. [e.g] = [MI’T~], 
plese Bh 
cMinig—74 
= [ML t2- 4, 


from which, fe} = 


Electric Intensity Since force on a charge is equal to product of 
charge and electric intensity (p. 117)— 


[Eq] = [MLT~*), 
[EY SEM 


Electrical Induction, Displacement, or Surface Density.— From tl 
definition on p. 130, this is equal to kE. ‘ ae” 


“ [o] = [N] = (D] = DL p=}, 
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Electric Current.—The rate at which electric charge passes along 
a conductor is the current. 


bs [7] = Ny = oiLir-24'}, 


' Resistance.—As on p. 388 — 


[e] 


SS 


Eo 

: ie ee Oe a ad 

: Fs (M'L'T-24"] 

2 is Peel Wo 

F . 

. Magnetic Field—Using again the expression H = Ces we 
* 


have— 
z (H] = (M'L'T 2k’). 
‘ Magnetic Pole —Since, force = mH— 


[m] = [M'Le7 4). 


Capacity.—Since, ¢ = 4 
; pM Lit 37") 
3 = = [Lk]. 


d= ere] 


ij - 

Inductance.—F rom the definition e = — 1. st ore= eae — 
dt dt 

Min! T4747] rel 

[7] = [7] = pLin-2%4y = [L- A i= i. 


_ Forces between Currents and Poles.—The equation for the magnetic 
field due to a current is the connecting link between the two electrical 
systems of units. This equation in any of its forms, namely that for 


: : ., 2rnim 
the force on a magnetic pole at the centre of a circular coil, ——, or 


“i 
that on a pole within a solenoid _ where n is the total number of 


turns and J the length, is always of the dimension [7]. and does not 


involve k or p, except in so far as they are involved in the quantities 7 


1 m is here mutual inductance, not magnetic pole, 
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and.m. Hence we see that the force between a current and a magnetic 
pole is independent of the nature of the medium in which they are 
situated ; a point which has already been met on p. 237. The force on 
the pole being equal to that on the current, we know that on immersing 
the two in a medium of permeability p, the induction due to the pole _ 
is everywhere the same as before, and therefore the force on a current 
depends on the value of the induction at the point, and not the field ; 
while on the other hand we have seen that the force on a pole depends 
on the field at the point, and not the induction. 

If two poles be situated in space, the fields due to each are pro- 
portional to a and = and the force between them is proportional to 


mM) Mz 


If a pole and a current are near each other, the field due to the 
current is proportional to 7, and the force on the pole to mi. The field 


due to the pole is proportional to ” and the induction to p. = mM, 


and the force on the current is therefore again proportional to mz. 
Continuing the process, we may find the effect of the medium upon 
the force between two currents. The field due to one is proportional 
to 7, and the induction due to it to pi, and hence the force on the 
other is proportional to pi,,. The effect of the medium is therefore to 
increase the force between the currents to » times the force in vacuo. 
Relation between Units on the Two Systems.—It is unreasonable 
to suppose that one and the same quantity can have two different 
dimensions with respect to mass, length, and time, and hence if we 
compare the dimensions of any of the above quantities on the two 
systems, it is extremely likely that the dimensions of » and & will 
account for the apparent discrepancy in the dimensions of the funda- 
mental units. Take, for example, electric current. On the electro- 
magnetic system [i] =[M'L'T-',*], and on the electrostatic system 


(‘] = [M*L'T~z4), and since these are quantities of essentially the 
same kind we have— 


(Min'r-1,.-4] = [Mi'T- 244, 
whence, (x pe] = (LT), 


or, lye = [LT], 


Now [LT~] is a velocity, and we are therefore led to: the conclusion 


1 
that Bilis has the dimensions of a velocity. By no possible choice of 


the above electrical and magnetic quantities to be compared, can we 
obtain the dimensions of & or » separately ; whichever quantity we 
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' choose for our comparison, we come to the same conclusion, that Vik 
; . pe 


is a velocity. By a measurement of the magnitudes of any electrical 
quantity on the two systems, we can obtain the magnitude of this 
quantity, and when this is carried out, the velocity appears to be about 
3x 10 cms. per second, which is the velocity of light. This 
suggestive fact led Maxwell to conclude that light consists of an 
electromagnetic wave, and he eventually established the fact by means 
of equations relating to the electrical and magnetic condition of the 
luminiferous ether. 

If 7, be the number of electrostatic units in a given current, the 
complete expression for the current is 7,{M*L'T-°k'], and if i, be the 
number of electromagnetic units in the same current, é,( ML T-1,,74) 
is its expression in electromagnetic measure, where 7, and i,, are mere 
numbers. 


e ‘(CLT -2%'] = ¢,,[M'LT-1.7 4, 
1 op 
or, : lial = - (LT). 


But t, and 7,, being the magnitudes of the same current in different 
units, their ratio is the inverse ratio of the size of the units, 


size of electromagnetic unit of current 


i i,, — size of electrostatic unit of current. ~ ““Y ™ 
1 s ; 
We see, then, that Aimee v centimetres per second, since [LT-'] 
ft 


is a velocity of one centimetre per second, 

The numerical value of v may be determined by measuring 
experimentally the same current in electrostatic and in electromagnetic 
measure. It is, however, more convenient to choose capacity for the 
subject of measurement, as the capacity of a condenser of simple form 
may be calculated in electrostatic measure from its dimensions, and it 
may be measured in electromagnetic measure by means of the ballistic 
galvanometer. 

Let a given condenser have a capacity of ¢, electrostatic units, or 
c, electromagnetic units. 


Then, as before, e(Ex] = ¢,[LTp-"], 


1 Ce py ona 
or, lel SST, 
1 pea 
Sage = — iis 9 
1 


ee 
= \/ ~ =v centimetres per second, 


Cm 
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A convenieat form of condenser may be made by fixing layers of 
tinfoil upon two sheets of glass, one of the layers being circular, and 
surrounded by a circular guard ring, the other covering the whole sheet; 
or from two pieces of silvered plate glass from which the paint on the 

° back of the silver has been removed by 

means of caustic soda, and a circular gap 

oO made in one of them by scraping away the 

silver. The two are placed with the me- 

tallic surfaces face to face and kept apart 

cl by three thin distance-pieces of ebonite, the 

thickness of which, will give the distance 

apart of the plates of the condenser (i). 

Then ¢, = oe where A is the area of the 

circular plate, the larger plate being earthed. 

Fia. 350. The dielectric constant of air is taken as 
unity. 

To determine c,,, the plate and ring are charged to a high potential 
V; then the ring is earthed, and the plate discharged through the 
ballistic galvanometer. ' 


n= 9- AH? (p. 254) 


where @ is the ballistic throw. The galvanometer may be calibrated 
by producing a steady deflection 6, by means of a current produced by 


a known fraction of V, say i and a high resistance r. 


VAH 
ca oho 

3) Loom 
on = Dan 6! 


Tf the capacity is so small that an unreasonably high potential V is’ 
required to produce a readable ballistic throw, the capacity may be 
compared with that of a larger condenser by the method on p, 163, 
or in terms of a resistance and a frequency, by the method on p. 393. 

The principle of this method was first employed by Professors 
Ayrton and Perry,' the condenser being charged by the fall of 
potential over a resistance of 10,000 ohms produced by a battery of 
382 Daniell cells. To produce the steady current in the galvanometer, 
a known fraction of this was used, and a high resistance was placed in 
series with the galvanometer. The mean of their results, corrected for 


1 W. HE, Ayrton and J. Perry, Journal Soc, Tel. Eng., 8, p. 126. 1879. 
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the value of the B.A. ohm used by them, in terms of the international 


ohm is, v = 2:995 x 10”. 

Maxwells Method.—If£ a condenser be placed in series with a 
battery and galvanometer, it will receive a charge ec, where e is the 
electromotive force of the battery, and c the capacity of the condenser. 
This is the state of affairs when the rocker 


D is in contact with A (Fig. 351). Then if - = 
D is moved over so that it makes contact | 
with B instead of A, the condenser is dis- ; 

charged. On moving D back into contact J, ASS 
with A the condenser receives another charge ApB 


ec, and if this process be repeated n times 
per second, the total charge that has been 
drawn from the battery and which has passed 
through the galvanometer is nec. This is Fic. 351. 
equivalent to a current, and if n is great in 
comparison with the frequency of vibration of the moving part of the 
galvanometer, a steady deflection will be obtained. The key may take 
the form of a revolving commutator or a suitably arranged tuning- 
fork of known frequency, in which case n is known. ‘ 

If the condenser and key be replaced by a conductor, and the 
whole resistance of the circuit adjusted until the deflection of gal- 
vanometer is the same as that with the condenser and key, the current 


We see, therefore, that the intermittent charge and discharge has 
the same effect as a resistance, and 
if the frequency and the whole re- 
sistance of the circuit be known, c 
may be determined. 

Since the capacity is therefore 
found in electromagnetic measure, 
and its value in electrostatic measure 
can be calculated from its dimensions, 
v can be found as before. 

Maxwell pointed out’ that the 
substitution of the resistance for the 
capacity and key is unnecessary if 
these are placed in one arm of the 
Wheatstone’s bridge and a balance 


obtained in the ordinary way. 
The arrangement is then as shown in Fig. 352, The resistances 


Fic. 352. 


1 Maxwell, “Electricity and Magnetism,” vol. ii. §§ 775 and 776, 
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are adjusted until the galyanometer deflection is zero, when the 
approximate relation + .%; = 7,7, holds. Since the method is usually 


employed for measuring very small capacities, r, is always very small. 
For example, a condenser of the type described on p. 392 would have 
a capacity of the order 10- absolute electromagnetic units or 10 
farad. 

"If, then, n is say 100, and 7, and r, say 1,000,000 ohms each— 


1 
Ts. 10-8 => 162 


7; = 10 ohms. 


Tn a case such as this the relation between capacity and resistance 
may be established, by equating the values of the steady current in the 
galvanometer when the condenser circuit is permanently open, the 

e t's 

r+ 7) tebe 
: ae car a ee og 
electromotive force of the battery, to the charge per second passing 
through the galvanometer due to the intermittent charging of the 
condenser. The difference of potential between A and D is, 


value of which is , where e is the 


(r, X current in ED) + (7, x current in g) 


e rs e 31g 
Pr+ntg ?P ) 


e 
Sp r pce (4 
ip g ‘Ton +r) 


r5(Ty + r,) } ec 
ER es 7S? the resistance of the 


entire circuit exclusively of the branch AD, Hence charge on © when 
fully charged is-— 


where P is written for \r, trot 


ce Ysy ) 

PUT tn tr) 

Now, owing to the smallness of the resistances r; and 7, the charge, 

when the condenser is closed, will flow round the circuit A(BE)eD, 

B and E being practically one point, owing to the smallness of r;. The 

charge divides between the paths AB and AEB, the fraction 
vr 


roar, flowing by the path AEB, that is, through the galvano- 


meter, the ratio being independent of the inductances of the branches 
(see p. 318). And since this discharge takes place n times per second, 
the current in the galvanometer due to this cause is— 


nce Ter 
Beak Tae 


vr 
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therefore when the galvanometer deflection is zero— 


i nce Tq ) tT; 


e€ 
P = nelle eee 
ee i ee fey + %/ Tet 1 EP, 
Ts = NCT\\ Y. = Te 
3 LG: gris seat mares 


But the last fraction is negligible since r; is very small in com- 
parison with r,, and therefore nc = — 
"4 
For a complete discussion when no restrictions are placed on the 
magnitudes of the resistances, the student is referred to “ Absolute 
Measurements in Electricity and Magnetism,” by A. Gray. The 
expression there obtained for ne is— 


1,4 (rs +tr+n)(r,+r+7;) - r} 
$14(rs +, +15) + rsr,} {rr +1 -F T,) Tost 


which reduces to the above when r, and r, are very great in comparison 
with the other resistances. 

Employing this method and using a spherical condenser, E. B. 
Rosa? found v to be 30004 x 10”. 

Sir J. J. Thomson and Mr. G. F. C. Searle® used a cylindrical 
condenser provided with guard rings of cylindrical form at the ends, 
which necessitated a slight modification of the bridge connections. The 
mean of their values for v is 29955 x 10”. 

The value of v has also been found by measuring a capacity in 
terms of an inductance and two resistances (see p. 326), and also in 
terms of a resistance and a time by means of the slow discharge of a 
condenser (see p. 312). Another interesting method is to determine the 
frequency of oscillatory discharge when a condenser discharges through 
a known resistance and inductance (see p. 338), the frequency being 
found by obtaining a photograph of the spark upon a revolving 
photographic plate. In this way Lodge and Glazebrook * found » = 
3009 x 10”. 

The later determinations give values differing very slightly from 


each other. There is little doubt that the value of 7 is very nearly 
fe 


3-00 x 10° cms. per second, which is also the velocity of light in 
empty space. 

Practical Units.—We have described in various places (see pp. 61 
and 308) the manner in which the practical units are chosen in order 
that they may be of convenient sizes, while retaining simple relation- 
ships with the absolute electromagnetic units. Thus the ampere is 

1 BH. B. Rosa, Phil. Mag. (Ser. 5), 28, p. 315. 1889. 


2 J. J. Thomson and G, F. C. Searle, Phil. Trans., 181, p. 583. 1890, 
2 0. J, Lodge and R, T, Glazebrook, Cambr. Phil. Trans., 18, p. 136, 1899, 
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one-tenth of the absolute O.G.S. electromagnetic unit of current, and the 
volt is 10° absolute unit of electromotive force. From these are derived 
the ohm, the joule and the watt, which are respectively 10°, 10’, and 107- 
times the corresponding absolute units. Similarly the farad is the 
capacity of a conductor which is raised in potential by one volt by a 


-8 
= 18 
LO 10 


absolute units. This unit is still very large for practical purposes, so 
a millionth of it, called a micro-farad is usually employed ; its value is 
therefore 10-" absolute units. Again, the henry is the inductance of 
a circuit in which a rate of change of current of one ampere per second 
is accompanied by an electromotive force of 1 volt, and it is therefore 
108 
10 -2 
henry, or thousandth of a henry, is usually employed in practice. Its 
value is 10° absolute units. 

The above electrical and magnetic units are collected into the 
following table— 


charge of one coulomb, and hence it is equal in value to 


= 10° absolute units. Owing to its inconvenient size, the milli- 


Dimensions, | | Practical unit. 
ent —- _| Ratio of 
| electro- 
me | ee soa 
‘lectrostatic. Electromagnetic, Static Name. | of electro- 
unit. magnetic 
unit, 
Quantity .-. . + |M*nig-'zt | Minty? 2 Coulombt: 105 
Electromotive force | M!L¢p-147#| M'n'r-2ut v-' | Volt 10° 
Blectric intensity . | MtL~!p-",7!) MtL?tT—2u* v-} 
Electric displacement | M?L~?7~*j3 Mi 2n7# Cee 
Blectric current . . | MéL¢r-*z! | M*nAT yp"? v _|Ampere | 10-1 
Electric resistance .|L-'Tk-! = | LT" v-? |Ohm 10° 
Capacity ~. : . «| Lit sll LE Nea v° Farad 10+* 
Inductance. . . . | L-'T2%-2 Lu v-? | Henry 10° 
Magnetic field. . . | Minip-*} |MiLip'pt*| oo 
Magnetic induction . | M'L-#47? =| M#L7?n"y# yo 
Magnetic flux. . . | M!Hbin7+ MHit-*a'* v 
Magnetic moment . | MiL3x47! MHLiT~ ut ae 
Intensity of magneti- 
sation . . . | MADR t | Moe yt ot 
Magnetic pole. . .|M#Lte-* | M?ILIT-1,! y-) 
Energy £6 ML?7-2 DS Joule 10’ 
Rate of working . . | ML?T-3 ML?T-* Watt 10’ 


* The electromagnetic unit of magnetic field is called the G 
magnetic flux, the Maxwell, G ee 


q 
a 
e 
= 
a 


Se 


rh va 


\ 


—S ee er ee Te 


‘Lies 4. 


xt, DETERMINATION OF PRACTICAL STANDARDS 397 


Determination of Practical Standards.—In order to be able to 
measure any quantity in terms of the above units, it is first necessary 


_to obtain the value of some standard or standards. This has been 


undertaken by a number of experimenters, the quantities chosen being 
electric current, electrical resistance, and electromotive force. The 
first two must be determined independently in absolute measure, and 
the last can then be determined from them. 

On constructing two coils of known dimensions and passing the 
current to be measured through them in series, an attraction or repul- 
sion occurs between them, and if this be determined by attaching one 
of them to the arms of a balance, the value of. the current in terms of 
the force may be calculated, when the relative position of the coils is 
known. This method was suggested by Lord Kelvin, and was employed 
by Lord Rayleigh and Mrs. Sidgwick, the current being at the same 
time passed through a silver voltameter, so that the electrochemical 
equivalent of silver in absolute measure is known. The value 
found was 0:0111795, and later determinations gave 0-011180. 
The International Congress of 1893 adopted as the absolute electro- 
magnetic unit of current, that current which will deposit 0:011180 
gramme of silver in one second, and this standard has since been 
legalised in this country. Although the latest determination gives 
0:011183, the value for the legal standard is unchanged. 

Several methods have been employed for determining the absolute 
standard of resistance, but they depend chiefly on a comparison between 
the electromotive force produced in a conductor rotating in a magnetic 
field, with the difference of potential between the ends of a conductor in 
which a current is flowing. As a result of many determinations, the 
International Congress of 1893 defined the ohm as the resistance to a 
steady current, of a column of mercury of uniform cross-section, having 
a length of 106°300 cms. and a mass of 14°4521 grammes, when its 
temperature is 0°C., and this was legalised in this country by an Order 
in Council dated August 23, 1894, and reaffirmed by an Order in 
Council dated January 10,1910, The absolute unit of resistance is 
10-° of this. Previously to this the standard was that determined by 
a committee of the British Association in 1863, and known as the B.A. 
ohm, the value of which is 0:9866 of the international ohm at present 
used. 

A specification adopted by the International Conference on Electrical 
Units and Standards, 1908, states that for purposes of electrical 
measurements, the tubes containing the mercury shall have a cross- 
section of one square millimetre, and shall be provided with spherical 
end pieces of 4 cms. diameter containing mercury, the outside 
edge of each tube being coincident with the inner surface of the 
spherical vessel. The leads are to be thin platinum wires fused into 
the glass spheres, the current leads being at an opposite end of a 
diameter to the entrance of the mercury column, and the potential 
leads midway between the entrance of the column and the current lead. 
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The resistance to be added to that of the column to allow for the effect 
of the end vessels is to be— 


. 1 ‘ 
ioase(r + 7,) Om 


where r, and r, are the radii of the end sections of the bore of the tube. 
Determination of the Ohm.—(i) Rotating Coil. The Committee of 
the British Association in 1863 adopted, for constructing a standard of 
resistance, the method of rotating a 
closed coil of wire about a vertical 
axis in the earth’s magnetic field, 
the deflection of a magnetic needle 
suspended at the centre of the coil 
H_ being observed. 
If AB in Fig. 353 be the plan 
F of the circular coil when its plane 
makes angle wt with the mag- 
netic meridian, 7a’nH_ sin wt is the 
magnetic flux passing through the 
coil, where a is its radius, n the 
nunber of turns, H the horizontal component of the earth’s magnetic 
field, and » the angular velocity of rotation about the vertical axis 0. 
The momentary electromotive force round the coil is— 


“O 


' 
' 
' 
| 
' 
\ 


Fia. 353. 


oe we 
—ra'nH acim wot) = —za’nHw cos of, 


and since this is an alternating electromotive force of maximum value, 
— 7a’nHw, we know from p. 345 that the momentary current 7 is— 


H 
a = = Cos (wt — 6), 
since the current is angle 6 in phase behind the electromotive forest 


where tan 6 = a 1 being the inductance of the coil and r its 


resistance. 
This itd gives rise to a magnetic field OF whose value at the 


centre is —— “ip: 53). And the component of this at right angles 
to the edie: is therefore— 
Qarni Iran’ Hw 
ara cos wh = iN, eg (wt _ 6) COs wt, 
27’an’Ho 


= JP ot cos 6 + 4 sin 2ut sin 6). 
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The mean value of cos? wt for a complete cycl 
ycle we have seen (p. 348) 
_ to be 3, and the mean value of sin 2ut is zero, therefo i 
force at right angles to the meridian is— “Siren eon 


7an?Hw 


| J Bot pt o* 


In a similar manner we see that the instantaneous co f+ 
field in the meridian is, mponent of the 


Qani . 27’an’Ho 
sin wot = — V Pot pr? 28 (wt — 6) sin ot 
27°an*Hw ; oer, ‘ 
=- Vio pe sin 2wt cos @ + sin’ ot sin 6), 
the mean value of which is— 
ranHo . 
= VP ir = sin 6. 
The resultant field in the meridian is therefore, 
USA "HH 
Wm u'He 
MV Pw" 7 at 


and the suspended needle will then be in equilibrium when making an 
angle ¢@ with the meridian such that— 


Since H occurs in every term on the left-hand side of this equation it 
disappears, and we see that the equilibrium position of the needle is 
independent of its value ; 


ran’ cos 6 
V Po? +? — 7’an’w sin 6 


= tan ¢ 5 


tan ¢ therefore depends upon the velocity of revolution w. This 
must of course be so great that the separate impulses acting on the 
needle follow at intervals sufficiently small in comparison with the 
period of vibration of the needle for the deflection to be steady. If 
the inductance of the coil is small enough for the quantity Jw to be 
negligible in comparison with r, sin 6 = 0 and cos @ = 1, and wa then 
have— 


r= 7’an*w cot ¢. 
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The angular velocity w having the dimensions of the inverse of a 
time, and a being a length, we see that r has the dimensions of a_ 
velocity, and its determination depends upon the accurate measurement 
of these two quantities, together with an angle ¢. 

Tt will be noticed that the effect of the torsion in the suspension 
fibre, and the influence of the magnetic field of the suspended needle in 
inducing current in the rotating coil, have been omitted. These must 
be measured and allowed for. Standard resistances constructed by 
comparison with the coil whose resistance was determined in absolute 
measure by this means were distributed by the British Association. 

Lord Rayleigh, in 1882, made a determination of the ohm by this 
method. The inductance of the coil was calculated from its dimensions 
and also determined by the method on p. 323. The velocity of 
rotation of the coil was determined by the stroboscopic method. He 
found that, 


1 B.A. unit = 0°98651 earth quadrant per second. 


A rotating coil method due to W. Weber,” in which the coil is 
turned through 180° in the earth’s field, the current passing through a - 
ballistic galvanometer and the throw being noted, has also been used 
by him and by G. Wiedemann,’ the latter of whom found the ohm to 
be the resistance of a column of mercury 106°162 cms. long, 1 sq. mm. 
in cross-section at 0° C. The method is similar in principle to that of 
the earth inductor described on p. 261. 

Determination of the Ohm.—(ii) Method of Lorenz*—The move- 
ment of a conductor in a magnetic field gives rise to an electromotive 
force which is equal to the rate at which magnetic flux is being cut by 
the conductor. If, then, a conducting disc of radius a be rotated with 
constant angular velocity, n times per second, when its plane is at right 
angles to a magnetic field of strength H, any radius of the disc cuts a 
flux za*H. in each revolution, and therefore the electromotive force acting 
from the axis to the circumference is za’nH. If the field is produced 
by a current ¢ in a pair of circular coils co-axial with the disc (shown 
by a.dotted circle in the diagram), za*H becomes mi, where m is the 
mutual inductance of the coils and the disc, and therefore, electro- 
motive force is equal to nmi. This electromotive force is balanced 
against the difference of potential between the ends of a resistance 
r (Fig. 354) in series with the coils and through which the current 
iis flowing. When the galvanometer G is therefore undisturbed— 

rt = nmi, 
or, f= "hil, 


Lord Rayleigh and Mrs. Sidgwick® carried out a measurement of 


Lord Rayleigh, Phil. Trans., 178, p. 661. 1882. 

W. Weber, Pogg. Ann., 82, p. 337. 1851. 

G,. Wiedemann, Abhandl. Berlin Akad. d. Wiss., 1884. 

L, Lorenz, Pogg. Ann., 149, p. 251. 1873. 

Lord Rayleigh and Mrs, Sidgwick, Phil. Trans., 174, p. 295. 1883, 
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the ohm by this method in 1883, but instead of employing a calibrated 
tube of mercury for the resistance r, they used three wire resistances, 
a, b, and ¢ (Fig. 355), of which a is the smallest and carries most of the 
current 7, while ¢ is large compared with b. The fall of potential over 
b is balanced against the electromotive force in the rotating disc. If 
then 7 be the total current in the fixed coils (Fig. 354), that in b and ¢ 


. 


ai 
Ba and the difference of potential between the ends of b is 


abi 
_Was a platinum-silver 75 unit, and ¢ was, in three series of experiments, 
10, 16 and 20 respectively. The value of b in terms of the absolute 


The resistance a consisted of two unit coils in parallel, b 


Fie. 354. Fig. 355. 


unit is then given by the experiment, and the mercury column that has 
the unit resistance can therefore be found if the specific resistance of 
mercury in terms of the B.A. unit, in which 6} is known can be found. 
This forms the subject of another paper by Lord Rayleigh and Mrs. 
Sidgwick.? 

To return to the Lorenz method, the rotating disc is of brass, and 
has a diameter of 31-072 cms. ; and contact was made with its edge by 
‘a copper brush well amalgamated, the contact at the shaft being of a 
similar kind and touching it on a circle whose diameter is 2:096 cms. 
The mean distance apart of the mean planes of the two coils is 3-275 
ems. for two series of experiments, and 30°6944 cms. for a third. 
From careful measurements of the coils, the value of m for the first 
two series of experiments is found to be 214°569, and for the third 
110-392: In the first series of experiments the speed of the disc was 
about 12°8 revolutions per second, in the second 8, and in the third 
12°8, and was determined by the stroboscopic method, the standard 
being a calibrated tuning-fork. 

The general scheme of connections is shown in Fig. 356. In order 
to eliminate the electromotive forces in the galvanometer circuit due to 
thermo-electric effects at the sliding contacts, and the cutting of the 


1 Lord Rayleigh and Mrs. Sidgwick, Phil. Trans., 174, p.173. 1883. 
: 2D 
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earth’s vertical magnetic field by the disc as it rotates, a small 
difference of potential is maintained between the points A and B, 
connected by a low resistance which is adjusted until the galvanometer 
reading remains constant with 
the disc running, but without 
the main current, whether the 
galvanometer circuit is broken 
or closed. In the actual ex- 
periment 7 is not adjusted to 
give an exact balance, but 
some value such as r,-is em- 
ployed, and the difference of’ 
the galvanometer readings 
; P when the main current is re- 
pr ga versed by means of the key K 
is observed. 1, is then changed 
AG to the value r., such that the 
Fic. 356. galvanometer deflection for 
either position of K is the 
reverse to that in the previous case, and the difference in deflection 
for a reversal again noted, By interpolation the value of r for an 
exact balance is calculated. 
» The mean of the results gave the value of the B.A. unit to be 
0:98677 x 10° C.G.S. units. 

Determination of the Ohm.—(iii) Mutual Inductance of Two Coils. 
—Kirchhoff' suggested a method, the principle of which has been 
given on p. 322. Using a galvanometer of the suspended magnet 
type, the throw when current 7 is started in the primary coil is given 
by— 


m HT 
_—_—_—S 7 
ree sin 46, 


and when a steady current is maintained in the secondary by the fall 
of potential across a small resistance r, in the primary— 


arG 

7H = tan 6; 

, rT sin 36 

“=a tan O° 
a tan 6, 


or. f= Mm =—in 
’ T sin 46 


If then m is determined by calculation, in absolute measure, and 
T, 6 and 6 observed, 7 is known. 


1 G, Kirchhoff, Pogg, Ann., 76, p. 412. 1849. 
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This method has been used by Rowland, Glazebrook, and others. 
As a mean of bis results, Glazebrook! has given that— 


1 B.A. unit = 0:98665 x 10° C.G.S. units. 


__ The method of finding the heat produced in a wire by means of the 
calorimeter was employed by Joule; and also the method of damping 
(see p. 258) due to W. Weber has been employed for determining the 
magnitude of the ohm in terms of the resistance of a mercury column, 
but the results are not so consistent, nor are the methods capable of such 
accuracy as the above. 

Determination of the Electro-chemical Equivalent of Silver.— 
With the object of defining the C.G.S. unit 
of current in terms of some quantity that 
may be conveniently reproduced, Lord Ray- 
leigh and Mrs. Sidgwick * made a determina- 
tion of the electro-chemical equivalent of 
silver. The form of voltumeter employed 
has already been described (p. 69). The 
current is passed for a measured time, 
about three quarters of an hour, through 
two or three such voltameters in series, and . 
through a system of coaxial coils shown in Fic. 357. 

Fig. 357. The smaller coil is suspended 

from the beam of a balance, and the force upon it due to the currents 
is found by taking the difference in the weighings when the current 
in the larger coils, which are fixed, is reversed. We know that the 
potential of a coil carrying current 7, due to another carrying current i, 
is m,i,, where m is the mutual inductance of the coils (p. 314). Hence 


the force on the small coil in the direction of the axis is i - f 


where & is in the direction of the axis. The actual calculation of the 
force between the coils is beyond the scope of this book, and the 
student who wishes for more information is advised to consult the 
original paper. It may be noted that the small coil is placed in such 


_a position that the force on it is a maximum, and hence does not 


vary appreciably for a small change in its position, thus obviating the 
necessity of determining the relative positions of the coils with any 
high degree of accuracy. ; 

The best results are obtained when a solution of pure silver nitrate 
in water is used in the voltameter, and with a 3-inch platinum bowl 
and a solution of strength 15 to 30 per cent., a current of 1 ampere 
may be passed for an hour. 

As a mean result it was found that the C.G.S. unit of current 
deposits 0:°0111794 gramme of silver per second. 


1 Glazebrook, B. A. Report, p. 97. 1890. 
2 Lord Rayleigh and Mrs, Sidgwick, Phil. Trans., 175, p. 411, 1884, 
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Mr. F. E. Smith and Prof. T. Mather’ found, in 1908, that the 
ampere deposits 0:00111827 gramme of silver per second. 

Standards of Electromotive Force—In performing the above- 
mentioned work on the electro-chemical equivalent of silver, Lord 
Rayleigh and Mrs. Sidgwick at the same time found the electromotive 
force of the Clark cell (p. 190). 

The method is essentially that of the potentiometer. A battery of 
two Leclanché cells, B (Fig. 358), maintains steady current in the two 
resistance boxes C and D, and the electromotive force of the Clark 


AAI 


Fia.. 358. 


cell e is balanced against the fall of potential over the box D. The 
total resistance of the two boxes C and D is maintained constant so 
that the current 7 in them is constant. Then e = r,i, where 7, is the 
resistance in D when the galvanometer G indicates zero current. The 
potential difference between the ends of the resistance r which carries 
the current of the electrolysis experiment (p. 403), and passes 
through the voltameter V, is now included in the circuit of e, and if P. 
is this potential difference, the resistance r, of D which is now 
required to balance the electromotive force e—P, is r,i. 


e=— if To 
ee =~) 


e ry 


and, Pe Al _ =) 
\ 


Ty 


or if the current 7 in r be known from the weighing experiment— 


igre ie *) 


1 F. E. Smith and T, Mather, Phil. Trans., Ser. A, 207, p. 546. 1908, 
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The mean result indicated that the electromotive force of the Clark 
cell at 15° C, is 1°435 volt. 
By the Order in Council dated August 24, 1894, the volt was defined 


; 1 
as 0°6974, that is 1434 of the difference of potential between the 


terminals of a Clark cell at 15° C., which was thus legalised. A 
specification attached, defined the manner in which the cell was to be 
constructed. 

The Weston or cadmium cell has since been substituted for the 
Clark cell as an international standard of electromotive force, and the 
value adopted by the International Conference on Electrical Units and 
Standards of 1908 is 1:0184 volts at 20°C. More recent measure- 


“ments have shown that the value 1°0183 is more correct, and this has 


been adopted in place of the above, 


CHAPTER XIV 
ELECTROMAGNETIC RADIATION 


Fundamental Equations.—The state of a field of electric and mag- 
netic force at any point, may be represented by means of three funda- 
mental relations, already dealt with in their general forms, which it is 
now our purpose to express in reference to rectangular co-ordinates. 

(i) Gauss’s Law.—The total normal electrical induction over a closed 
surface is equal to 47 times the total charge within it (p. 125). A 
similar relation holds in the 
magnetic case (p. 233). Let us 
consider the electric intensity 
E at a point A (Fig. 359) to 
be resolved into components 
parallel to the three axes of 
co-ordinates, the components 
being P parallel to OX, Q and 
R parallel to OY and OZ re- 
Fra. 359. spectively. Then if P varies 

from point to point as we move 


from A in a direction parallel to OX, at the rate a its value at the 


face BD of the very small rectangular solid ABCD will be P + ode. 
The normal induction over the face AC is kP. dy dz, where k is 

the dielectric constant and dy.dz the area of the face AC. The 

normal induction over BD isk (P + a dx ay dz, and the difference 


between these two is the contribution of the two faces AC and BD 
to the total normal induction over the whole surface. That is— 
dP dP 
oP + cde dy dz — kPdydz =k a dx dy dz. 


Treating the faces AB and CD in the same way, we get Leda dy da 


as the contribution to the normal induction for these faces, and 
dR 


similarly & da dx dy dz that for the faces AD and BC, 


ea te Ce 


shit) uv At aN v 


- is flowing, is equal to 47 times 
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Tf now there is a volume density of electric charge p, the amount 
of charge within the surface ABCD is pda dy dz, and thus from 
Gauss’s law we have— 


ae dQ” dR 
Les — ae = ot ae dy dz = 4rpdx dy dz, 


- dP dQ. dR 3 4irp 
de + dy! dz k* 


For the magnetic field, if a, 8, and y are the components of H, the 
equation is— 
da dB , dy 4np 
da > dy* dz pw 


where p is the volume density of magnetic pole, and » the magnetic 
permeability of the medium. This is Poisson’s equation. 
If p = 0, we have for the electric field— 


dP dQ, dR 
jaa t ae = 2) 6) 
3 e e e e e e 1 
and for the magneticfield, $2 + ‘i + a = \ 
dP d dk 
The quantity aaer - saa Fs is frequently called the divergence of 


the vector quantity E, and is written div. E, since it represents the rate 
at which E increases or diminishes as we pass outwards from the point ; 
then— 


é 4irp 
div, H= sheet 


(ii) Line Integral of Magnetic Field round a Ourrent.—Onp. 230 we saw 
that the work done in carry- 
ing a unit pole round a closed 
path through which a current 


the current; in other words, 

the line integral of the mag- 

netic field round the closed 

path is 47 times the current. 
If u, v, and w be the com- 

ponents of the current den- Fic. 360, 

sity, or current per unit area, 

the current flowing through the small rectangle ABCD (Fig. 360) 

whose plane is perpendicular to OY is vdedz, the area being dadz. 


Jf the value of the magnetic field along AB be a and along 
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DC bea + o dz, the work done in carrying the pole along AB is —adz, 
and along CD is afc 4- ot dea, Similarly, for DA it is +ydz, and 


; Zale 
fe BC ~(y + Sada )dz. 7 
Therefore for the whole ci: cuital path ABCD— 


d 
Work done -(. + oO de dx — ada Ae ~ raya + ydz 


= = ee ae ze 


and the above law therefore gives us— 


4zvdadz = (2 — “Nae dz, 


de ard 
da dy 
or, abiiteae ae 


Treating the other components of the current u and w ina similar 
manner, we get two other similar equations. The law may then be ex- 
pressed by the three equations— 


dy dB 
Sate, = 
daweed re 
day = oe eo os a ee 
dB da 
4arw = a dy 


(iii) Electromotive Force round Circuit through which the Magnetic Flux 


: : a 
is varying.—The law e = ——- ; (p- 249) may be expressed by means of 


its components in an ee sate manner. Referring to Fig. 360, if 
p. is the magnetic permeability of the medium, the flux N thre ough the 


rectangle ABCD is pBdxe.dz, and dx. a4 (up) is the rate of 
uPEe of flux. If the component of E along AB is P, and along DC 
(P +—- a) and the components along AD and BC respectively R 
and (ns? ae eae), the whole electromotive force e round the rect- 
angle is— 


(p+$ ale Pe da ae — Pdx— (R + Oa dz + Rdz =(= _ Oa dz; 
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and since e = ee we have— 
dt 
dp _aP_ aR 
Bed oa aan 
With the two corresponding equations for the componcnts a and Ys 
we have altogether— 


di dR dQ 

Pdt~ dy” dz 

ap_aP aR rs 
eiaifenrigt es ay ah Iti ees tese Ge) 

dy dQ a@P 


_ Maxwell’s Displacement Current.—The above sets of equations are 
the expression of certain experimentally established laws, and do not 
depend upon any assumption as to the nature of the mode of action 
occurring in the dielectric. In equations (ii) the current u, v, w, means 
that an electric charge is moving in a certain direction, and we know 
that this motion cannot be continuous unless the medium is an electri- 
cal conductor. The possibility of a current in a dielectric was pointed 
out by Maxwell, who, following Faraday, was bent upon explaining 
electromagnetic phenomena in terms of 
actions occurring in the dielectric. Ac- 
cording to Maxwell, any change in the 
electrical induction in a medium is an 
electric current. Thus, when a current 
flows into a condenser (Fig. 361) by means 
of conducting leads AB and CD, the current Fic. 361. 

in these leads is the rate at which charge 

passes on to the plates of the condenser. If, for simplicity, we assume 
the plates of the condenser each to have unit area, the charge on each 
plate is the surface density o, and therefore the current ¢ in the leads 


is given by— 


‘= dt’ . 
But the electric displacement D in the medium between the plates 
we saw on p. 130 to be equal toc ; 
dD 


site. ane PR 


Hence we may consider the current to be continuous through the 
condenser, its value in the dielectric itself being the rate of change of 
the electrical displacement ; the essential difference between the 
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dielectric and a conductor being that D cannot exceed a certain 
amount for each value of the electric intensity, so that after the current 
has flowed for a short time, D becomes constant and the current ceases. 

The question may be better understood by considering an analogy. 
Let the condenser be replaced by a vessel having an indiarubber mem- 
brane stretched across it so as to obstruct the flow of water brought in 
by the pipe AB (Fig. 361) and emerging by the pipe CD. For a given 
difference of hydrostatic pressure between B and C, the flow continues 
until the displacement of the membrane reaches a certain amount, 
determined by its elasticity, and then ceases; but while the displace- 
ment is increasing there is an actual current of water, in through AB 
and out through CD. 

According to Maxwell, the magnetic effect of a displacement cur- 
rent is similar to that of a conduction current, the distinction between 
the two being quite artificial. Equations (ii) therefore apply to the 
displacement current, which is the only current, in a dielectric. 

Rowland?! has proved that a moving ‘‘statical” charge produces 


at _./nagnetic effects similar to those of a conduction current, by rotating an 


wr 


; 


ri 


uw 


_\ ebonite disc having alternate sectors which were gilt and charged, and 


observing the deflection of a magnet, placed under and near to the 
disc. The direction of the deflection of the magnet was that which 
would be produced by an electric current corresponding to the moving 
charge, and was reversed on reversal of the sign of the charge, or the 
direction of rotation. 

We may now, by means of the relation on p. 130, write the com- 
ponents u, v, and w, of the displacement current in terms of those 
of eS intensity, P, Q and R, and the dielectric constant of the 
medium. 


: kE : 
The general equation D = = by differentiation with respect to é 


gives— 


dD &k dk 
~ dt ~ de dé? 
which, written in terms of its components, becomes— 
k dP k dQ k dR 


= 7. de = a a hY = ap 


and substituting these values for uw, v, and w in equations (ii), we 
have— 


ot _ ty _ 4B 

dt ~ dy dz 

dQ da dy P 
kay Se dz = dau ® es oo. re (iv) 
ak _ 4B do 

“dt ~ dx ~ dy 


' H, A, Rowland and C, T, Hutchinson, Phil, Mag. (Ser. 5), 27, p. 445, 1889, 
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Equations (iii) and (iv) contain the six variable quantities a, 8, y 
and P, Q, R, and by eliminating five of these we can obtain an equation 
involving one only. Before dealing with this general equation we will 
treat one or two simpler cases. 

Propagation of Plane Wave.—The simplest case of wave motion to 
consider is that of a plane wave, that is, a wave in which the electric 
intensity is at any instant the same over the whole plane. Let us 
take the plane YOZ (Fig. 362) as the plane of the wave, by which we 
mean that all over this plane the electric and the magnetic intensities 
are of constant value at any given instant. It follows that these 


quantities have each the same value for all values of y and z, and their 


variations in the Y and Z directions are zero; hence their differential 
coefficients with respect to y and z are likewise zero. 
Equations (iii) then reduce to— 


da _ dg dR dy _ dQ 
SEO Sy SIMS rei ret a st a Seer ae 


and consequently a is zero or a constant. But constant values do not 
enter into the wave propagation, so that for our purposes we may put 
a 0: 
Similarly equations (iv) reduce to— 
dP dQ dy dR dp 


k—=0, bo ag! and, he a 


Therefore P = 0, and since we have seen that a = 0, it follows that 
the directions of the electric and magnetic intensities are entirely in 


the plane of the wave. 
We may choose any direction in the plane YOZ that we please for 
that of the electric intensity, and we will therefore take it parallel to 


OZ. 
Then Q = 0, and we see from either of the relations 


dy dQ dQ dy 
ae anes ee Sid do 
that in this case y = 0. ms 
Hence the electric and magnetic intensities are at right angles to 
each other ; if R is the only component of the electric intensity, f 1s 
the only component of the magnetic field. 
The equations now reduce to 
dB dB dR _ dp 
Mae = Ae and, kay = nS 


Differentiating thé first with respect to ¢ and the second with 
respect to a, 
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ap _ aR d.k TR _ dp 
hae = dxdt" daudt dat? 
ae 1 ap 


re 


Or, differentiating the first with respect to # and the second with 
respect to #, 


#p _@R |, ,@R_ 4B 
Pededt dav? °"% “dP ~ dad?’ 
_@R_1 @R 


dE ~ Tew’ da 


This is the form of the general equation to the motion of a plane 
wave, the direction of propagation being parallel to the axis OX, and 


1 
its general solution is R = f,(x — vt) + fi(a + vt), where v? = ka and 


f and f, are any functions. The truth of this may be established by 
differentiating this value of R twice with respect to ¢ and twice with 
respect to , and substituting the values in the differential equation. 
f,(@ — vt) and f,(@ + vt) are general expressions for wave motion along 
the axis of a, the former in the direction OX and the latter in the 
reverse direction XO. For, after a given interval of time t, the expres- 
sion f(a — vt) becomes f(a — vt — vt,), and if the origin be moved 
forward along OX by the distance vt, the abscisse referred to the new 
origin being «,, then « = x, + vi, The expression for the disturbance 
is then /,(a, + vt, — vt — vt,) = f(a, —vt); that is, referred to the new 
origin it has the same form as it had when referred to the old origin at 
a time t, earlier. Its form is therefore unchanged, but it has moved 
forward with velocity v. 

In a similar manner the wave /,(x + vt) may be shown to travel 
unchanged in form and with velocity v in the opposite direction to the 
wave f,(«% — vt). 

We shall only consider the wave which travels forward, and only 
the most important case of such a wave, namely that in which R and 8 
vary harmonically. 


9 
Let R = R, sin (a — vt); then at the instant from which time 
is reckoned, ¢ = 0, and 


. Lr 
Te, =. sin 2 


This equation gives the value of R at all points in space at this 
instant, and the ordinates of the curve R (Fig. 362) represent the 


distribution of the electric intensity. Although-the curve is drawn 
with the axis OX as axis of reference, it must be understood that the 


Pe ee ee 


PVA a kee ee 


4 


+ 


"Owe yey 
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value of R at all points in any plane parallel to YOZ is the same at 
each instant, and is represented by the ordinate of the curve. If x be 
increased by the length A, 
eee 2 
R = R, sin 6 +2) = R, sin (Se + 2m) 


and the curve begins to repeat itself. 2 is called the wave-length, 


Fic. 362. 


which in the diagram is the length Od. At the point b, x = and 


R= 0; while at a and €, vis respectively 5 and os and R = R, and 
— Kh, respectively. 

Again, if the wave travels distance ) in time T, is the velocity »v, 
and substituting this value for v in the equation for R, we have— 


Rs R, sin’ 2n( toes! : 


AT 
Tn order to find the expression for 8, we make use of the equation 

gle oe 

dts sade, 
dR — 2x cat 
= = — kh, 9 fis 
a X R, cos Qn 5 4 
dB 2 eA 

a= De om rev 

ie R, cos abl - 


Integrating which, we' get, 


But, 
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ie 
: h : : 
The maximum value of £ is therefore re ‘i R,, and calling this f,, 


we have— 


This curve also is plotted in Fig. 362. 

Magnetic Field and Motion of Faraday Tubes.—The followers of 
Faraday and Maxwell have insisted upon the possibility of explaining 
electrical phenomena in terms of processes occurring in the dielectric, 
and in particular Sir J. J. Thomson has shown that while on the one 
hand electrostatic phenomena may be described in terms of tubes of 
induction and the stresses occurring in them, on the other hand a 
magnetic field is simply an attribute of the Faraday tubes in motion. 
In his work on “ Recent Researches in Electricity and Magnetism” he has 
shown that the ordinary electromagnetic laws are consistent with the 
assumption that the motion of the ends of the Faraday tubes constitute 
the electric current in the conductor along which they are moving, 
while in the dielectric the magnetic field is a vector quantity drawn at 
right angles to the tubes and to their direction of motion, whose. 
magnitude is 47DV sin 6, where @ is the angle between the tube and 
its direction of motion, and D is the number of unit tubes per unit area 
at right angles to their direction, or as we saw on p. 130, the electric 
displacement,’ and V is the velocity of the tubes. When the motion 
of the tubes is at right angles to their direction, sin 6 = 1, and 


H = 4cDV, or H = KEV, 


since poe 
: I; 

If AC and BD (Fig. 363) are the two plates of a condenser of 
which AC is negatively charged 
and BD positively, then on con- 
necting them by the wire CD, 
the Faraday tubes whose ends 
are near C and D approach each 
other along the conducting path 
now provided, and leave a space 
into which the neighbouring 
ones are pushed by their lateral 
Fic. 363, _ pressures (p. 135). These in 

. their turn collapse along CD, 
so that there is a general movement of the tubes, a few of which are 
indicated in the diagram, in the direction OV. This means a conduc- 


’ Sir J. J. Thomson uses the letter N to represent this quantity, but we have 
used D in order to emphasise the identity with Maxwell’s electric displacement 
and to ayoid confusion with N, the magnetic flux. 
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tion current along BD where the positive ends of the tubes are travel- 
ling, and in AC a positive current from C to A in the opposite direction 
-to the travel of the negative ends of the tubes. The displacement 
current in the dielectric is from the upper plate to the lower, since D is 
diminishing. 
_ When the plates are so large that the electric field between them 
may be considered to be uniform, consider two strips of unit width in 
_the direction of the currents in AC and BD. The charges upon unit 
areas F and E of these strips are +o and —c respectively, and these are 
equal to D, the electric displacement at the point O between them, If 
at any instant, these charges are moving with velocity V, the current i 
in each strip is cV = DV. But if width of plate is b, the total 
current in either is ib, and the line integral of the magnetic field 
linked with the current is 4z7ib (p. 230), and Hb = 47ib, and therefore 
the magnetic field H at the point O between the plates at the given 
instant is 47i— A NE Se 7 fe 
Neate > | ° 
. H = 42DV. Gia in fa bern 
Té should be noticed that the direction of the displacement current is 
‘in the line of D, that is at right angles to the motion of the tubes. 
Plane Wave considered as Motion of Faraday Tubes.—Returning 
to the case of the plane wave, we may, in order toget a vivid picture of __ 


( ) belies : 


} t+ 
hat 


\ 


» £ 


val aarlir 


Fig. 364, ‘ y 


the processes occurring, replace the electrical intensity R by the dis- 


placement = = D, which represents the number of Faraday tubes per — 
T — 


unit area, and our equation for the wave becomes— 


t 
D = 10}, sin an (= sn 
kR 
where, D, = =< 


The distribution of Faraday tubes at the time ¢ = 0 will therefore 
be somewhat as shown in Fig. 364, in which the vertical lines represent 


ST PO 


an 
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the tubes, their number per unit area being D, the electrical displace- 
ment. The full lines represent positive values of D and the dotted 


lines negative values, and they are drawn so that the closeness with’ — 


which they are packed, or their number per unit length measured along 
OX, is proportional to the ordinate of the curve, 


a t 

hae 

remembering that the diagram is a section of the whole field, the 
direction of the axis OY being at right angles to the plane of the 
diagram. Every section of the field parallel to the plane ZOX would 
be similar to the diagram at the given instant, since the value of D over 
any plane parallel to YOZ is constant. 

If now the whole system of tubes is imagined to be moving in the 
direction OX with velocity v, we shall have a representation of the 
harmonic plane wave travelling forwards, in accordance with Maxwell’s 
equations. 

The magnetic intensity B is everywhere at right angles to D and to 
v, and is therefore perpendicular to the plane of the diagram, its 
magnitude being given by 8 = 47Dr (p. 414). Since v is constant, 6 
is at each point proportional to D, and is therefore a maximum at 
points a and c and zero at the points 6 and d. In fact, its value is 
given by the curve f in Fig. 362, which fact is consistent with the 
result obtained on p. 411, directly from the equations of the field. 

A similar diagram for the magnetic intensity might be drawn, the 
plane YOX being taken instead of ZOX. 

The wave that we are considering is polarised, in the optical sense, 
the electrical displacement being everywhere parallel to OZ, and the 
magnetic intensity parallel to OY. Considerations of the problem of 
reflection have shown that the magnetic intensity takes. place in 
what in optics is called the plane of polarisation, the electric intensity 
being at right angles to it. YOX is therefore the plane of polarisation. 
It is not easy to see how the condition indicated in Figs. 362 and 364 - 
can be brought about at a given place in the dielectric, but if an 
electric oscillation in a given direction occur at a point at a very great 
distance, the waves, of whatever form they may be near the point, 
are practically plane at great distances from it, and although the 
problem of the origin of the waves may present many difficulties, 
these are very much reduced when the waves have spread out far. 
enough to become plane. 


Energy of Wave.—The energy associated with the electric displace- 


D = D,sin on ( 


2 
meit D in the dielectric we have seen to be — per unit volume 


kR? ’ 
(p. 132), or _ , where R is the electric intensity. In the case of 


a plane wave, R varies harmonically at every given point of the 
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medium, and therefore the mean value of R? for a cycle of change is 

4R,? (p. 348), where R, is the maximum value of R. Hence the mean 

value of the energy per unit volume of the dielectric, as the wave 
fet Be 

passes through it, is Tex Similarly, on account of the magnetic field 


2 
ete and the 


2 2 
mean energy per unit volume due to both these effects is aves 
T 


8, the mean energy per unit volume of the medium is 


and is the proper measure of the intensity of the radiation at any 
point, 


We have seen above, that B, = a/ k Ry (p. 414), and therefore 
ig 


pBe = kR 2. Consequently— 
ER? _ BP _ BoBo 
8 ‘ 


2 
energy per unit volume = .= 
8Y P 7 Sar Sav 


The energy of the wave is therefore half of it associated with the 
electrical intensity or displacement, the other half being associated 
with the accompanying magnetic field. 

Poynting’s Theorem.—An extremely important theorem on the 
transfer of energy, due to Prof. Poynting,' throws a great deal of light 
upon the propagation of electromagnetic waves, and also upon the flow 
of energy when a current is passing in a conductor. On p. 414 we saw 
that in a plane wave, the magnetic intensity 8 is related to the electric 


displacement D, by the equation 8 = 47Dz», or since D = es B= kRo, 
where £ and R are at right angles to each other and Saat direction 

sate From 
M dep. 


Fig. 363 on p. 414 it will be seen that directions of 8, R, and v are 
related in the manner given by the left-hand law on p. 239, Now, 


of propagation, » being the velocity whose valle is 


the energy per unit volume is due to the magnetic field, and 


“ 
at due to the electrical field, and the sum of these two is— 


8r ee BR f Ke kv 4 
87 o, 87 ~ Ary’ ke 

from above. 
Since the condition is travelling forwards with velocity v, energy 

R eee: 
is streaming past the point considered at the rate fe of = units 


1 J. H. Poynting, Phil. Trans. Roy. Soc., 175, p. 343. arg 
E 
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per second through each unit of area of cross-section of the wave at any 
instant. Inall other cases of the transference of energy, as, for example, 
the flow of heat, the energy entering a given space may be measured by 
the amount passing through the boundary of the space. Prof. Poynting 
suggested that the above may be the expression of a very general law, 
the direction of the flow of energy being determined by the directions 
of the electrical and magnetic intensities, its value being proportional 
to their product. If the direction of one of the quantities B or R be 
reversed, the direction of the flow of energy, that is, of the wave 
propagation, is reversed; a conclusion which we shall arrive at 
independently on p. 432. j 

The theorem may be applied to several important cases :— i 

(i) The steady current i in a. wire is accompanied by a dissipation 
of energy at the rate ie units per unit length of wire, where e is the 
fall of potential per unit length of the wire. In the air immediately 
surrounding the wire e is also the electric intensity. Further, the 


magnetic intensity H is given by a where r is the radius of the wire. 
Now e is directed along the wire, and H at right angles to it, and the 
quantity oe therefore represents a flow of energy from the dielectric 


into the wire, paying regard to the left-hand law mentioned on the 
last page. Thus the rate at which energy enters unit length of the 
eta 
wire is ~ x ar ergs per second, where 2zr is the area of surface of 
unit length of wire. And since H = ie 
. 
flow of energy into wire = ~_ Qeer het ei erg d 
gs roa ies gs per second, 


which is the rate of dissipation of energy in the form of heat in the 
wire. 


It is therefore reasonable to suppose that the energy from the 


source of supply does not travel 
along the wire, but through the 
dielectric, entering the wire 
through its lateral surface. It 
should be noted that if the direc- 
tion of e be reversed, that of 7 
and of H are both reversed, and 
the direction of propagation of 
Fic, 365. energy is still from the dielectric 

iv into the wire. 

(ii) The slow discharge of a condenser affords another example of 
the application of the law. Let the wire ABC join the plates of the 
condenser (Fig. 365), and for simplicity let the direction of the wire be 
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everywhere parallel to the electrical intensity. As the current flows in 
the wire from A to B energy enters the wire as in case (i), to be there 
dissipated as heat. But the electric displacement in the dielectric 
itself is directed from the plate EA towards FC, and the magnetic field 
is from front to back (see Fig. 363), which would indicate, according 
to the law, a flow of energy parallel to the plates of the condenser from 
EF to AC, and at a point such as P it is travelling in the direction 
of the arrow towards the wire. 

ii) The current from a battery flows along the wire joining the 
poles ; but we have seen that this consists of the positive ends of the 
Faraday tubes travelling from the positive pole, and the negative ends 
from the negative pole, the two approaching each other along the 
conductor as the tubes contract. The function of the battery is to 
furnish a continuous supply of Faraday tubes, and their mode of dis- 
appearance is similar to that im the case of the discharge of the 
condenser. The energy flows through the dielectric, the wire merely 
acting as a means of directing the motion of the ends of the tubes and 
converting their energy into heat. ‘ 

(iv) In the case of an electromagnetic wave whose direction of 
propagation is parallel to a conducting surface, as in Fig. 366, the 
dissipation of energy in the 
form of heat in the conductor 
is zero if the conductivity be R 
infinite, the flow of energy 
being in the direction of pro- 
pagation of the wave, none of 
it entering the conductor. But A 
if the conductor have resist- Fic. 366. 
ance, the motion of the ends of 
the Faraday tubes along it involves the expenditure ofenergy. That is 
energy enters the conductor, and hence the electric intensity and the 
Faraday tubes must be inclined to the surface of the conductor where 
they meet it. Application of the left-hand law now indicates that 
the direction of inclination is as shown in the figure, and it should be 
noticed that the magnetic intensity is parallel to the conducting 
surface, but from back to front at A, where the electric intensity R is 
positive, and from front to back at B, where R is negative. The 
resistance of the conductor has the effect of retarding the ends of the 
Faraday tubes, which are therefore dragged along by the rest of the | 
tube in opposition to this retardation. 

(v) An alternating electromotive force causes energy to enter the 
conductor whatever the direction of the electromotive force, as we 
saw in example (i); but during the first half-period the electromotive 
force may have fallen to zero, if the oscillations are sufficiently rapid, 
before the energy, whose velocity of propagation in the conductor is 
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much less than in air owing to the high dielectric constant, has pene- 


trated far into the conductor. This happens at each half-oscillation, 
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and explains the fact that the dissipation of energy is confined to the 
surface layers when the alternation is sufficiently rapid—a fact which 
is known as the “skin” effect, and which we studied on p. 365. 
Pressure on Surface due to Incident Wave.—On meeting a plane 
surface normally, the wave may be transmitted, reflected, or absorbed. 
In general all three processes occur, but in the case of total absorption 
we may deduce from the conception of the Faraday tubes, which exert 
a lateral pressure as well as a longitudinal pull, that the wave would 
exert a pressure upon the absorbent surface. A surface of this kind 
which absorbs all the radiation falling upon it, is called a perfectly 
black surface, and whatever becomes of the radiation which is 
absorbed, it certainly ceases to be an electromagnetic wave. Thus, 
if the tubes of induction are destroyed as they meet the surface, we 


2 
have upon one side of the surface a lateral pressure te due to the 


Faraday tubes (p. 135), which is unbalanced by any tubes on the other 
side. The pressure is therefore exerted on the surface itself, and since 
the mean value of R° for a whole wave is 3R,°, the mean pressure 


2 
exerted by the Faraday tubes is sak In a similar manner we have a 


16x 
2 
pressure by due to the magnetic intensity. But as on p. 417 


kR,’ = pf, so that the mean total pressure due to both sources is 
kR?? 2 
ae = = and this is equal to the energy per unit volume of the 
dielectric through which the wave passes. 

This result may be obtained directly from the principle of the 
conservation of energy. Also, it was predicted by Maxwell as the 
result of his theory of electromagnetic radiation, He further pointed 


out, from the identity in magnitude of the velocity sh of plane — 


electromagnetic waves with that of light, that light consists of electro- 
magnetic waves of very high frequency. The actual existence of 
electromagnetic waves was not proved during Maxwell’s lifetime, but 
in 1888 Hertz detected them in the neighbourhood of a circuit in 
which electrical oscillations were occurring. 

The existence of a pressure exerted by light falling upon a material 
surface was demonstrated and measured by Lebedef,! who focussed a 
beam of light upon a blackened platinum surface, delicately suspended 
in a vessel having high vacuum. Care was taken to eliminate 
disturbances due to variation in temperature, and the result then 
indicated a pressure due tojthe incident beam, of the order of magnitude 
predicted by Maxwell. 


A similar measurement was made by Nicols and Hull, an exhaustive 


 P. Lebedef, Rapp. Congres Internat. d. Phys., T, 2, p.183. 1900. 
* E. F, Nichols and G, F, Hull, Proc. Amer, Acad., 88, p. 559. 1908, 
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set of experiments being carried out. A torsion balance consisting of 
two polished silver discs suspended by a quartz fibre is situated in an 
enclosure in which the gas pressure can be varied. Light from an 
electric arc can be directed upon either disc, and the rotation observed, 
the intensity of the incident radiation being measured by means of the 
bolometer. The most important source of error is due to the “radio- 
meter” effect discovered by Crookes, which is of such frequent trouble 
in determining mechanical effects at low gas pressures. The side of 
the disc upon which the radiation falls, rises in temperature, and the 
increased velocity of the gas molecules as they rebound from this face 
results in an excess of pressure upon it, and this effect might bo 
confused with that due to the direct pressure of the radiation. The 
“radiometer ” effect is slowly established, while the radiation pressure 
is instantaneous, and hence the ballistic observations only are used. 
The radiation pressure found is in close agreement with the calculated 
value. 

The following list of the results of the determination of the velocity 
of light affords further proof of the fact that light is’an electro- 
magnetic radiation, since the remarkable agreement of the mean value 


1 
with that for the quantity Ta obtained by the methods described in 
b 
the last chapter can hardly be accidental. 
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Index of Refraction of Light.—On the wave theory of light it 
follows that the index of refraction of light on passage from one medium 

velocity of light in first medium 
~ velocity of light in second medium 
Since all transparent media have a magnetic permeability very nearly 
equal to unity, we may put » = 1, and we then see that the velocity 


to another (n) is given by, n 


of a plane electromagnetic wave oc TE and hence if the dielectric 
3 


constant of the first medium is /,, and that of the second k,— 


If the light is passing from air or vacuum to the substance, then 


2 =: k, the dielectric constant of the medium, taking that of a vacuum 
oy 


as unity, and we have, n= Mk, or, k= n° 
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By the method of discharging a condenser though a ballistic 
galvanometer, using the gas as dielectric, Klemencic * found the 
following values of k; the corresponding values of n* are given alongside 
of them for comparison :— 


| h n?, 
Zi 
Nira. ©, bor | 1:000586 1:0005854 
Hydrogen 1:000264 1-0002774 
OO, Gin. la. wo oe, | pe pO 1:0009088 
COM a tects te ae 000608 1:0006700 
| 


The following values of & are chosen from various sources, and the 
corresponding values of n® placed with them :— 


n. k. Observer. 

Water tres “ww 1‘78 | 80:0 Cohn, Wied. Ann., 38, 1889 

* oko er se — 80°6 Drude, Wied. Ann., 59, 1896 
Coc te or 1°99 2°64 | Drude, Zeit. Phys. Chem., 23, 1897 
(Pare se coe) oe 2°02 2:14 | Thwing, Zeit. Phys. Chem., 14, 1894 
Sulphur) seme tie 4:47 2°4 J.J. Thomson, Proc. Roy. Soc., 46, 1889 
Glass (crown) . . 2°38 3:24 | Gordon, Phil. Trans., 170, 1879 
Glass (light flint) . 2°53 3°01 $3 is “3 


It will be noticed that in many cases the agreement between n? and 
k is good, but in others, particularly in the case of water, there is an 
apparent want of agreement. This is probably due to the fact that 
the effect: of absorption has been neglected, and since this may modify 
the refractive index profoundly, the comparison is only of value’ 
in cases where we are certain that absorption of the wave does not 
exist, as, for example, in the case of the gases. ; 

General Case of Wave Propagation.—A more general solution to 
the equations (ili) (p. 409) and (iv) (p. 410) may be obtained by 
differentiating (iii) with respect to ¢, and then eliminating P, Q, and 
R by means of (iv). 

Thus from the first of equations (iii)— 


Wa GR dQ 
~ dt ~ dydt ~ dzdt’ 


Now, from the second and third of equations (iv) — 


1 I, Klemencic, Sitzwnsber, Wien, Akad., 91 (2), p. 712. 1885. 


ee A ey ee ee 


XIV. - OSCILLATORY DISCHARGE 423 
TQ dai dy 
dedi dz dadz’ 
TR dB da 
dydt~ dxdy dy” 
; da dap aa da dy 
ee eed dy ae © dede’ 
da _da,da a@B d’y 
oe oe d@ dy?‘ d2 ~~ dady dadz’ 
But differentiating the second equation of (i) (p. 407) with respect 
to a, 


k 


da, @B d’y 

da © dxdy + dxdz 
and substituting we get, 

@a _da,da, da 
hp ade dx + dy’ AG dz" 


0, 


ee : a F bees ; 
which is usually written, ley ae =vya. Similar equations may be 
obtained for 8 and y ; and further, by differentiating any one of equations 
(iv) with respect to ¢ and making use of equations (iii), we find that 


P 
ip ae = vy P, with similar equations for Q and R. 


A solution of the type 
P= f,(le + my + nz — vt) + fo (la + my + 12 + vt) 
may be found for these equations, in which /, m, and n are the direction 
cosines of the normal to the plane 
le + my + nz =p, 
p being the length of the normal between the origin and the plane, 


and ‘¢° = i . Hence the possibility of the propagation of a plane 
1 


wave in any direction, with velocity v = vet 
13 


This general form is of great use in the theory of light, and for a 
further development of it the student is referred to works on optics. 

Oscillatory Discharge.—We have already seen that the equation for 
the electromotive forces occurring in a conductor which has capacity and 
inductance, leads to the conclusion that any change in the electrical 
condition of the conductor is accompanied by oscillations when 


=o Zo (p. 334), and that the time of one complete oscillation is 


Qa 


——= (p. 336), which reduces to 27/7 LC when R is small. 
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We ‘are now in a position to interpret this process in terms of the 
Faraday tubes and their motion in the surrounding dielectric. If the 
circuit consist of two conductors A and B separated by a small air 
gap, and A have a negative and Ba positive charge, the distribution 
of the electrical field will be somewhat as shown in Fig. 367 (i), the 
lines indicating Faraday tubes of induction, the tubes on one side only 


G. 
3B 


“Cis (iii) 
Fia. 367. 


being drawn. On increasing the charges upon A and B, the difference 
of potential between them will-rise until a certain limit is reached 
depending upon the length of the gap, the nature of the electrodes, 
and the pressure of the air. As soon as this limit is reached, the gap 
suddenly becomes conducting, and the negative ends of the tubes 
situated upon A move downwards, those upon B moving upwards, 
both constituting a positive electric current flowing upwards. 

If the tubes did not possess inertia they would all in turn collapse 
in the gap, those at the outside shrinking to fill the space previously 
occupied by those which have disappeared, and there would be no 
oscillation. But the Faraday tubes in motion are accompanied by a 
magnetic field, and, as was shown by Sir J. J. Thomson (p. 414), the 
magnetic field at right angles to their length and to their direction of — 
motion being given by H = 47DV sin 6, where @ is the angle between 
the tube and its direction of motion. 

Now, the magnetic field H is associated with an amount of energy 


H 
equal to oS per unit volume, 


. 162°D?V%y, sin? 
ive. se = 2rpDV? sin? 6 
Tv 


and this is consequently the energy of the Faraday tubes due to their 
velocity V. By analogy with the expression 3mv” for the kinetic 
energy of a moving body of mass m, we may imagine the tubes to be 
endowed with mass 4zy,D? sin’ 6 per unit volume, and their momentum 
would therefore be 474D°V sin’ @ when moving with velocity V at 


ATA 
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an angle 6 to their length. Thus the mass per unit volume is zero when 
moving in their own direction, for @ = 0, and 44D? when moving at 
right angles to their length. 

The conception of the Faraday tube has been developed:for the 
purpose of explaining the attractions and repulsions between electrical 
charges, the tension along the tube tending to pull together the 
opposite charges at the ends, and the lateral pressures between con- 
tiguous tubes pushing like charges apart. These lateral pressures, 


_* however, can only exist when the neighbouring tubes have the same 


direction. To account completely for the phenomena, we must imagine 


that oppositely directed tubes attract each other and may even coalesce} 
on meeting. Thus if two pairs of-charges AB and CD be placed at a 
distance apart upon two conductors as in Fig. 368 (i), although a few 
Faraday tubes may exist : 
between A and C, and B grea A Cretan. 


and D respectively, yet the 
greater number will exist (1) 
between A and B, and C 


and D. Yet the charges ar B 2 

A and C approach and -+++A + +-C --- 

neutralise each other, as Ses 
will B and D. The pro- (ii) 
cess may be looked at from pee 

two points of view. Hither 7 Wet) SD: TR 

the few tubes between A Fic. 368. 


and C pull the charges to- 

gether, shrinking in the process and eventually disappearing, as also do 
those between B and D, in which case the tubes from A to B, and 
from D to C eventually coincide in position and have a zero resultant ; 
or we may consider that the two sets of tubes, being oppositely directed, 
attract each other. When the approaching tubes meet they coalesce 
and break up into tubes joining AC and BD respectively, as at e and 
f (Tig. 368, (ii)); these then shrink and eventually disappear. The 
result is the same on either supposition; the charges have met and 
neutralised each other, there having been no metallic connection at 
any time between the two conductors. 

If, however, the charges approach each other with the velocity of 
propagation of an electromagnetic wave, the state of affairs is different. 
Each moving set of tubes has its accompanying magnetic field, and since 
the tubes are oppositely directed and their velocities are also opposite, 
their magnetic fields coincide in direction, being directed through the 
plane of the paper from front to back in Fig. 368. The energy still 
exists in the form of the magnetic field even at the instant that the 
charges and Faraday tubes are neutralising each other. Thus each still 
has its own momentum, and the two will cross and then recede from 
each other with undiminished velocity. 

T£ two sets of Faraday tubes having the same direction be approaching 
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each other, their magnetic fields as the two waves approach will be 
oppositely directed and give zero magnetic field at the instant of 
coincidence. But the electrical charges and displacements are in 
this case doubled at this instant owing to the coinciding of the two 
sets, and the energy in this case persists in the form of the electrical 
field. This gives rise to two equal waves which recede from each other 
with equal velocities, and we may to all intents and purposes say that 
the two waves have crossed each other and passed on, each unaffected 
by the other. Hence we may consider that when travelling, the 
Faraday tubes, having inertia on account of their accompanying 
magnetic fields, can cross each other, each passing on unaffected by 
the other. 

Returning to the consideration of Fig. 367, we see that when the 
gap becomes conducting, the lateral pressure on the tubes near the gap 
due to those lying outside, will cause them to travel inwards, the ends 
lying upon A travelling downwards, and those upon B upwards, but 
every part of the tube, since it arrives at the gap with velocity, and 
therefore momentum, will continue to travel onwards, and the ends 
will cross each other at the gap, the positive ends will travel.up A, 
and the negative ends down B, the tube meanwhile spreading out on the 
other side of AB, The state of affairs when half the tubes have 
crossed the gap is shown in Fig. 367 (ii), and all the tubes there drawn 
are at this instant travelling from right to left. The process: will 
continue until all the tubes have crossed. They will come to rest as in 
Fig. 367 (iii) when their momentum has been reduced to zero by the 
stresses in the tubes, which will now tend to drive them to the right. 
A is now positively charged and B negatively ; in fact, the current has 
flowed from B to A until this reversal has been effected. The 
current then ceases, and is ready to begin the reverse flow if the gap is 
still conducting. For the purpose of clearness only half the field has 
been drawn in the diagram, but it will readily be seen that the actual 
state of the field will be obtained by revolving the figure about AB. 
In (ii) the tubes which at the start were on opposite sides of AB aro- 
now half on each side, and the value of D, or the resultant number of 
tubes per unit area, is zero, since the tubes have reversed their direction 
on passing the gap. The resultant electrical charge and displacement 
at this instant are everywhere zero ; but it must be remembered that the 
two sets of tubes at any point have opposite velocities as well as 
directions, and therefore the magnetic fields corresponding to them are 
coincident in direction, and their resultant is obtained by-adding the 
two together. They are therefore circles surrounding AB, and the 
energy of the charge is now in the form of the magnetic field. The 
direction of the magnetic field is that due to the current flowing up- 
wards in AB, 

As the current surges backwards and forwards between A and B the 
energy of the system alternates between the electrostatic and magnetic 
forms, and if the former be compared to potential energy the latter is 
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kinetic, and the energy of the system, like that of a mechanical vibrating 
system, alternates between the static and the kinetic forms. 

The presence of the air gap is not essential to the above discussion ; 
if positive and negative charges be simultaneously given to two ends of 
a conductor, or even if only one charge be given at a point of it, the 
rédistribution of the charge will be accompanied by surgings backwards _ 
and forwards, which will be eventually damped out on account of the 
resistance of the conductor itself to the passage of the current through 
it, and the energy of the vibration will gradually be dissipated in the 
form of heat in the conductor. 

Rapid Oscillations and Radiation —Provided that the oscillations 
are sufficiently slow, the energy is entirely transformed into heat in the 
conductor, none of it passing permanently into the surrounding 
dielectric, but with rapid oscillations this is no longer true. 

Starting with a shorter conductor, which will of course have less 
capacity and inductance, the lines on one side of it at the moment at 


pm re 


Z2zQND 


Fig. 369. 


which the gap begins to be conducting will be represented by Fig. 369 (i). 
When the discharge begins, the ends of the tubes near the gap will 
cross; the tubes become reversed, exactly as in the previous case. A 
tube such as ABC (Fig. 369, (i)) will be reversed on reaching the gap, 


‘and will spread out upon the other side, on account of its own inertia 


and the pressure of the tubes behind it, whereas the ends L and N of 


‘a tube such as LMN will reach the gap before the equatorial part M, 


and will cross, as at K (Fig. 369) (ii). A stage in the process will be 
reached when the branches LKM and NKM at the point of inter- 
section, are moving parallel to their own directions, and they have then 
no momentum to carry them past each other and coalescence occurs, 
the tube separating into a closed loop PM and a half loop LKN (iii) 
with ends upon the conductor, which continues to grow, owing to the 
momentum of the parts of the tube at}Land N. This part of the tube 
will cease to grow when its own tension and the pressure of the 
neighbouring tubes have exhausted its momentum. sae tial 

There will be some limiting tube EFG, such that those within it 
cross to the other side of the conductor, while those lying outside it 
will form loops and will not pass the conductor. 
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We are now in a position to understand the processes going on 
when radiation occurs. 

Starting with the Faraday tubes as shown in Fig. 370 (4), those to 
the right of AB at the start are drawn in full line, and those to the 
left dotted. A has a negative and B a positive charge at the moment 
at which the gap becomes conducting. In (ii) the first two tubes have 
crossed the gap and will afterwards continue to expand until the first 
half-oscillation is complete. At (iii) the ends of the third tube have 
met at the gap before the equatorial part reaches it, and the ends cross, 


Fria. 370. 


forming a loop, as at (iv). At (v) the third line has broken into two - 
parts forming the closed loop, and the fourth line is in the act of 
breaking. In (vi), (vii), and (viii) the process is continued, and the 
remaining tubes form closed loops. 

As each tube breaks, the tension in each part of it causes a pull 
which brings the closed part into the space between the two tubes 
which have crossed from the other side and the loop immediately inside 
it, and the remainder which has its ends upon the conductors is simi- 
larly pulled to the inside of the adjacent tube. Whether the tubes 
are supposed to cross each other, or whether they reach their final state 
by frequent coalescences between neighbouring tubes with reseparation 
in their new form, is immaterial, as we saw on p. 425. ; 

The closed loops, immediately after their formation, are pushed out- 
wards by the expanding tubes behind them, and when the condition 
represented in (viii) is reached, the loops are travelling outwards and 
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will now continue to travel with the velocity 7 In the next half- 


oscillation a second set of loops of reverse sign will be pushed outwards ; 
the whole set will, as they spread outwards, become cylindrical sheets 
which on expanding, continually approximate to planes of electrical 
displacement normal to the line joining them to the middle of the 
oscillator. Those parts of the loops that travel away from the 
equatorial plane need not here concern us. 

Relative Phases of Electrical and Magnetic Fields—We have 
already seen (p. 416) that in an electromagnetic wave, the magnetic 
field is in phase with the electric displacement, that is they both reach 
their maximum values and their zero values simultaneously. Thus at 
points such as b (Fig. 370 (viii)) the magnetic field and the electric 
displacement have their maximum values, at c they are both zero, and 
at d they again have maximum values, but of opposite sign to those at b. 
At the oscillator the magnetic field and the electrical displacement are 
90° apart in phase ; that is, one has its maximum value when the other 
is zero, as we saw on p. 426. Hence between the oscillator and the 
point b one of them has been displaced 90° in phase relatively to the 
other. It will be seen that the phase of the electrical displacement is 
the same at 6 as at the oscillator, and therefore in calculating the 
phase of the electromagnetic wave at a distant point at any instant, the 
distance of the point from b must be used, and not the distance from 
the oscillator. This fact bears a remarkable analogy to the quarter 
wave-length discrepancy that occurs when calculating the phase of the 
light vibration due to a plane wave of light, at a point in advance of 
the wave-front. On splitting up the wave front into Fresnel’s zones, 
it is found that the resultant effect of the wave is that due to half the 
first Fresnel’s zone at the pole of the wave, but to get the correct 
phase, the wave-front must be imagined to be displaced forward by a 
quarter of a wave-length. The analogy between this case and that of 
the electromagnetic oscillator was pointed out by Professor F. T. 
Trouton,' and he calculated from Hertz’s equations that the phases of 
the magnetic field and electric displacement at a distance from the 
oscillator are correct, if the distance be measured from the point 6 and 
no from the oscillator, when the distance from the oscillator to b is 


By , » being the wave-length of the disturbance at a distance from the 
- oscillator. 

We may get some idea of the reason for this change in the relative 
phases of the field and displacement by drawing a curve for each, for 
the positions a, b, c, d in Fig. 370 (viii). At the oscillator the dis- 
placement has reached its negative maximum value, and is for an 
instant stationary, and from O to some point between a and b the 
Faraday tubes are on the point of beginning to return for the second 


1, T, Trouton, Phil. Mag, (Ser. 5), 29, p. 268. 1890. 
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half-oscillation, but at b they are moving outwards. At c there is zero, 
and at d the maximum positive displacement. The full-line curve D 
in Fig. 371 represents the distribution of displacement. The magnetic 
field is zero where the tubes are 
at rest; but increases in value 
between a and b, reaching at b 
a maximum. At c it is zero, 
and at d again a maximum. 
Its distribution is represented 
by the full-line curve H. 
A quarter of a period later 
Fic. 371. the condition is represented by 
the dotted curves D’ and H’ in 
Fig. 871. Near the oscillator there is a magnetic field due to the 
motion of the Faraday tubes towards it, while at b the field is zero. 
The maximum previously at b has reached c, and is in phase with the 
displacement. The succeeding oscillations then produce a train of 
electromagnetic waves of the ordinary type travelling outwards from b. 
Reflection of Plane Waves.—In the case of the oscillator, we have 
seen that some of the Faraday tubes of the surrounding field, instead of 
passing the conductor when they collapse upon it, are reflected. A 
similar reflection occurs when plane electromagnetic waves meet a con- 
ducting surface. For simplicity we will consider a plane electro- 
magnetic wave of the type described on p. 413, falling normally upon a 
perfectly conducting surface. 
Let the equation to the electrical displacement be 


R = Rysin an(5 + =) 


From p. 412 we see that this is a wave travelling towards the origin 


with velocity » = s 


T . 
The magnetic field is then obtained from the relation ee = pa 
xe 
(p. 411); t.e— 
d = 
. * Cos on ‘ + “i 
TR rine 
; i ena ate leas 
and, ae sin (= + t) 
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where f, = - 


an Bo 


The curves for R and 8 are drawn in Fig. 372 for the instant 
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when c= a and the wave is completely represented by the motion 
i 
of the curves A and C from right to left with velocity v = Ap . 
mn 
If then YOZ be a perfectly conducting plane, the electric intensity 
in this plane must always be zero. Hence in the plane itself some 
electric intensity is brought. into play which is equal and opposite to R 
at every instant, for otherwise there would be a result intensity 


Fic, 372. 


differing from zero. The electric intensity at the plane is obtained by 
putting 2 = 0 in the equation for R, whence R = R, sin orn, and this 
opposite intensity created in the conducting plane is therefore 
R = —R, sin oem. 

A harmonic disturbance such as this gives rise to two sets of waves, 
one travelling to right and one to left from the point. The one to the 


left is R= —R, sin 27 F + Hy and is in the direction of the incident 


wave, and by comparing the equations for the two, we see that the 
two waves entirely cancel each other out, and there is no effect beyond 
the conducting plane. This is just as we should expect, for a perfect 
conductor is opaque to electromagnetic radiation. The other wave, 
travelling to the right, has the equation R = R, sin 2n(F — = }, for 
t 


p at the plane, and has the form of 


this reduces to R = —R, sin 27 


a wave travelling to the right. 

The instantaneous intensity R at the conducting plane will give 
rise to a current in it, whose accompanying magnetic field is 8, and is 
in the direction given by Fig. 363. It must be remembered that in 
Figs. 362 and 372, the direction of the axis OY is arbitrarily chosen, 
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and the diagram does not represent the direction of 8. The actual 
positive direction of the magnetic field must always be in accordance 
with that in Fig. 363. 

In a similar manner, the magnetic field 8, meeting the plane, gives 
rise to an electric intensity R in it. For a strip of unit width parallel 
to OZ will, for every unit length of the strip, be cut by magnetic 
induction at the rate pv units per second, and this is equal to the 
electromotive force in it. 


: mt Ry. > (¢ t 
But, Sat Gags $10 27 \ tT 
7 
=: 
Now, i= vy, and E.M.F. = pBo 
sere ts 


pr 


The probable reason for the reverse electric intensity produced in a 
conducting plane when the wave meets it will be suggested later 
(p. 538), when we consider the electronic theory of conduction in 
metals. 

Another way of looking at the process of reflection is to consider 
that as the Faraday tubes arrive at the conducting plane, their ends on 
reaching the plane travel together, and the tube becomes reversed on 
account of its inertia. The magnetic field is not reversed, so that by 
Poynting’s Theorem (p. 417) the direction of propagation of energy is 
reversed ; that is, the wave now travels away from the plane, The 


reflected wave is represented at the instant ¢ = : by the curves C and 


B (Fig. 372), the curve C at the given instant being the same for both 
incident and reflected waves, for the accompanying magnetic field B 
a 


to the wave R = R, sin 27 a he is, as we have seen on p. 413— 


and is in phase with the magnetic field of the incident wave at the plane, 
since here « = 0. For this reflected wave which is travelling to the 
right, 8 and R have opposite signs, and it may be noticed that for the 
incident wave which is travelling to the left, 8 and R have the same 
sign ; this also gives us a means of determining the direction of pro- 
pagation of the wave, and is in accordance with Poynting’s theorem. 


It should be remembered that Fig. 372 is drawn for the epoch 
Ak 


t=— 
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Tf the conducting plane be divided into strips by a number of 
parallel non-conducting lines, the reflection of the wave is unaffected 
when these strips are parallel to the direction of R, since the conduc- 
tivity in the direction of R is unchanged, but when at right angles to 
R, the wave as it meets the plane cannot produce any ‘current. 
In fact, it is now non-conducting in the direction of the electromotive 
force, if the strips are sufficiently narrow, and reflection will not 
occur. We shall see later that Hertz used a metallic grating, and 
found that when the metallic strips are parallel to the electric 
displacement, reflection occurred, but not when they are at right 
angles to it; the waves in this case are transmitted. It will be seen 
that such a grating behaves towards an electromagnetic wave exactly 
as a Nicol’s prism behaves towards light. Two such gratings may be 
used as polariser and analyser respectively. 

Stationary Oscillation—We should expect, from analogy with the 
case of sound waves and waves in stretched strings, that the two waves, 
the incident and the reflected ones described above, would combine to 
produce a condition of steady oscillation. 

If we find the resultant electric intensity due to both incident wave 


Bie ee eee 
= } 9 = at 4 = 2 —-—-}; 
R= R, sin an(5 ae ) and reflected wave R ate sin 27 (5 r) 


we have— 
R, = R,{sin an(2 44) + sin 2r(=— i) 
1 ‘) \: T % ay 
2 @ t 
= 2R, sin 2a cos aa 


This represents a condition of steady oscillation in electrical condi- 
tion, for at any given point, x is constant and the oscillation is harmonic 


of the type R, = A cos ona, and it will be seen that the phase is now 
independent of x. The amplitude A itself varies with # according to 


the equation A = 2R, sin Qn It is therefore zero at the reflecting 


, r 
surface, and reaches its maximum value, 2R,, at a distance Z from the 


surface. The successive values of R during half an oscillation are 
indicated by curves 1, 2, 3, 4, 5in Fig. 373 (4). 

7 The atte of B at any point is similarly obtained by adding the 
values for the incident and reflected waves— 


t : ay aS 
Br = By\sin 2a(5 +) ~sin an(E — 2 
au 


= 2B, cos ar y 
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This is also the equation of a stationary oscillation, whose amplitude is 

28,, where « = 0, that is at the reflecting surface, ae ae at points 
7 ; dX! 

ee fs r, es etc., whereas it is zero at points « = aig? etc. The 

curves in Fig. 373 (ii) indicate the variation in 6, during a half- 

oscillation ; but it must be remembered that the direction of ; is at 


Fie. 873. 


right angles to that of R,; the ordinates in the diagrams merely 
represent to scale the respective values of 6, By comparing (i) and 
(ii) we see that for points where the fluctuation in R is a maximum, the 
fluctuation in £ is zero, and vice versa. 

Parallel Wires.—On connecting one end of each of a pair of parallel 
wires to the terminals of a condenser in which an oscillation in electrical 
condition is occurring (see p. 428), electromagnetic waves are produced 
which travel down the wires. The waves are not in this case plane, the 
ends of the Faraday tubes being confined to the wires in a manner 
similar to that for the parallel planes described on p. 414. Although 
the actual shape of the wave is not easily determined, the process of 
propagation is like that which we have been considering, and if the far 
ends of the wires are joined together, reflection will occur there. If 
the ends are not joined by a conductor, a discharge may occur with 
production of brushes or sparks, the effect being to produce a reflected 
wave, although in this case some of the energy of the wave is lost at 
the point of reflection. Sir Oliver Lodge’ has shown, by means of two 
such parallel wires with their near ends connected respectively to the 
inner and outer coatings of a Leyden jar, that, taking the length of the 


1 Q, J. Lodge, Phil. Mag. (Ser. 5). 26, p. 217. 1888, 
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wires when maximum spark occurs at the free ends to be half the wavo- 

length of the electromagnetic oscillation, the velocity of propagation 

obtained by multiplying this wave-length by the frequency of oscillation 

_- jar. as calculated from its dimensions, is about that of light- 
aves. 

The arrangement of parallel wires was afterwards improved by 
Lecher, and is described on p. 458. 

Velocity of Propagation—The velocity of propagation of an 
electromagnetic disturbance has been directly determined by Blondlot,! 
who used two pairs of cylindrical condensers 
in parallel, one pair being short circuited by 
an air-gap, and the other discharging through 
the same air-gap, but the charge having to 
pass on the way through two long wires, PLC 
and QMD (Fig. 374). The insides of two 
glass cylinders are completely covered with 
tinfoil, and on the outsides are two pairs of 
rings of tinfoil, AB and CD. These are joined 
by moistened threads of high resistance shown 
by dotted lines in the diagram. When a 
spark passes at S, A and B immediately dis- 
charge, giving a spark between the points P 
and Q. Cand D also give a spark, but the 
charges have to pass through the long wires 
CLP and DMQ, each of length 1029 metres, LM 
the spark therefore occurring later than that 
due to A and B. The interval between Fig. 374, 
the sparks is obtained by measuring the dis- 
tances between their images upon a photographic plate, produced by 
a rotating concave mirror, and is the time taken for the electro- 
magnetic wave to travel a distance of 1029 metres along the wire. 
In this way the velocity of propagation was found to be 2°96 x 10” 
cms. per second, and a second set of experiments with wires 1821-4 
metres long gave 2°98 x 10" cms. per second. 

Hertz’s Experiments.—The prediction by Lord Kelvin in 1853, 
from mathematical reasoning, that the discharge of a Leyden jar would 
under certain conditions be oscillatory (p. 334), was followed in 1857 
by the demonstration of such oscillations by Feddersen on examining 
the spark in a rotating mirror. In 1865 Maxwell published his theory 
of electromagnetic radiation, but it was not until 1888 that Professor 
H. Hertz? proved the existence of such radiations in the space sur- 
rounding a Leyden jar in which electrical oscillations were occurring. 

The variety of oscillators used for the production of electro- 
magnetic waves is very great, but one of the earliest forms, used by 
Hertz himself, consists of two square sheets of metal, having sides 


1 R. Blondlot, Comptes Rendus, 117, p. 543, 1893. . 
2 H, Hertz, Nature, 39, pp. 402, 460, 647 (1889); and Wied. Ann., 1, 1889. 
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40 cms. in length, placed about 60 cms. apart, and having two gilt © 
and highly polished balls 2 or 3 cms. apart and connected to the 
plates by light metallic rods (Fig. 375). The plates are connected to 
the ierminals of an induction coil, and every time the difference of 
potential between the balls reaches a sufficient value to render the air 
in the gap conducting, an oscillatory discharge occurs, with radiation 
of electromagnetic waves. The balls must be kept highly polished, or 
the beginning of the discharge will not be sufficiently abrupt for the 
production of radiation. 

The period of oscillation (T) of this apparatus is about 1-8 x 10° 
seconds, and the velocity of propagation (v) being 3 x 10” cms. per 
second, we see that the wave-length (A) given by A = vf, is 54 & 10° — 
cms., or 5°4 metres. 1 

In order to detect the radiation, Hertz employed a circle of wire 
35 cms. in radius, with a gap at one point, and here sparks occur when 
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Fig. 375. 


the radiation is falling upon the detector in a suitable manner. The 

detector itself has a proper period of its own for oscillation of charge — 
_ between the knobs. If opposite charges be given to the two knobs of the 
detector, the Faraday tubes will contract, the two ends travelling round 
the circular conductor to meet each other. They will therefore, on 
account of their inertia, cross at the opposite end of a diameter to the 
gap, and then grow in the reverse direction until the charges on the 
ends have become completely reversed. If the period of oscillation for — 
the detector is equal to that of the electromagnetic waves falling upon © 
it, the Faraday tubes of the next half-wave will, on reaching the gap, 

cause the knobs to be oppositely charged ; or we may use the alternative 

explanation that the magnetic field at right angles to the gap, as it 

travels across it, will produce an electromotive force between the knobs, — 
‘Then the reversal of the charge is just completed at the instant when the — 
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next half-wave of radiation arrives, and this will assist the reversed 
charging of the knobs, and the next half-oscillation will be more 
violent than the last. Or, to borrow an expression from acoustics, the 
detector resounds to the waves, or resonance occurs. This type of 
detector is therefore called a resonator. Sir O. Lodge has suggested 
the word “syntony” to replace “resonance,” as this avoids confusion 
with the use of the word employed in acoustical problems. 

In using a given detector, the position of the knobs is adjusted 
until maximum sparking between them occurs. The period of its 
proper oscillation is then the same as that of the incident wave. 

The orientation of the resonator is of importance, since the electro- 
magnetic wave is polarised, that is, the electrical displacement is, for 
points in the equatorial plane, in one direction only—parallel to the 
gap of the oscillator. The gap of the resonator must be parallel to 
this direction, and thus the resonator will detect the oscillations when 


_In positions (i) and (iii), but not when in position (ii). 


Refraction of Waves.—Using a reflector consisting of a metal 
sheet bent into a parabolic form with the oscillator in the focal line, 
the waves may be restricted to a comparatively narrow beam in which 
the wave front is plane. A similar reflector with resonator in its 
focal plane is used as a detector. The beams consist of polarised 
waves, as may be shown by placing the reflectors first with their focal 
lines parallel, and then with them at right angles. In the former case 
sparking of the resonator occurs, but not in the latter. With such an 
arrangement Professor Trouton repeated many of the ordinary optical 
experiments, using prisms of pitch or paraffin wax, and determining the 
index of the refraction for these materials. Using a paraffin wall 
3 feet in thickness he showed! that reflection takes place for all 
angles of incidence, provided that the electric displacement in the 
beam is perpendicular to the plane of incidence, but when the electric 
displacement is in this plane, there is some angle of incidence for which 
reflection does not occur. Hence the electric displacement is per- 
pendicular to the plane of polarisation, according to its optical 
definition. . 
Determination of Wave-Length by Stationary Oscillations.—By 


-means of apparatus of the kind described on p. 436, Hertz demonstrated 


the existence of stationary oscillations of the type described on p. 434. 
The radiation was allowed to fall on a large plane sheet of zinc, at which 
reflection occurs, and the incident and reflected waves together form a 
steady vibration. It was found that as the resonator 1s moved out- 
wards from the sheet, it goes through a series of maximum and 
minimum excitation, the maxima corresponding to rs at Se 
; - etc., from the shect, and the minima to points 5; A, >» ete. 
(Fig. 373 (i)). 


i F, T, Trouton, Nature, 39, p. 891, 1889, 
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In this way the wave-length of the emitted waves could be deter- 
mined, and knowing the frequency of oscillation, the velocity of propa- 
gation was found. Witha periodic time of about 1-8 x 10~* seconds, the 
minima are about 2°7 metres apart. This, being half the wave-length, 
gives a velocity of propagation of about 3-0 x 10” ems. per second. 

The interpretation of these experiments is not quite satisfactory. 
It was pointed out by Sarasin and De la Rive’ that the distance 
between the nodes in Hertz’s experiments depends rather upon the time 
of natural oscillation of the detector than upon that of the oscillator. 
The oscillator being of the “open” type (p. 443), the oscillations are 
highly damped, only a very few complete waves being emitted at each 
discharge. Hence no interference between the incident and reflected 
waves could be expected ; but these waves serve to start oscillations in 
the detector, which, being of the “closed” type, will emit waves very 
slightly damped (p. 449), and if the distance from the detector to the 
reflecting wall be an odd number of quarter wave-lengths the reflected 
wave will be in the right phase to reinforce the vibration, The 
distance between successive points of maximum disturbance or of 


minimum disturbance (nodes) will therefore be = When the detector 


is syntonised with the oscillator, the effect will be as found by Hertz. 
Various Oscillators.—Many other forms of oscillator have been 
used. Sir Oliver Lodge? tuned two Leyden jars to the same period of 
oscillation by altering the position 
of the slider 8, which makes con- 
tact with the parallel wires con- 
nected respectively to the inner 
and outer coatings of the Leyden 
jar B (Fig. 376). When sparks 
occur between the knobs of the 
jar A the electromagnetic waves 
wn: emitted set up surgings of the 
Fic. 876, charge in B, which, since B is 
short-circuited by means of §, 
will grow until the alternating difference of potential between the 
Ops is sufficient to cause minute sparks to occur at the short air 
gap C. 
Lodge® has also obtained oscillations in a single metallic sphere 
5 cms. in diameter ; they may, however, be much more easily obtained 
in the case of larger spheres. Minute sparks may be obtained from a 
similar sphere several yards away, on bringing a conductor into contact 
with it at the ends of a suitable diameter. 
It has been shown by Sir J. J. Thomson, that the oscillation from 
pole to pole of a charge upon a conducting sphere causes radiation 


? Sarasin and De la Rive, Comptes Rendus, 112, p. 658. 1891. 
? 0, J. Lodge, Nature, 41, p. 368. 1890. 4 
3 Ibid., p. 462. 1890, 
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whose wave-length is 1:4 times the diameter of the sphere. In the case 
of a sphere of diameter 5 centimetres, the wave-length of the radiation 
emitted is therefore 7 cms. The radiation corresponding to visible light 
is about 0-00006 centimetre in wave-length, and that to the longest 
radiant heat in the solar spectrum about 0-001 centimetre, while the 
shortest electromagnetic radiations that have been detected have a 
wave-length of about 0°3 centimetre. The gap between the two has 
not yet been bridged, but the conductor that would emit electrical 
oscillations of the length of light-waves is of molecular dimensions. 
There is very little doubt that the radiation emitted by an electro- 
magnetic oscillator is of the same character as light, the difference being 
merely in wave-length and frequency. 

Signalling by Electromagnetic Waves.—The work of Hertz and 
Lodge has been followed by a number of applications of the principles 
of electromagnetic waves to signalling, or, A 
as it is commonly called, Wireless Tele- 
graphy. Amongst the great number of 
the principal forms in which the waves 
have been employed, we shall only de- 
_ seribe that which has been so largely used 
by Marconi, the student being referred 
for a comprehensive treatment of the + 
subject to Professor Fleming’s work on s 
*‘ Electric Wave Telegraphy.” * 

By means of the induction coil, a 
series of discharges takes place between 
the knobs 8 (Fig. 377), and at each 
discharge, oscillations occur in the circuit 
consisting of the condenser C and one 
winding of the transformer T. The other Fic. 877. 
winding of the transformer is in series el as, 
with the long vertical conductor A, called the antenna or aerial, in which 
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Fie. 378. 


it produces an oscillating electromotive force. When the natural period 
of oscillation for the aerial is the same as that of the condenser circuit, 


13, A. Fleming, “The Principles of Electric Wave Telegraphy and Tele- 
phony.” Longmans, Green & Co, 
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the amplitude of the oscillation in it will be very great. Hence the 
contact P is adjusted in position until the inductance in series with the 
aerial is such that the two circuits are syntonized. The antenna A is 
then the seat of radiation of a type similar to that from a Hertzian 
oscillator, but since its lower end is earthed, only the upper half of the 
wave of Fig. 370 is produced. A series of such waves is given in 
Fig. 378, 

At the receiving station, the electromagnetic waves meet a similar 
antenna, and electric surgings in them are set up. 

Detection of Electromagnetic Radiation.—In order to detect these 
surgings, the coherer, the principle of which was discovered by Sir 
Oliver Lodge, is used. Lodge’ found that when electrical oscillations 
occurred between two metallic sur- 
faces in poor contact, the resistance 
of the contact at once fell to a very 
small amount, but was immediately 
restored to its original value by 
any mechanical disturbance, such as 

Fig. 879. tapping. Branly used for the same 

purpose a tube containing metallic 

filings, and this was again improved by Marconi, who used a mixture 
of nickel and silver filings (95% nickel) in a small gap between two 


A 


Fig. 380, 


silver plugs in an exhausted and sealed glass tube (Fig. 379). A 
battery in series with the coherer produces a sufficient current, when. 
the resistance of the coherer drops, to close a relay which actuates a 
Morse inker for recording the signals. A tapper of the form used with 


1 0. J. Lodge, Journal I.E.E., 19, p. 346. 1890, 
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(Fig. 381), and a balance for 
- steady current obtained. When 
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an electric bell gives a slight blow to the coherer to restore it to its 
original high resistance, 

An arrangement of a receiving station is given in Fig. 380. By 
means of an inductance and sliding contact, P, the antenna circuit is 
tuned to syntony with the arriving electromagnetic waves, a and b are 
the primary and secondary coils of a transformer, and, the circuit C,a 
being syntonized with the antenna, oscillations are set up which induce 
oscillations in the coherer, the drop in whose resistance enables the cell 
B to produce sufficient current to attract the armature of the relay R, 
and actuate the Morse recorder M. Owing to the presence of the con- 
denser C,, which bisects the secondary coil of the transformer, there is no 
appreciable steady current in the battery and relay circuit, except 
when the coherer § has its low resistance due to the arrrival of the 
electromagnetic waves. 

Other methods have also been employed for the detection of electro- 
magnetic radiations, amongst which we should note the employment of 
the heating effect in a fine wire, of the oscillatory current, the effect 
upon the hysteresis in iron and steel, and the oscillation valve. We 
will consider a few typical forms of these applications. 

Thermal Detector.—A very sensitive thermal method was employed 
by C. Tissot, in which the apparatus took the form of a bolometer. 
Two resistances of very fine 
platinum wire, P and Q, con- 
structed by drawing down a 
silver wire having a platinum 
core, and afterwards dissolving 
away the silver, are placed in 
the arms of a Wheatstone bridge 


the oscillatory current passes 
through P, the rise in tempera- 
ture produced by the heating 
effect of the current increases . 
the resistance and destroys the Fic. 381. 
balance, and a galvanometer 
deflection will be observed. In order to increase the sensitiveness and 
avoid thermal disturbances, the platinum wires, which are arranged in 
a lozenge-shaped form, are sealed in vacuum vessels. The mean square 
value of the oscillatory current may be determined by finding the 
value of the continuous current in P that will produce the same dis- 
turbance ofthe bridge. ; 
The Duddell thermal galvanometer (p. 80) and the Fleming 
thermal microammeter (p. 222) have also been used for detecting and 
measuring these small oscillatory currents. 


1G, Tissot, Jown. d. Phys., vol. 3, 1904. 
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The Fleming Oscillation Valve (sce p. 494) has also been used for 
detecting radiations. When the filament of the incandescent lamp 
(Fig. 382) is glowing, a current will only pass in the galvanometer 
circuit in such a direction, that a negative charge flows from the 
filament to the plate P. Hence when the oscillatory current is 
brought in by the terminals A and B, it is unilateral in the galvano- 
meter circuit, one half of each oscillation being quenched by the lamp. 
A galvanometer deflection is then produced 
by the oscillations. The galvanometer may 
be replaced by a telephone, in which case 
each train of oscillations produces a sound in 
the telephone. Marconi has modified the 
arrangement by placing the telephone in 
series with the secondary circuit of a trans- 
former, the primary of which is in the valve 
circuit. 

Crystal Detector.—A similar rectifying 
valve is found in the case of certain crystals 
such as zincite, silicon, galena, etc., the most 
useful of which for general purposes is car- 

Fig. 382. borundum, consisting of silicon and carbon. 
The crystal is fixed in a metal mount, and 
one of the sharp angles of the crystal bears against a metal pla: 
The conductivity of the contact depends upon the direction of/the 
current, The asymmetry is, however, greatest when there isa p.d. 
of about 1 volt between the metal and the crystal, the crystal being 
at the lower potential. This contact p.d. is maintained by a separate 
cell, and is adjusted to greatest sensitiveness by a potentiometer form 
of resistance. In this way the rectification of the oscillatory current 
at the receiving station is effected. 

One great advantage in the last three methods of detecting 
electrical waves, lies in the fact that immediately the oscillations cease, 
the detector returns automatically to its previous condition. It is 
therefore always ready to receive the waves, and in this respect differs 
from the coherer, which requires tapping to make it “de-cohere” 
before it is again sensitive. 

Magnetic Detectors have been devised, in which the property of 
the oscillations of demagnetising a specimen of iron or steel is made 
use of, The first of such detectors is that of Prof. Rutherford (p. 446) 
which he employed in measuring the damping of the oscillations. tt 
has been shown by C. Tissot + and C. Maurain? that when the specimen 
is in the form of steel wire which is thin enough for the magnetic 
oscillations to penetrate to the interior, their effect is to destroy the 
magnetic hysteresis in the specimen. Their effect is thus similar to 


1 C, Tissot, Comptes Rendus, 186, p. 361. 1903. 
* CG, Maurain, Comptes Rendus, 187, p. 914. 1903. 
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a mechanical disturbance. .A number of detectors in which this effect 
is used have been devised, that of Marconi,! which has been used as a 
receiver on long distance wireless telegraphic systems, being illustrated 
diagrammatically in Fig. 383. The belt aa, which consists of a bundle 
of thin silk-covered iron wires, 
passes over the pulleys e, e, 
which are in continuous slow 
rotation, and as the iron 
passes near the poles of the 
permanent horseshoe magnets 
d, d, it is strongly magnetised. 
As the iron wire moves for- 
ward, part of the magnetism 
is retained owing to the 
hysteresis of the magnetism 
in the material, and the dis- 
tribution of magnetisation is 
unsymmetrical with respect 
to the plane of symmetry of 
the permanent magnets, the 
part of aa which has passed fom Fleming's Principles of Electric Wave 
being magnetised, while that Telegraphy.” 

part which is arriving is still 

unmagnetised. As the electrical oscillations from the aerial’ A pass 
through the solenoid gb, which surrounds the moving wire, they destroy 
the hysteresis effect, and the magnetisation of the wire will, during the 
time that the oscillations last, be symmetrically situated with respect 
to the permanent magnets. The oscillations therefore cause a redistri- 
bution of the magnetisation of the wire, and thus the magnetic induc- 
tion through the second coil ¢ varies. A click will be heard in the 
telephone T at the instant of starting of the oscillations, and if the 
trains of oscillations corresponding to each discharge at the transmitting 
station succeed each other rapidly, a continuous hum will be heard in 
the telephone. A hum of long or short duration corresponds to a dash 
or dot of the Morse system. 

Open and Closed Oscillators.—The oscillator of the Hertz type, or 
that used by Marconi, is said to be of the “open” type, and in this 
case the amount of energy radiated at each oscillation is considerable. 
Only a few oscillations occur before the amplitude is reduced to such 
an extent that the maximum potential difference is insufficient to break 
down the air resistance of the gap, and the oscillations then cease. 
The damping is therefore considerable, being chiefly due to the radia- 
tion of energy, and is only slightly affected by the resistance of the gap. 

On the other hand, the Leyden jar, having nearly closed circuit 
(p. 438), or an oscillator of the type shown in Fig. 384 is known as a 


1 G, Marconi, Proc. Roy. Soc. Lond., 70, p. 841, 1902. 
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closed oscillator. In this case the amount of radiation is very small, 
the Faraday tubes being chiefly situated between the plates of the 
condenser, and the magnetic field during the period. of maximum 
current being in the form of closed curves linked with the conductor. 
The decrement of the oscillation is in this case 
small, and is chiefly due to the resistance of 
the circuit including the air gap, very little 
energy being lost by radiation. With an open 
‘] oscillator of the Hertz type, the amplitude may 
be reduced to 1 per cent. of its initial value 
after about 5 or 10 oscillations, while for a 
Fie. 384. closed resonator as many as 30 or 40 oscilla- 

tions may occur for the same reduction. 

In the case of radiation from a Marconi antenna, the length of 
wave may be, say, 100 metres, or 10* cms. Taking the velocity of such 
a wave as 3 X 10" cms. per second, we see that the frequency given by 
v= nd, is 3 X 10° oscillations per second. If only three such waves 
are emitted before the amplitude falls below that required for effective 
signalling, the time of effective emission is only 10-* seconds. The 
induction coil producing the spark, will probably not produce more 
than 100 sparks per second, so that, if the interval between successive 
sparks is 54; second, all this time (except the 10~® second occupied 
by effective radiation) is wasted. Owing to these long intervals, during 
which no radiation is occurring, the rate at which energy can be trans- 
mitted is small, and many attempts have been made to produce by 
some means a continuous train of waves. 

Duddell Singing Arc.—It was found by W. Duddell? that oscilla- 
tions occur when a shunt circuit having inductance and capacity is 
placed across the electric arc between solid carbons; cored carbons are 
useless. The arc must be main- 
tained by current from ~ some 
steady source of supply, such as a 
secondary battery, a resistance R- 
(Fig. 385), being inseries. Then 
oscillations of the frequency 


1 ’ ane -F 
in JEG occur in the circuit ALC, 


and this alternating current being 

superimposed upon the continuous 

Fic. 385. current in the arc, the variation 

in intensity and in the rate of 

evolution of heat causes the souNd-waves of definite pitch to be 
emitted. 

_ To understand this production of oscillations, let us consider what 

will happen on closing the shunt circuit ACL. The flow of current 


1 W. Duddell, Journ, Inst. El. Eng., 80, p. 232. 1900, 
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into the condenser causes a drop in that in the arc, with consequent 
drop in temperature and increase in resistance. The resistance of 
the arc is then a greater fraction of the resistance of the main circuit 
and the difference of potential between the carbons rises, with further 
production of flow into the condenser. Eventually the accumulation 
of charge in the condenser raises the difference of potential between its 
coats to that between the carbons, and the current into the condenser 
ceases, and the are will regain its original condition. The current in 
the are having risen again to its original value, its resistance has 
fallen, and likewise the fall of potential across it, so that a reverse 
flow from the condenser begins, and a reverse set of changes will follow. 
The inductance in the shunt circuit has the function of giving it 
inertia, so that, the current having started, the circuit is always carried 
past the stable condition, and oscillations occur. The existence of the 


_ oscillation depends upon the fact that the resistance of the arc varies 


with the current in such a manner that the potential difference 
between the carbons diminishes with increasing current, and the arc 
behaves as though it had a 
negative resistance. ‘This is 
the condition for the pro- 
duction of the singing arc. 

Poulsen Arc.—The fre- 
quency of oscillation with the 
Duddell arrangement is not 
very great, but V. Poulsen’ 
has shown that with the arc 
in hydrogen, or any hydro- ae 
carbon vapour, and a strong Era, 386. 
magnetic field at right angles 
to the arc, oscillations of considerable intensity and with frequency of 
over a million per second can be maintained. The negative electrode 
(A) is carbon, and the positive is copper and is water cooled (B) 
(Fig. 386). 

Wehnelt Electrolytic Interrupter.’—In addition to the last two 
methods of increasing the number of oscillations produced per second, 


the mode of interruption of the induction coil itself has been improved. 


One such improvement is the Wehnelt electrolytic interrupter. A 
large lead plate which serves as kathode dips into a fairly large vessel 
of dilute sulphuric acid (one of acid to seven or eight parts of water), 
the anode being a platinum wire of which only the tip is in contact 
with the solution. On placing such an electrolytic cell in a circuit 
in which there is an electromotive force of over 40 volts, an intermittent 
current will flow, provided that the circuit contains a fairly large 
inductance. The frequency of the interruptions is a complicated 


1 VY, Poulsen, Internat. Elect. Congress, Trans. 2, 1905. 
2A, Wehnelt, Hlektrotechn. Zeitschr., 20, p. 76, 1899. 
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function of the inductance, the voltage, and the form of the platinum 
tip. In Fig. 387 a platinum wire of about a millimetre diameter 
projects from a porcelain sheath, the amount of wire exposed to 
the solution being adjustible by means of the screw. : a 
When the cell is used as interrupter for the induction coil, it 
replaces the usual make-and-break and the condenser. The 
frequency of interruption may reach several thousand per 
second with an E.M.F. of 50 to 100 volts, and the secondary 
discharge is then of the form of a brilliant flame. For 
voltages below about 20 or above about 120 the current 
ceases to be intermittent. 
Mercury Interrupter—The mechanical interrupter of 
the induction coil (p. 319) may for many purposes be re- 
placed by the mercury interrupter with advantage. There 
are many designs of the apparatus, but in most cases a jet 
of mercury is projected against a rotating metallic cylinder 
or disc divided into sectors, so that as each sector cuts 
the jet, the primary circuit is made and then broken. The 
Fic. 387. break is contained in a vessel, usually filled with coal gas. 

The advantage of this form of break is thas high frequency 
may be attained, and the duration of the primary current may be 
varied by altering the manner in which the mereury jet impinges 
against the rotating sectors. 

Measurement of Damping.—Many methods for determining the 
decrement of the oscillations have been devised, since it is important 
for practical purposes to know how many oscillations occur at each 
discharge. A method due to Prof. Rutherford’ is of special interest. 
If a piece of iron, magnetised to saturation, be placed within a loop of 
the circuit in which the oscillations are occurring, the first half-oscilla- 
tion, if in the direction tending to increase the magnetisation of the iron, 
will produce no effect, the iron being already saturated. The second half- 
oscillation, however, will partially demagnetise the iron, and the third 
will partially remove the effect of the second, and so on. If£ I, I,, Is, 
etc., are the magnetising effects of the successive half-oscillations, the 
resulting demagnetisation will be proportional to I, —I,+1,... 
- On the other hand, if the first half-oscillation is in such a direction 
that it tends to demagnetise the iron, the resulting demagnetisation is 
proportional to I, —I,+1I,-I,+.... 

Prof. Rutherford employed a circular arc of wire to produce the 
demagnetisation, the are being included in the oscillatory circuit, and 
being varied in length in the two cases, until the magnetisation remain- 
ing in the iron as tested by a magnetometer is the same for either 
direction of the first half-oscillation. 

If I,, I, I,, ete., form a geometric series, that is, if the oscillations 
die away logarithmically— 


‘ B. Rutherford, Phil. Trans., 189, A, p.1. 1897. 
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If J, and J, be the lengths of arc which make these two demagnetising 


effects equal— 
ui, = LL, 


and since J, and J, can be obtained by trial and then measured, the 


el 
ratio = or the decrement may be found. The logarithmic decrement is 
1 

then log. :, 

In this. way Prof. Rutherford found that the damping depends 
upon the magnetic properties of the circuit, being great when iron wire 
is employed, a result which would be expected, since the hysteresis loss 
at each cycle méans a loss of energy. Also the damping depends upon 
the capacity and the length of gap. With a frequency of 1:25 x 10° 
per second, it was found for a particular circuit that for spark gap 
0°12 cm., fe 0:97, and the resistance of the gap is 0°7 ohm. With 

1 

length of gap 0°61 cm., zt = 0°70, and resistance of gap is 12:0 ohms. 


1 
The increase in length of gap evidently causes a large increase in the 


decrement. 

The method employed by V. Bjerknes* to determine the damping, 
was to measure the root mean square value of the difference of potential 
between the knobs, by means of an electrostatic voltmeter, for the whole 
train of waves, the potential difference at the beginning of the oscilla- 
tion being known from the length of the spark gap. 

We have seen that for a circuit having resistance, inductance, and 
capacity, the oscillatory discharge is of the type— 

q = QE —™ cos pt (p. 336), 


h =,/3 RK’ 
were, a TO. a 


and the potential difference between the knobs at any instant is 


therefore— 
v = V,€™ cos pt. 


The voltmeter reading is proportional to the mean square value of the 


1 Y, Bjerknes, Wied, Ann, d. Phys, 44, p. 74, 1891. 
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potential difference, and at each discharge it receives an impulse pro- 
portional to | v’dt. The upper limit of the integral is taken as infinity, 
0 


since the oscillations accompanying any discharge are completely damped 
out long before the next discharge takes place. 


Now, | v'dt = Ss leeees cos’ pt dt 
0 


ve/ e-mtl a i 
0 


€—2bt]° Bia 0 
= a2\= =| + em €-2t cos 2pt dt 
0 a 
Vo Vorb 


“4b ~ 2(p? +) 
Since b is of the order of 10°, and p of the order 4 x 108, no sensible 


error will be introduced by omitting the second term ; and we see that 
2 


each impulse given to the needle is us If there are n discharges 
2. 


y 
per second, the couple acting on the needle is proportional to a 


If the deflection is 6, and the electrometer be calibrated by a steady 
voltage V, giving a deflection 6,— 


Gan V cae 

6, 46° NZ 
Sah nV 0; 
46V," 


In the experiment, oscillations in the secondary circuit S (Fig. 388) 
were excited by those in the 
primary P, the latter being an_ 

S open oscillator and the former ~ 

one of the closed type. Also V, 

was 20 volts, giving a deflection 

6, of 19 scale divisions, and 

n = 42. 


OSs 
19x42 Ve Vt 
Fig. 388. b= Teg el 


For the circuit 8, 6 = 30 scale divisions when the length of spark gap 
was 03 mm., which from Paschen’s results! indicated a value of 2080 
volts for V,. 


1 F. Paschen, Wied. Ann., 87, p. 69, 1889, 
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0-5 x 2080? 
Hence } = 39 = 70,000 approx., which means that in 
one second the amplitude diminishes in the ratio 1 to ¢~7™, 
The wave-length was 443 cms, and hence the number of half-vibrations 


2x3x10° 6x 10” 


occurring in one second is dig 475° and the interval 


from the start to the end of the first half-oscillation is ae and the 
amplitude in one half-vibration diminishes in the ratio— 


_ 70000 x 443 
lto€ 6x ? 
that is 1 to «€ °°. 


.. decrement = - Oe, = 90005 — 1-0005 


and logarithmic decrement = 0-0005. 


Hence in 1000 oscillations the amplitude is reduced from 1 to 

1 
(1:0005) 

In the case of the primary P, the damping was more than 100 
times as great, which would be expected from the fact that it is an 
open oscillator. 

Propagation of Waves in Wires and Cables.—The inductance and 
capacity of a single wire, although very small, become of importance 
when the currents in it vary with great rapidity, as, for example, when 
high frequency oscillatory currents are flowing in them, or when they 
are carrying fairly rapidly alternating currents, as in the case of those 
used in telephony. 

If L be the inductance per unit length of the cable, and R its resist- 
ance, then Ldx and Rd are the inductance and resistance of length 
dx, and if I be the current flowing in it, the equation on p. 303 for the 
electromotive forces over the short length dx becomes— 


= 0°37 ; that is, to about one-third of its original value. 


LG de + Rid« = dE, 
dl di p 
or, Lat RI = lala hic iees (i) 


The current flowing into the section dx may not be equal to that 
flowing out of it, for two reasons : first, the capacity Cd will take a 
Ei : 
charge Cao. dt in the time oe being the rate of increase of 
potential at any point ; and in the second place the charge KEdadi will 
leak out from the conductor, when K is the conductance of the insula- 
tion per unit length of the conductor. Again, Idé is the charge 
2a 
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entering the section of length dx through one end in time dé, and 


(1 ef at a. a that leaving by the other end. 


Hence, js dz. di+KE.dzx.di= (x = ode t — Idt 


dt 
dE dl . 
CL 4 KE=%. :.. 3) 


This and equation (i) determine the current and potential and their 
variations at all points of the cable. 

The case of most importance is that in which a harmonic electromotive 
force E = E, cos pé is applied at a point in the cable, say at one end. 
If the cable be infinite in length, the electromotive force and current at 
any point of it will after a time execute simple harmonic changes, the 
time, in the cases that we shall consider, being extremely short; but the 
amplitude of the oscillation may vary from point to point along 
the cable. We shall only make one assumption, and that is, that the 
electromotive force and current vary harmonically at each point. 

Then E is the real part, or projection upon the axis of 2, of the 
rotating vector E,¢?', and I that of I,¢?*, where E, and I, are the values 
of the rotating vectors for each point (see p. 377). : 

“Equations (i) and (ii) may then be replaced by 


L £ (Tei) + Ri, = ze (E,<*), ~~ 
and, Cc 3 (E,¢?) + KE, oP? = 4 ce), 
which may be written, 
+ (Bem) = (jLlp + RB) . . . . ii) 
and, £ (Lett) = (Cp +K)E.er . . . (iv) 


Differentiating the first of these with respect to 2, and substituting 
from the second, we get— 


$aBe*) = (tp + BS Cer 
| = (jlp + R)GjOp + KE, 
= PE, <P, 


or, 


where, P= (Lp + R)(jCp + K). 


a eee eee 


—ere vee”. 
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Similarly, reversing the order of operation, we get— 
Sek 
ai (Tyei*) == P*l ort. i‘ 
_ Calling the quantity E,¢*, which is a rotating vector whose length 
is constant for any point of the wire, p, we see that the equation 


ap _ 
dz 


P’p 


is a homogeneous equation, and as on p. 22, we obtain the solution in 
the form p = «*, 


a’ 
Then, ’ aa = ae, 
. 2 = Pies 
and, o= 2 P: 


The most general form of the solution is therefore 
p = AcPu + Be-Pr, 
that is, E,e?t = Ach? + Be-Pe, 
and similarly, T,eipt = AyeP* + Bye-Pe, 
In order to find the four constants A, B, A, and B,, let us con- 


sider that ab the near end of the cable E, = E, I, = I. 
Then, since at this point « = 0, 


Ede = A +B, 
[eivt = JX, + By. 
Again, at an infinite distance along the cable, let the disturbance 


have diminished so much in amplitude that E, = 0,andJI,=0. For 


this to be true we must have A = 0, and A, = 0; otherwise the terms 
AcP# and A,e* would be infinite. 


.. B= Et, and, B, = Ie* 
and, i, = Ee-Pe ert, 
I,<i?t = Te—Peirt, 
or, k= Ee? 
T= le 


The quantity P, or / (jLp + R) (Cp + K), is itself complex, and 
may be written in the form a + jb. 
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Whence, Er! = Bea + 50)2 rt, 
J eit = f--G@+ jo)rgint, 
or, Bd a Fie eh) 


Tt —= Te— 2% i(et—br) . « . . . . (vi) 


Now, E and IJ are the real parts of E,¢/?' and I,¢', or their pro- 
jections upon the axis of w. . They are therefore given by the equations 


E = Ee-* cos (pt — ba). 1 » « « « (vii) 
and, ir — Te-% cos ( pt — ba) . e e . e . (viii) 


We therefore see that their amplitudes at any point are Ee-@ 

and Ie-**, and their phases are bx behind those at the origin. 
2 

Hence, points for which a differs by the amount = are in the same 

2a 


phase at the same time, and 7 


may be looked upon as the wave-length 


of the disturbance. 
Further, we see that the amplitude Ke-2* diminishes exponentially 

as we pass away from the origin. 

27 


Again, the wave-length being b and the frequency m, 3 (p. 349), 
T 


velocity = wave-length x frequency 


mi 


H ' 
| ' 
; H 
1 ' 
1 ' 
21° 
pana aay oe ty 
Fig: 389, 


The values of E are drawn in Fig. 389, for the instant at which 


that at the origin is E. As each point goes through a harmonic change 
in the value of E, the points of zero value will now travel to the right 


eS a 
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_ with velocity e This is the rate at which any given phase of the 


disturbance travels along the cable. 
The relation between I and E may be obtained from equation 


E,<Pt = He? <ipt, 


for, S (Bt) = — PHe-P=¢ipt, 


But from equation (iii)— 


d : : : 
+5 (Busi) = (jLp + R)T,o, 
Pp 


. se NR aE alg 6 ah 2 
ee i, = jlp ae R Ee ? 
eas 
or, ‘es ~ jlp +R 9 ; 
and since, P=*+ (jp + R)(jCp + K), 
pe _NjCp+K 4 jp + Ky, 
Sadie Re 
Now, jCp + K = JC? + K? dt (see p. 377) 
Cp 
where, tan §, = ra 
and, jlp +R= / Lp? + R? <M, 
where, tan §, = = : 
: Cp +K eS Cp’ + K* P i(01 — 02), 
** jlp +R \Lip? + R? 
Op? + K*\t .6,-0 
and, I, = -B, (Tae) gue. 


h here i ese d 
The current amplitude is therefore everywhere (TE m+ Rt)’ an 


it is retarded in phase behind the electromotive force by an amount 


oc as — 5, , the quantity z being introduced on account of the 


negative sign before the expression, since this indicates a reversal of 
phase, or retardation of the phase by z. 

The dotted curve in Fig. 389 indicates the current at every point 
of the cable. Its equation is— 


C'p? +. Kt 
lzkE cer) e~@ cos (pt — bx — ¢). 
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The quantity a is called the attenuation factor, since it determines 
the rate of decay of the amplitude of the oscillation as we pass along 


; ; 2m); 
the cable; while } is called the wave-length factor, since = is the 


distance between points at which the phase at any instant is the same. 
To determine a and b in terms of the constants of the conductor, 
we must remember that 


P= Vjlp +RVjCp + K=a+4 jo. 
Squaring and multiplying out, we have— 
—LCp’? + KR + j(KLp + RCp) = @ — b? + 2jab, 
; .@ — b= KR — LCp’, 
and, 2ab = p(KL + RC) (see p. 376). 


Substituting in the first, the value of b found from the second, we 
have— 


(KL + RC) 
” eae Le KR — LCp’, 


a quadratic in a’, the roots of which are given by 
Qa? = + V (Lp? + R?) (C’p? + K*) + (KR — Clip’). 


Since a? must be positive, a being a real tit itive si 
nus g quantity, the positive sign 
is taken. Similarly we may solve for b. : 


‘Then— 
2a? = / (Lip* + B*) (O'p" + K*) + (KR — LOp’) . . (ix) 
2b? = / (Lip? + R*) (Cp? + K?) — (KR — LCp’) . . (x) 


The problem of the propagation of electrical currents in cables was 
first solved by Lord Kelvin,’ but the inductance and leakance were 
there left out of account. The matter was rectified by Oliver Heavi- 
side, who obtained the equations (i) and (ii). ~ 

When L and K are omitted, 


2a? = RCp = 26, 
.. from (vii) and (viii), E = Eye~V "2 cos (pi-V 2), 
and, [= = eV Se cos (pt-V Pa). 


The velocity of propagation is in this case ee am and the attenua- 
tion constant nee Bee 


‘ Sir W. Thomson, Mathematical and Physical Papers, vol. 2. 


ee 
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Telephone Circuits.—The frequencies of oscillation used in tele- 
phony are limited by the range of the human voice. Thus several 
hundred per second is the order of frequency of most importance. If, 
in transmitting a complex wave such as that produced by the human 
voice, the simple waves into which it may be resolved are not all trans- 
mitted with the same attenuation, the quality of the wave received at 
the end of the cable will differ from that transmitted. Since the 
attenuation depends upon the frequency, the distortion produced may 
have a more disturbing effect than the actual dying away with distance 
of the amplitude of the wave. 

In the case of submarine and underground cables, where the conduct- 
ing wire is surrounded by a conducting sheet, and separated from it by 
some insulating material, the capacity is relatively great and the 
inductance small. 


Then, 2a? = RA Cp? + K? + (KR — LCp’). 


In this case ib is an advantage to increase K, the leakage from the 
cable, for this will make the attenuation constant less dependent upon 


the frequency #. A reduction in R will in all cases reduce the 


attenuation factor. Hence the advantage of making the cables to 
have as low a resistance as possible. We may consider the attenuation 
to be the result of the loss in energy of the wave on account of the 
ohmic resistance of the conductor in which the current is flowing, and 
hence the advantage of low-resistance cables. 

It has been suggested by O. Heaviside that a distortionless cable 
might be constructed by increasing to a suitable extent the amount of 
leakance. 


ey BED : 
Amongst other suggestions we find that of making L7G: 


which case equation (ix) becomes 


a? = aa = ae = KR, 
and (x) becomes 20? = LC. 2p’, 
and, b= pv LC. 
In this case the attenuation factor is constant, and the velocity 
z is Re The waves in this case are transmitted without distortion. 


In cables, R and C are the most important terms, and it is therefore 
necessary to increase L and K. The latter is easy, for it is avy 
necessary to diminish the insulation. To increase L, the method o 
adding inductances at intervals by introducing a number of ae 
surrounding an iron core is commonly adopted, and EH. Soleri* an 


1 B, Soleri, Atti dell’ Assoc. Hletir. Ital., 12, p. 181. 1908, 


“~ 
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M. Miniotti! have suggested the use of a strand of iron wire in the 
cable, the high permeability of which produces the desired increase in 
inductance. 

High Frequency Circuits ——When the mage aeh, of oscillation in — 
a circuit is of the order occurring in the case of Hertz’s oscillators, the 
quantities Lp? and C’p? are so great in comparison with R* and K’, 
that the latter may be neglected. The equations to the waves of 
potential and current are then very much simplified, for equations 
(ix.) and (x.) become 

2a? = KR 

and 20? = 2LCp? 


since in the equation for b, KR may be neglected in comparison with — 
2LCp*. Then from (vii) and (viii), 


= KR = 
E= fe-V cos (pt — / LCp*x), 
= KR —— 
and, I= ic-V Se cos (pt — »/ LCp*x). 


from which we see that the velocity of propagation is now Vie that 


is, it is the inverse of the oscillation constant (4/ LC) of the cable. 

Steady Oscillation in Wires.—In a comparatively small length of 
wire, such as the antenna used in wireless telegraphy, the effect of 
attenuation is very small, and the last equations may without sensible 
error be written— 


E = E cos (pt — 7 LOp’a) 


and, =T cos (pt — 1 LOp*x). 
And from p. 453 we see that I lags behind E by an angle 
gan eh 


When Lp is very great in comparison with R, and Cp in comparison 
with K, which will be the case for very rapid oscillations, 6, = 90° and 


6, = 90°, and in the limit ¢ = 180°. And further, Gets} 


: Lip +R, 
becomes we C 
ie 


maw {0 ee 
ce B/° cos (pt — 7 LCp*x — 180°). 


By a process of reasoning very similar to that on p. 431 

; we 
show that on reaching the end of the wire reflection pares : but the 
reflection may occur under two different conditions. If the wire ends 


* M. Miniotti, Atti dell’ Assoc. Elettr. Ital., 12, p. 193. 1908, 
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in a massive conductor, or is earthed, the electrical intensity, in this 
case H, is reduced to zero at this point, with production of a reversed 
wave travelling back along the wire, the equation of which is 


E = — E cos (pt + / LOp’2). 


On the other hand, if the end of the wire is insulated, the current 
is here reduced to zero, and the reversed current wave is 


ne C i 3s 
I=- E/¢ cos (pt + MV Lp — 180°). 


In the first case the end of the wire is a node with respect to H, 
and in the second a node with respect to I. In either case the corre- 
sponding equation for I or E may be found. 

The problem of the mode of electrical vibration in a wire is very 
similar to that of a sound-wave in an open or closed pipe. The 


reflected wave I = —E. We : cos (pt + / LCp%x — 180°) and the direct 


wave l= E cos (pt — 7“ LCp’w — 180°) combine to produce the 
vibration 


l= E./ 2 fcos (pt —180°— / LCpx) — cos (pt—180° + v7 LCp*x)t 
= 25 . sin 7 LOp*s sin (pt — 180°). 


This is a steady vibration of the type I’ sin (pt — 180°), where 
T’ = 26. 2 sin 7 LOp’z, and all points are in the same phase at the 


same time. The wave-length of the dis- 


turbance is cae and when the length 


WV LOp” i 
of the wire is a quarter of this, the re- ! 
flected wave on arriving at the starting ! 
point has traversed half a wave-length, ' 

! 
U 
J 
' 


and is in phase with the wave then 
starting. The state of affairs is similar _ 
to that in a closed organ pipe sounding 
its fundamental. For a steady vibration 
the length of the wire must be (i) (ii) (iii) 

ee ee Fia. 390. 

QT LOp? Ba LOp 2 LOp™ 

i : -length 

t is, a quarter, three quarters, five quarters, etc., of the wave-leng 

ee okeniceina that the free end of the wire musb 
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be a point of maximum variation of potential and the earthed end 
a node, we see that three of the possible modes of oscillation in an 
antenna or Marconi aerial are indicated in Fig. 390, the amplitude of 
the current at each point by the dotted line, and that of the potential 
by the full line, but their relative phases are not indicated. 

Professor J. A. Fleming,’ using a helix instead of a straight wire, 
in which case the capacity and inductance per unit length of the helix 
determine the velocity of propagation, has found the position of the 
nodes and antinodes for a series of oscillations, including the 
fundamental and the first five harmonics. The wave-lengths 
are therefore 41, 41, #1, #1, #1, and +41, where /-is the length of the 
solenoid. The oscillations were produced in a closed oscillatory circuit 
consisting of two condensers and a variable inductance L (Fig. 391). 


Fia. 391. 
(From Fleming’s ‘‘ Principles of Electric Wave Telegraphy.”) 


One end of the helix is joined at the point H to the oscillatory circuit. 
To detect the nodes, a narrow tube containing the gas neon at low 
pressure is placed over the helix, the direction of the tube being at 
right angles to the axis of the helix. The neon tube is not luminous 
over a node of potential, but at other points it glows with a bright 
red-orange luminosity. It was found that the nodes are not quite 


equally spaced along the helix, being a little further apart near ~ 


the oscillator than near the free end of the helix. 

Lecher’s Wires.—The method of employing the steady oscillations 
set up in a wire to find the velocity of propagation was first used by 
Sir Oliver Lodge (p. 434), who succeeded in showing that the velocity 
of propagation of the wave is equal to that of light. This method was 
also used by Hertz and afterwards modified by Sarasin and de la Rive, 
while E. Lecher’ gave it the form shown in Fig. 392. 

One coat of the condenser C, is connected to the wire AX, and one 
coat of the C, to BY, the remaining coats being connected to the 
spark balls and to the induction coil. The variations of potential at 
C, start waves which travel down AX, and those at C, start similar 


1 J. A, Fleming, Phil. Mag., 8, p. 417. 1904. 
* Hi, Lecher, Wied. Ann., 41, p. 850. 1890, 


Eo 
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waves in opposite phase down BY. It should be noted that in this 
case the wires are electrostatically coupled to the oscillator, in distine- 
tion to the magnetic or transformer coupling more frequently employed. 


Fig. 392. 


There will consequently be a point of maximum variation of potential 
at each end of the wires, which therefore behave in an analogous 
manner to the open organ-pipe in the acoustical problem. Remember- 
ing that the wave along AX 
starts in opposite phase to that 
along BY, we may represent 
the fundamental steady vibra- 
tion by the full-line curves in 
Fig. 393, and we see that nodes 
are situated at Cand D. The Fic. 393. 
first harmonic is given by the 
dotted curves, the nodes occurring at EF and GH. The nodes are 
found by placing a vacuum tube across the wires; this glows most 
brightly at the antinodes and ceases to glow at the nodes. A neon 
tube is most effective If the conducting bridge PQ be placed across 
the wires, the variations in potential between X and Y will be a 
maximum when the bridge is situated at one of the nodes, in which 
case the wires may be looked upon as two circuits XPQY and 
C,APQBC,, having a common part PQ. 

Cymometers.—The name “cymometer” has been given by Prof. 
J. A. Fleming to an apparatus for measuring the frequency of electrical 
oscillations. The earliest form was used for finding the frequency of 
oscillations in a circuit by connecting one end of a helix to a point of 
the circuit, a condenser being introduced at the point of contact. A 
sliding contact earths a point on the helix, and the contact is moved 
until two loops of the steady oscillation curve can be located by means 
of the neon tube. The wave-length d in the helix being therefore 


known, and the velocity of propagation in the helix being VEG” 
i Deog| 


where 1, and C, are the inductance and capacity per unit length of it, 
we obtain for the frequency (n) ; 


L | ry 
r 
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Or the cymometer may be calibrated directly by finding the wave 
length A in the helix corresponding to the oscillations in a circuit of 
known capacity and inductance. 

A more recent form of the instrument is shown diagrammatically 
in Fig. 394. The condenser IO is of the cylindrical pattern, the 
dielectric being a tube of ebonite. The outer coating OO slides easily 
on the ebonite tube, and attached to it so as to slide with it is a con- 
tact maker, K, which moves along the helix LD. The inner conductor 
I of the condenser is connected to the end D of the helix by the stout 


Xx ve 


Fie. 394. 
(From Fleming’s ‘‘ Manual of Radiotelegraphy.’’) 


copper conductor A’ABB'CD. By this arrangement the capacity and 
inductance can be diminished, both in the same ratio, by sliding OO and 
K to the right by means of the handle H. When the conductor ABC 
is placed near the circuit XY in which oscillations are occurring, forced 
oscillations occur in the circuit of the cymometer, which reach a 


maximum when its natural period of oscillation is the same as 


1 
Qa LC 
that of the oscillations to be measured. The current in the cymometer 
is then a maximum, and this condition is indicated by the glow ina 
neon tube connected to the coatings of the condenser. The position of 
the pointer on the scale S for this condition is found by trial, and the 
scale having been previously calibrated in frequencies, that of the 
oscillatory circuit is known. 

Another device for indicating the condition of syntony, or maximum 
current in the cymometer, consists in inserting a short length of high- 
resistance wire somewhere in the part ABC of the circuit, and placing 
in contact with it a thermal junction of bismuth and iron, in series 
with a low-resistance galvanometer. The point of resonance is then 
indicated by the galvanometer deflection being a maximum. This 


Bei iia 
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arrangement is shown in Fig. 395, in which a cymometer having 
two condensers in parallel is indicated. 

_ The cymometer of this kind has the great advantage that, not 
being connected with the circuit the frequency of whose oscillations 
is to be measured, the disturbance produced by the instrument itself 


Fie. 395. 


is inappreciable. This form of instrument has been designed for the 
measurement of frequencies from 50,000 to 5,000,000. 

Other forms of cymometer have been designed, but for their 
description the student is referred to 
the larger works on radio-telegraphy. 

The cymometer may also be used for 
comparing small inductances with corre- 
sponding small capacities, for if the two 
are connected in series with a spark gap, 
as shown in Fig. 396, and the conductor 
of the cymometer placed near the induct- Fig. 896. 
ance, then, on causing oscillations to occur 
in this circuit, the cymometer may be tuned to syntony with the oscil- 
latory circuit, and the frequency, n, therefore found. 


iy 
* Ir LC" 


Then, n 


Tf either L or C be known, the other may then be calculated. 

Determination of Dielectric Constant by Oscillations.—The 
natural period of oscillation of a circuit, since it depends upon the 
capacity in the circuit, affords a means of determining the latter when 
the period of oscillation can be found. Prof. J. J. Thomson! employed 
a parallel plate condenser, A (Fig. 397), near the plates of which are 
two flat conductors, E and F, to which the parallel wires EG and FH 
are connected. At each spark discharge at S, oscillations occur, and 
the periodic difference of potential between E and F originates waves 


1 J, J. Thomson, Phil. Mag., 80, p. 129. 1890. 
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hich travel down EG and FH. One of the spark knobs at S' is con- 
Sosa re the wire EG at L, and the other toa movable contact M 
such that no spark occurs at S’. Then M is always in opposite phase 
L. Similarly, a neighbouring point N is found for the same condition 
to be fulfilled. The distance MN is therefore one wave-length, since 
the phases at M and N are always the same. : 
The space between the plates A is now filled with the dielectric to 


Fie. 397. 


be examined, and a new length M’N’ found, to correspond to the new 
wavelength \’. Since the velocity of propagation of the wave in the 
wires is constant, 


mn. =n = V. 
1 i, 
Hob 5 /TOLe a ce 
A C AE Sy 
y= gq» and since C, = KO, V= VP 


where & is the dielectric constant to be found. If the capacity C, of 
the rest of the circuit is also to be taken into account, 


Dn ca Ga 
\ — iC -+- C,’ 


Also, using parallel wires, Lecher* found the length of the wires, which, 
together with the condenser, form a circuit which is in syntony with a 
given source of oscillations. When the tube A containing a rarefied 


gas is laid across the Lecher 

wires it glows, unless the 

B A conducting bridge is laid 

¢ upon the wires. It then 
ceases to glow, but for one 

| particular distance, BC, the 
wires and condenser form 

Fic. 398. a circuit which “ resounds ” 

to the given oscillations and 

A again glows. The plates of the condenser C are adjustable, and 
in introducing the dielectric between them, A ceases to glow, but the 


1 E. Lecher, Wied. Ann., 42, p. 142. 1891. 
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_ plates are pushed together through a known distance until the initial 


value of the capacity is restored, as will be indicated by A again 
glowing. . The dielectric constant of the medium may then be calcu- 
lated as on p. 166. 

The cymometer may also be employed in determining the dielectric 
constant, particularly in the case of liquids, for the capacity of a con- 
denser may be measured when air is the dielectric, and the air then 
replaced by the liquid whose dielectric constant is required, and the 
capacity again measured. 

Coefficient of Coupling.—In the case of a transformer, the mutual 
inductance M is always less than the quantity WY L,L,, where L, and L, 
are the self-inductances of the primary and secondary coils (see p. 363). 


is called the coefficient of coupling of the primary 


The quantity 


i -2 
and secondary circuits. It may be found’ by means of ‘the cymometer 


by the aid of a standard condenser. On joining the two coils of the 
transformer in series we have an effective inductance of L, + 2M + L, 
or L, — 2M + L,, according to whether the conuection is such that the 
mutual inductance produces an effect which helps or opposes that of 
the self-inductance. These two quantities may be found by means of 
the cymometer as described above, and also the larger of the two 
self-inductances. 


Then, if 
and 


iP 
Q 
then, M = 
L 


and L, + 


and, coefficient of coupling = 


Wy A LL, 


1 J, A, Fleming, Proc. Phys. Soc., 19, p. 603. 1905, 


CHAPTER XV 
CONDUCTION IN GASES 


Spark Discharge.—The passage of an electric current across an air 
gap between two metallic conductors has been mentioned several 
times. At the atmospheric pressure, the difference of potential between 
the conductors required to start the current is quite different to that 
required to maintain it, and depends upon the shape of the electrodes 
employed. A sharp point facilitates the discharge, as we should expect 
from the fact that the potential gradient in the neighbourhood is 
usually very great (p. 138). It is therefore necessary, when making 
measurements of sparking potential, to use for electrodes, polished 
spheres of diameter which is considerable in relation to the length of 
the spark gap. The low resistance of the gap found in the experi- 
ments on oscillations (p.“447) bears no relation to the potential differ- 
ence required to start the discharge, for when the current has passed — 
for a short time, the gap is occupied by a quantity of highly conducting 
material derived partly from the gas and partly from the metallic 
electrodes. 

It is therefore evident that Ohm’s law is not applicable to the dis- 
charge; we must leave until later, an examination of the relation 
between electromotive force and current. 

The difference of potential between the electrodes required to start 
the discharge, and known as the spark 
potential, is independent of the metal 
of which the electrodes:are made, ex- 
cept in the case of aluminium and mag- 
nesium, which metals have, under 
similar conditions, a less spark poten- 
tial than the others, and for moderately 
great spark lengths the equation 

Fia. 399. V =a-+ bd represents fairly well the 

relation between spark potential V and 

spark length d. For the measurement of d, some form of spinterometer 

(Fig. 399) is employed, in which one of the knobs is made to travel by 

means of a micrometer screw. The potential difference is measured by - 

means of an electrostatic voltmeter. The apparatus requires modifi- 
cation when the spark potential in a gas other than air is required, 
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As the spark becomes very small, the spark potential again increases, 
and has therefore a minimum, which occurs at some particular spark 
length whose value varies inversely as the gas pressure. At the atmo- 


~ speric pressure this critical spark length is about 0:01 millimetre, and 


is therefore difficult to measure’; but by lowering the pressure to about 
a.millimetre of mercury, the critical spark length becomes of the order 
of 8 mm., and may then be easily measured. The curve in Fig. 400 
indicates roughly the relation between V and d for very short gaps. 
The fact of the existence of the critical spark length may be shown by 
bringing the spark knobs together until their nearest points are at less 


1500 


500 


‘@) a Press. it mm. 
x Fie. 400. _  Fia. 401. 
than the critical distance apart. The spark will not then take place 
between the nearest points, but will move to a place where the distance 


_ apart of the spherical surfaces is the critica] distance. 


As the pressure is varied, the spark potential at first falls and then 
rises, a minimum occurring at some pressure called the critical pressure. 
The mode of variation of potential difference and pressure for a 
moderate spark length of 3 mm. is shown in Fig. 401. 

- Paschen’s Law.’—According to Paschen, the spark potential is 
proportional to the amount of gas between the knobs, that is, to the 
product of spark length and gas pressure. His measurements were all 
made at pressures above the critical pressure. Carr’ has shown that the 
law holds good also at pressures below the critical pressure. Hence, if 
the relation between spark potential and pressure be known for one 
spark length, it may be calculated for all others. 

Discharge at Low Pressure.—The measurements concerning the 
electric spark which we have described above, do not involve any 
detailed knowledge of the processes going on, and we should probably 
still be in ignorance as to their nature if it were not for the Sprengel 
air-pump, the first to allow the attainment of very low pressures in 
glass bulbs. 

Paschen, Wied. Ann., 87, p. 69. 1889. 


1 F, 
2 W. RB. Carr, Proc. Roy. Soc., 71, p. 874. 1908. 
25 
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If the discharge between two conductors be maintained by means 
of a source of sufficiently high electromotive force, while the air pres- 
sure be continually reduced, the crackling nature of the discharge will 
after a time cease, and its path broadens out, giving a silent streamer 
whose colour varies with the gas employed, but generally changes from 
the white of the discharge at atmospheric pressure. At this stage a 
difference between the two ends of the discharge is noticeable, a dis- 
continuity near the kathode being observable, This difference between 
the two ends becomes more accentuated as the pressure is further 
decreased, and the main part of the discharge will soon be seen to 
become stratified, and consist of layers of luminosity, separated by 
dark spaces. At a pressure of about 0-11 mm. of mercury, the dis- 
charge in hydrogen has the typical form shown in Fig. 402 (i), after 
De La Rue and Miller,’ but the actual appearance of it cannot be 
described ; it must be seen to be appreciated. 

The discontinuity already observed near the kathode has increased 
considerably in size, and is called the Faraday dark space. Between it 
and the kathodé is a luminous space called the kathode glow, and 
between this and the kathode may now be seen a sharply defined dark 
space called the Crookes or kathode dark space. The positive column 
consisting of the striations extends from the Faraday dark space up to 
the anode. 

On further reduction of the pressure, the scale of the phenomenon 
is enlarged, the growth taking place from the kathode, and the positive 
column getting shorter and shorter and eventually disappearing as the 
Crookes dark space and the kathode glowexpand. Fig. 402 (iv) shows 
the condition of the tube when there are still eight striations remain- 
ing, the pressure being then reduced to 0°037 mm. The phenomena at 
the kathode appear to be essential to the discharge, the positive 
column being accessory. At high pressures the separate parts of the 
discharge are so minute that their structure cannot be observed, but 
as the pressure is reduced, the mean free path of the molecules of the 
gas is larger, and the phenomenon of the discharge occurs on a larger 
and larger scale. : 

The boundary of the Crookes dark space is always luminous. When 
the boundary lies within the gas, we get there the kathode glow, but 
on reducing the pressure until the Crookes dark space extends to the 
glass walls of the tube a bright phosphorescence is seen, the colour of 
which depends upon the nature of the glass of which the tube is made. 
It is a bright yellow-green in the case of soda glass, and a grey-blue for 
lead glass. Many minerals exhibit brilliant phosphorescence of various 
colours, when situated in this dark space. 

The whole of the time that the pressure has been falling, the resist- 
ance of the tube has been decreasing. The fall of potential required 
to produce the discharge gets less and less, until the Crookes dark space 


1 W. De La Rue and H. W. Miiller, Phil. Trans., 169, p. 155. 1878. 
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reaches the walls of the tube ; but an increase in the discharge potential 
then begins, and at the highest vacuum attainable it is almost impos- 
sible to get a discharge through the tube. ; 

Kathode Rays.—The phenomena occurring in the kathode dark 
space appear to be produced by something emitted by the kathode and 
travelling with great velocity, to which the name of kathode rays has 
been given; they were investigated systematically by Sir William 
Crookes. We will here note, in addition to their power of exciting 

hosphorescence, some important properties. ; 

(i) The kathode rays travel in straight lines ; which fact may be 
observed by placing an obstacle 
in their path. Crookes placed 
a mica vane in the shape of a 
cross in the tube (Fig. 403), 
which will produce a dark 
shadow of its own shape upon 
the wall of the tube. By shaking 
down the cross after the phos- 
phorescence has been produced 
for some time, the shape will 
still be seen, but it is now 

Fic. 403. brighter than the surrounding 

parts of the glass, showing that 

after a time the glass surrounding the shadow has become “ fatigued ” 
by exhibiting the phosphorescence. 

(ii) A body placed in the path of the rays experiences a mechanical 
force acting in a direction away from the kathode. If the rays impinge 
upon the upper face of the little mica mill wheel (Fig. 404), which is 
mounted upon an axle runing upon horizontal rails, the wheel is rotated 
and may be driven from 
one end of the rails to 
the other. Sir J. J. 
Thomson has shown that 
the effect is not a purely 
mechanical one, the mo- 
mentum of the rays being 
insufficient to produce 
the observed effect, but 
is probably due to the 

Fig. 404. heating of the side of the 
Bok mica upon which they 
impinge, the phenomenon being similar to that in the Crookes 
radiometer. 

(iii) The rays produce heat when falling upon matter. If the 
kathode be concave in form, the rays being emitted normally from it 
are brought toa focus, and a thin piece of platinum or other substance 
may be raised to incandescence if situated at this point. 


. ae 
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(iv) Kathode rays are deflected by a magnetic field exactly as an 
electric current would be; that is, they are moved in a direction at right 
angles to their own path and to the magnetic field. This effect 
may be exhibited by using a tube such as that shown in Fig. 408, where 
the beam of kathode rays may be deflected up or down by means of a 
magnetic field, the motion being observed by watching the position of 
the phosphorescent patch where the rays fall on the wall of the tube. 
On bringing the pole of a bar magnet near the tube, the beam becomes 
curved upwards or downwards according to the sign of the pole 
employed. The direction of deflection is indicated in Fig. 408. It 
may be determined by the left-hand rule given on p. 239 if the sign of 
the current from the kathode be taken as negative. 

(v) The rays are accompanied by anegative charge. Perrin’ allowed 
the beam of kathode rays (Fig. 405) to pass into a hollow metallic cup, 
A, connected with an electrometer or electroscope. The instrument 


Fia. 405. 


rapidly receives a negative charge ; but a limit is soon reached owing to 
the gas in the discharge tube becoming conducting. If the sheath B 
be the kathode, and D the anode, A then acquires a positive charge, 
showing that positively charged bodies are moving in the opposite 
direction to the kathode rays. This point will be dealt with later. 

The above effects are explicable on the assumption that the 
kathode rays are streams of electrically charged particles, which 
acquire a very high velocity in the electric field maintaining the 
discharge. These bodies were called negative corpuscles by Sir J. J. 
Thomson, and subsequent investigation has shown that they are of 
very wide occurrence. 

Wehnelt Kathode.—By substituting for the platinum electrode, 
lime or one of the alkaline earths at high temperature, Wehnelt? 
showed that copious kathode rays can be obtained by means of com- 
paratively low voltages. The lime or other oxide which is to form 
the kathode is placed upon a strip of platinum which is heated by 
means of an auxiliary current. Negative corpuscles are emitted by 
the oxide, which render it possible to send currents of 0:1 ampere 
through the tube with a p.d. of 100 volts. The corpuscles emitted 
have, on this account, comparatively low velocities of the order of 
10° cm. per sec. (compare p. 473). 

Rontgen or X Rays.—It was observed by Réntgen that a photo- 
graphic plate situated near a discharge tube of high vacuum, was 


1 J, Perrin, Comptes Rendus, 121, p. 1130. 18965, 
? A, Webnelt, Phil. Mag., 10, p. 80, July, 1905. 
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affected as though it had been exposed to ordinary light. Investiga- 
tion showed that the emission which produced this effect proceeded 
from the walls of the vacuum tube upon which the kathode rays 
fell. Owing to their unknown nature Réntgen called them “ X” rays, 
and the name Réntgen rays has also been given to them. 

In’ addition to producing photographic effects, the Réntgen rays 
excite phosphorescence in many substances, notably, the platino- 
cyanides. Hence, a sheet of cardboard covered with a layer of barium 
platino-cyanide forms a convenient arrangement for rendering the 
presence of the rays obvious. 

The Réntgen rays are not refracted on passing from one medium 
to another, thus differing from ordinary light waves ; and. they are 
also unaffected by a magnetic field, which fact differentiates them from 
the kathode rays. Their most important characteristic, apart from 
their power of exciting phosphorescence, is their penetrability for 
ordinary matter. The absorption of the rays by matter is dependent 
upon the density of the body upon which they fall, and hence the 
well-known application of the rays for producing shadows of the bones 
in the human frame, the flesh and portions of less density being the 
more transparent for them. 

The rays produced in different vacuum tubes differ in character, 
the penetrating power being greater when the vacuum is higher. 
The highly penetrating rays from the tube of high vacuum are often 
spoken of as “hard” rays, and the relatively less penetrating rays 
from a tube of not so high a vacuum, as “soft” rays. 

The explanation of the Réntgen rays given by Sir George Stokes 
is that they are electrical impulses of exceedingly small thickness pro- 
duced by the sudden stoppage of the negative corpuscle of the kathode 
ray on meeting an atom, It was shown by Heaviside (p. 531) that 
on the sudden stoppage of an electric charge, a plane sheet of electro- 
magnetic impulse continues to move forward with the velocity of light. 
This explanation is incomplete, as it is now known that they are of 
the nature of light waves of very short wave-length (p. 562). It is 
supported by experiments of Blondlot,! which tend to show that the 
velocity of the Réntgen rays is equal to that of light. Also it is found 
that the higher the vacuum in the tube from which the rays arise, the 
greater is their penetrability, which would follow from the fact that 
the higher the vacuum the higher is the voltage required to produce 
discharge, and therefore the greater will be the velocity of the negative 
corpuscles in the kathode rays (also see p. 530) and the less the 
interval of time in which they are brought to rest. 

That the Réntgen rays arise at the point where the kathode rays 
strike a solid obstacle may be seen from the fact that the shadows 
cast by the rays arising where the kathode rays strike the walls of a 
vacuum tube are blurred; but if a concave kathode be used, and the 


1 R. Blondlot, Comptes Rendus, 185, p. 666. 1902, 
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kathode rays thereby focussed on a platinum plate A (Fig. 406), and 
a photograph obtained by placing a sheet of tinfoil, C, having a number 
of pinholes made in it, over the 


photographic plate D, then, on . 
developing D and replacing it, it K 

will be found that the lines fe, hg, "aX 

etc., when produced backwards, ey, 


converge upon some point A, show- 


_ing that the Réntgen rays pro- Penne ak 
ceeded from this point. The tube “aie a 
shown is of the type generally rs a } is H \ 
employed for producing photo- fet Sp 


graphs, as the smallness of the Fia. 406. 
source of the Réntgen rays 
renders it possible to produce shadows having extremely good definition. 

Secondary Rontgen Rays.— When the Réntgen rays fall upon any 
material, other rays of a similar character arise, to which the name of 
“ Secondary X Rays” has been given. It was found by Sagnac’ that 
when Roéngten rays fall upon a metal, they give rise to secondary rays, 
but that these secondary rays have less penetrating power than the 
primary rays, and Curie and Sagnac? found, further, that these 
secondary rays from the heavy metals carry a negative charge and 
leave a positive charge upon the metal, Professor Barkla * found that 
all gases, upon which the Réntgen rays fall, emit secondary rays of the 
same penetrating power as the primary rays, and that the secondary 
rays from solid substances are sometimes polarised. It is now known 
that three kinds of ray are emitted, namely, scattered X-rays, charac- 
teristic X-rays which differ for different materials, and corpuscular 
rays consisting of negatively charged bodies. 

It has been found that the intensity of emission of the corpuscular 
rays is greater the higher the atomic weight of the material. They 
are not emitted uniformly in all directions, being most freely emitted 
in a direction perpendicular to that of the X-ray beam. Their velocity 
does not appear to depend much upon the nature of the metal from 
which they arise, nor upon the distance of the X-ray tube from the 
material. For a number of different metals, including zinc, platinum, 
and lead, the velocity of these negative corpuscles ranges between 
6-0 x 10°cm. per sec. and 8°3 x 10° cm. per sec. It is thus about 
twice as great as those for the kathode rays given on p. 473. 

For an account of characteristic secondary radiation see Appendix, 

. 561. 
z Determination of Velocity and Ratio of Mass to Charge of the 
Corpuscles constituting the Kathode Rays.—On the assumption that 
the kathode rays consist of negatively charged corpuscles moving with 
1G, Sagnac, Comptes Rendus, 125, p. 942. 1897. 
2 P. Curie and G. Sagnac, Journ. de Physique, 1, p. 18, Jan, 1902. 
20. G. Barkla, Phil. Mag., 5, p. 685 (1903); 11, p. 812 (1906); and P. Roy. 
Soc., 77, p. 247 (1906). 
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high velocity, it becomes necessary to determine the three quantities, 
velocity, mass, and charge associated with the corpuscle. — The 
velocity and the ratio of mass to charge may be determined without 
great difficulty, but the determination of the actual mass and charge is 
more troublesome. : 

If e be the charge associated with the corpuscle, and »v its velocity, 
we may consider it to constitute a current of strength ev. Ina 
magnetic field of strength H, at right angles to the direction of 
motion, the force acting at right angles to both field and current is _ 
Hey. A body which experiences a force always at right angles to its 


direction of motion describes a circular path, and the normal aecelera- 
fs . mv 
tion being , where r is the radius of the path, the force is =m 


being the mass of the body. Hence the equation of motion for a 
corpuscle in a magnetic field is 


mv 
— = Her, or, — = Hr. 
e 


If, then, the stream of kathode rays produced by the kathode K, 
(Fig. 407), and limited by the metal blocks A and B having horizontal 


Fic, 407. 


slots, pass through a magnetic field restricted to the circular space MM, 
then in passing through the field they will describe arcs of circles, the. 
radius of which may be determined from the difference in position, 
PQ, of the patch on the phosphorescent luminous screen when the 
magnet field is on and when it is off. Thus H andr being known, 


the quantity an can be found. 


Again, if the rays in their path have to traverse an electrostatic 
field due to the plates EK and F maintained at a high difference of 
potential, the corpuscles experience a force eV while in the field, V 
being the electric intensity between the plates. If this electric field 
be at right angles to the magnetic field of the last experiment, and its 
intensity be arranged so that the force on the corpuscles is equal and 
opposite to the magnetic field, eV = Hey, or ae =v, and the corpuscle 
will now be undeviated so long as it is passing through the two fields. 


\ 
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Eeeiect. The thin beam of ka- 
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The fields are arranged to oceupy the same part of the path, and are so 
varied in strength that the phosphorescent patch occupies its undis- 
turbed position at the end of the tube. We then have v = a and the 
velocity of the corpuscle is known. From the first experiment with 
the magnetic field alone, = is known, and therefore ~ can be 


calculated. 
By this method Sir J. J. Thomson,! to whom the method is due, 
obtained the following results :— 


Gas. v. “a Gas. v = 
Air 2 28 X 10° | 13x 10-7 | Air?, 6 || Busy Alay TOR! 
Air 2°8 x 10° 1-1 x 10-7 | Hydrogen. 2°5 xX 10° 1:5 x 10-’ 
Air 2-3°X< 10° LD KX A0=7 Ons 2-2 < 10° 1:5 X 10-7 
Air? 3°6 X 10° ox 10-" 


The values of v vary, as would be expected, since » depends upon a 
number of conditions, but the values of = do not differ very much from 


the mean, 1:3 x 10-’, which indicates that the corpuscles are of the 
same kind whatever the gas employed, or the metal used for electrodes. 


Determination of ~ and v by Energy of Rays.-—Sir J. J. Thomson * 


obtained measurements of 
these quantities by another 
method. The charge carried 
by a beam of the kathode 
rays in a given time is deter- 
mined by means of the electro- 
meter, and the energy of the 
beam by means of its heating 


thode rays is deflected into a Fig. 408. 

metallic cup A (Fig. 408) by 

means of a magnet. If N corpuscles enter the cup per second, then Ne 
is the charge given to the cup per second. Calling this Q, we have 
Ne = Q, and Q is measured by the rate of change of potential, as 
indicated by the quadrant electrometer, the capacity of the system 
being known. 

1 J. J. Thomson, Phil. Mag., 44, p. 2938. 1897. 


2 Platinum electrodes, the others being of aluminium, 
3 J. J. Thomson, loc. cit. 


474 ELECTRICITY AND MAGNETISM OHAP. 


rays on entering the cup fall upon one junction of a thermal 
pans pete with a ae ies so that the rate of rise in tempera- 
ture of the junction due to the bombardment by the rays could he 
determined. If, then, the heat capacity of the thermal couple can be 
estimated, the energy per second, W, given up by the rays 1s known. 
If, again, N be the number of corpuscles falling on the junction per 
second and 4mv* the kinetic energy of each, and if the heat produced is 
derived from the kinetic energy of the corpuscles— 


gmv’N = W. 
Eliminating N from this and the last equation, we have— 


m 
pmo? <5 or, = Qo = 2 W.. 


Now, from the experiment on the curvature of the path in the magnetie 
field we have— 


v= Hr 
e 
2W 
ee. Qvu= he 
2W 
or, v= QHr 
m  Q(Hr): 
and, aaa gle 


The mean value obtained by this method is = = 0°86 x 10-7, the 


difference between this and the results on p. 473 being probably due to 
uncertainty in the thermal measurements. 


This ratio “ given by these methods, or the mass associated with 


unit charge, plays a part similar to that of the electro-chemical equi- 
valent in electrolysis. Remembering that the same quantity for 
hydrogen is 0:0001044, we see that for the kathode rays the electro- 
chemical equivalent is of the order of +3; of that for hydrogen. Three 
possibilities then present themselves: (i) there may be no simple 
relation between the mass of the hydrogen atom and of the corpuscle of 
the kathode rays on the one hand, or between the charges carried by 
them on the other; or (ii) if the masses are of the same order, the 
charge carried by the corpuscle is of the order of 1000 times that 
carried by the hydrogen ion in electrolysis ; or (iii) if the charges are 
of the same order, the mass of the corpuscle is of the order of ;25 that 
of the hydrogen atom. The question can only be settled by further 
experiment (see p. 486), but we may anticipate so far as to say that 
(iii) ultimately turned out to be near the truth. There is now every 
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_ reason to believe that the electric charge met with in the case of the 
_ electrolytic monovalent ion and in the corpuscle of the kathode rays is 
~ the ultimate and indivisible unit of electricity. Whether the corpuscle 
_ of the kathode rays is a small portion of “matter” with this charge 
__ associated with it, or whether it merely is the charge, isa question that 
_ We cannot enter into now. The name of Electron was suggested by 
Dr. Johnston Stoney for this fundamental unit of electrical charge first 
_ met with in the kathode rays, and the name is now universally adopted. 
We shall presently see that electrons are constituents of all matter, 
and play an important part in phenomena where their presence was 
unsuspected until after their discovery in the vacuum tube. 

Method of Leakage in Ultra-violet Light.—It was found by Hall- 
wachs’ and others, that when ultra-violet 
light falls upon the negatively electrified 7% S' 
surface of a sheet of zinc, the surface 
rapidly loses its negative charge ; but if it 
be positively charged, there is no loss. This 
is explained if negative corpuscles are de- 
tached by the ultra-violet light from the 
surface, their repulsion from the negatively 
charged surface constituting the loss which 
is observed to take place. When the 
surface is positively charged the corpuscles 
are not driven away, and there is of course 
no loss. 

Sir J. J. Thomson’ made use of this 


m 
phenomenon to determine the value of — 


enn 


for these corpuscles, and found it to be of o x 
the same order of magnitude as for those Fie, 409. 
in the kathode rays, which makes it 
presumable that the two are identical in kind. | : 
A magnetic field, H, parallel to the negatively charged surface is 
maintained, and the paths of the corpuscles are thereby modified. 
Taking the value of the electric intensity due to the charge on the 
surface as V, the force on each corpuscle due to this field is Ve and is 
directed away from the surface, since the charge of the corpuscle is 
negative. If the magnetic field H be directed from front to back 
(Fig. 409), the force on the corpuscle is Hev and is directed downwards. 
After leaving the surface the velocity will no longer be normal to it. 
Taking the axis of x normal to the surface and the axis of y 
parallel to it and perpendicular to the magnetic field, the component of 


d . dy 
velocity parallel to Om is es and that parallel to Oy is dt? and the 


1 W. Hallwachs, Wied. Ann., 88, p. 301. 1888. 
2 Sir J. J. Thomson, Phil. Maq., 48, p. 547. 1899. 
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& ri 
corresponding accelerations are a and =a . If m be the mass of the 
corpuscles, the forces parallel to Ow due to the fields are Ve and 


tee 
He. and these are together the resultant force m7p acting on 


y 
dt ’ 
the corpuscle in the # direction. Applying the left-hand rule of p. 239, 
and remembering that the moving corpuscle corresponds to a negative 
current, we see that the corpuscle when moving downwards experiences 
a force directed towards the plate, due to the magnetic field. The force 
equation for the components parallel to Ox is— 


Again, since there is no component of V parallel to Oy, we have for 
this direction the equation— 


The solution of these two simultaneous equations is— 


y (wt — sin wt) 


~ oH 
aah 


hs (1 — cos wt) 


He 
where w = —. 
m 


These are the equations of a cycloid formed by a circle rolling on 
the axis of y; for if P be the point on the circle’ 
when in the axis of y, and P’ the position of the © 
point when the circle has rolled through angle 6 
(Fig. 410), the length AP andthe are AP’ are equal, 
and the co-ordinates of P’ are therefore «= a(1—cos 6) 
and y=af—asin 6. But if the circle roll with 
uniform angular velocity o— 


0 = oat ; 
then, x = a(1 — cos wt) 
y = a(ot — sin wt). 
We see, then, that the moving corpuscle will 
Fig. 410. describe a path similar to that of the point P upon 


the rolling circle, and its distance from the metallic 
surface will therefore never be greater than the diameter of the 
circle. By comparing the two sets of equations, we see that— 


_ 2Vv oes 


2 eee 
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The conductor Oy is a zinc plate illuminated with ultra-violet light, 
for the liberation of the corpuscles. A parallel plate G (Fig. 409), 
connected to an electrometer, rapidly receives a negative charge when 
there is no transverse magnetic field, but with the field the corpuscles 
_ return to the plate Oy, and G does not receive any charge. In the 
position G’, the magnetic field does not affect the rate at which the 
‘ charge is received. The limiting position is found, for which the field 
affects the rate at which G receives charge, and the distance between 


; Vv 
the plates is then 2a = 2° Ae The limiting position is not so 
sharply defined as the equations indicate, but the mean value found for 
< in this way is 1-4 x 10-", which is in fair agreement with the result 


given on p. 473. 


Photo-electricity.—The Hallwachs phenomenon is only one case 
of the liberation of negative corpuscles when light falls upon matter. 
The effect is very widely observed, and to it is applied the term photo- 
electricity. Experiments conducted in a vacuum have given us much 
more intimate knowledge of the process than we had previously, and 
have led to the discoveries that (a) the velocity of the corpuscles 
emitted is independent of the intensity of the light, and (b) the rate 
of emission of the corpuscles is directly proportional to the intensity 
of the light. A measure of the positive potential acquired by the 
illuminated plate enables the velocity of the emitted corpuscles to be 
found, for the emission ceases when the electric intensity produced by 
the loss of negative electricity is sufficient to prevent the further escape 
of the corpuscles. Also the saturation current (p. 479) for a given p.d. 
between the illuminated plate and a parallel plate gives the number 
of corpuscles emitted per second. In the case of the alkali metals 
maximum photo-electric effect occurs for light belonging to the visible 
part of the spectrum. This is probably due to a selective effect for the 
metal, as, for the normal photo-electric effect, the shorter the wave-length 
of the light the greater is the emission. The plane of polarisation of 
the incident light also influences the rate of emission of the corpuscles. 

The photo-electric phenomenon has been shown to be connected 
with those of fluorescence and phosphorescence as well as with that of 
the chemical changes occurring in the photographic plate. The subject 
is now such a large and important one that the student can only be 
referred to such works on it as that of H. S. Allen.’ 

Ionisation Under ordinary circumstances, gases are very feeble 
conductors of electricity, a charged body situated in a gas retaining 
its charge for a very long time. Many agencies, however, render 
the gas a comparatively good conductor, amongst which may be 
mentioned, kathode rays, X-rays, hot bodies, flames, and radio- 
active substances (Chapter XVI.), Further, the conductivity persists 


1H. S. Allen, “ Photo-electricity.” 1913. 
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for a time, but does not last indefinitely. Sir J. J. Thomson and Prof. 
Rutherford! showed that this conductivity may be removed in a 
variety of ways. 

If the conductivity in the neighbourhood of the funnel A be 
produced by means of an X-ray tube enclosed in a box covered with 
lead sheet to screen its direct effect from the electroscope, and 
provided with a window B, then the air drawn through the tube CD, 
into the electroscope by means of an aspirator will cause the leaves to 
collapse, whether the sign of the charge upon them be positive or 
negative. 

A plug of glass wool placed in the tube at C will remove the 
conductivity from the air. The same result is produced if the 


i+ 


conducting air be bubbled through water. Whatever it is that renders 
the air conducting is therefore filtered from it by these processes. The 
conductivity also disappears when an electric current passes through 
the air, which was shown by using for C a metallic tube having 
a wire stretched along its axis, a high potential difference being 
maintained between the tube and the wire. The leaves of the electro- 
scope in this case do not collapse, showing that the cause of the 
conductivity has been removed. It is concluded from this experiment 
that the cause of the conductivity consists in charged particles, since 
they are driven to the sides of the tube or to the wire by the electric 
field, and further, that since the conducting gas as a whole does not 
exhibit electrification, the charged particles have opposite signs, and 
are in equal electrical quantities. These electrified particles are called 
ions, and the process of their production ionisation. 

Conduction in Ionised Gas.—The conductivity of the ionised gas 
may be determined by maintaining two parallel plates between which 
the gas is situated, at a known difference of potential, and the rate of 
change of potential of one of the plates determined by means of the 
quadrant electrometer. 

If the capacity of the plate A (Fig. 412) and the electrometer be 
known, the rise in potential per second enables the current passing 
from B to A to be determined. It is found, on gradually raising the 


1 J. J. Thomson and EH, Rutherford, Phil. Mag., 42, p.892. 1896. 
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applied difference of potential, that at first the current increases almost 
in accordance with Ohm’s law, but the value of the current for further 
rise of potential difference falls below that indicated by Ohm’s law, 
and eventually a value is reached for which the current does not further 
increase. This current is known as the saturation current (Fig. 413), 
and it is not exceeded until the electrical field is strong enough to 


~ eS ae) 
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itself produce ionisation in the gas. When this stage is reached the 
current begins to increase rapidly. 

Saturation Current.—The saturation current depends upon the 
total number of ions between the plates, which in its turn depends 
upon the rate of production of ions and upon the volume of air between 
the plates. For the current i to pass from one plate to the other 


¢ orgie : : a ees : 
— positive ions are driven against one plate, and — negative ions against 
é e 


the other, and if g positive and q negative ions are produced by the 
Réntgen rays in one cubic centimetre per second, the total number of 
each kind produced per second in the space between the plates is qAl, 
where J is the distance apart of the plates and A the area of each, then 


~ cannot exceed qAl, and for the saturation current 


a 
or, gAle = 4, 


The saturation current is therefore proportional to the distance 
apart of the plates, and we have the remarkable result that for the 
same difference of potential between the plates, the current increases 
if the plates are drawn further apart. In their experiments on 
ionisation, Sir J. J. Thomson and Prof. Rutherford’ showed that 
when the ionisation is produced by Réntgen rays, this condition is 
realised. . 

Decay of IonisationThe fact that the ionisation persists for 
some time after the air has been removed from the cause of ionisation 


1 J, J. Thomson and EH, Rutherford, loc. cit. 
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has already been noticed (p. 478). It will not, however, persist 
indefinitely, and Prof. Rutherford? has measured the rate of decay in 
several cases. 
When a positive ion meets a negative ion the two may or may not 
become united to form a neutral body, the result of the collision 
depending upon the conditions under which the two meet. The 
number of collisions of a positive with a negative ion occurring in 
unit time is proportional to the number of either in unit volume of 
the gas. In the case in which there are n of each kind per unit volume, 
the number of collisions per second is proportional to n’, and if constant 
fraction a of these collisions result in the production of a neutral body, 
an? ions of each kind will disappear in unit time from this cause. If, 
then, q ions of each kind are produced by ionisation in unit volume of the 


4 d ? : 
gas per second, the rate of increase, 7 of the number of ions of either 


kind present, is the difference between the number produced and the 
number disappearing. 


dn 
ove aie q- an, 
d 
or, 7 = a(k? — n’), where i? = a. 


d 
Then Ba = adt, which may be written, - 


dn dn 
Tk(k +n) * The — ny 04% 
Integrating which equation, we get, 
k+n 
log gouge ae Qhat + C. 


If we reckon time from the start of the process of ionisation, n = 0 
when ¢ = 0, and thus C = 0, 


; 
-. log ane = 2kat, 
k+tn _ chat, 
k—-n 
2hat 
or, n= aside 
agentes Om | 


After an infinite time the gas has reached a steady state; and 


1 H. Rutherford, Phil. Mag., 44, p. 422. 1897, 
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putting ¢= 0, and writing n, for the number of ions i 
: : of each k 
present in unit volume when this state is reached— paeerts 


moka /f 


The greater the values of g and a the sooner will the ionisation 
reach a steady state, for when «st is great in comparison with unity 
the numerator and denominator of the fraction are equal. This only 

1 
20 qa’ 

_ To find the rate of decay of ionisation on the cessation of the 
Rontgen rays, put q = 0, when the above equation becomes— 


happens when ¢ is great in comparison with a or 
oh 


d 
7 = —an’, 
dn ] 
Then, oe =k, 62. — ae —at + OC, 


If now n = n when ¢ = 0, 


ene 
No 
1 1 
and, ato 
0 
al No 
OF; OS Tk at. : 


Rutherford verified this equation by cutting off the rays, and then 
applying a large electromotive force to the plates after a known 
interval of time, the processes being carried out by the swing of a 
pendulum, so that the time interval could be determined. The charge 
driven across to one of the plates by means of the electromotive force 
is a measure of the number of ions of one kind in the space between 
the plates, and is determined by finding the rise in potential of this 
plate by means of the electrometer. By taking various intervals of 
time between the cutting off of the Réntgen rays and the application 
of the high electromotive force, it was found that the last equation 
represented the fact. 
=, r= > and the amount of ionisation has fallen to one 

Oe 


half, and since nm =, / 4 (p. 480), t= a By keeping the intensity 
a qa 


of the Réntgen rays as nearly as possible constant, measuring the time 


for the ionisation to fall to half its steady value, when the rays are cut 
21 
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off, and by observing the relative values of 1, = ee d when the 


interval is extremely short, Rutherford found the following results :— 


Time for fall of 
ionisation to half. | q. 5 


0°65 0°5 4:8 
ae , 03 2 ae 
HOl (gas) . 0°35 ; 
CO, (gas) . 0°51 1°2 3:3 
BOs 0-45 4 1:25 
Chlorine 0:18 18 2 


Charge upon Negative Ion.—The problem of the determination 
of the mass of the negative ion produced in gases was successfully . 
solved in 1898 by Sir J. J. Thomson. The current maintained in the 
gas by a known electrical intensity is measured. If U be the velocity 
of drift of the ions in electrical field of 
unit intensity, and V the actual electrical 
intensity, VU is the velocity of the ions. 
When the total number present is N 
and e the charge upon each, NeVU is 
the current; and this can be measured. 
To determine N, a discovery by C. T. R. 
Wilson! was used, which consists in the 
fact that in supersaturated, dust-free air, 
condensation takes place upon the ions, 
and a cloud of minute drops is formed. 
These drops fall through the gas at a 
constant rate, from which their size can 
be found, and knowing the total quan- 
tity of moisture condensed from the 
work done in producing the adiabatic 
Fig. 414. expansion necessary for the supercooling, 
N the number of drops can be found, 

and consequently e the charge associated with each ion is known. 
Several methods have been employed for the determination of U, 
the velocity of drift of the ions produced by an electrical field of unit 
intensity, but that of Rutherford? is probably the most interesting. 
The ions are liberated from the zine plate A (Fig. 414) by ultra- 
violet light from the source 8, the plate being connected to a quadrant 
electrometer. The light passes through a window covered by a sheet 
of gauze B, and between A and B an alternating electromotive force is 


1 C6. T. R. Wilson, Phil. Trans., A., 189, p. 265. 1897. 
* EH, Rutherford, Proc. Camb. Phil. Soc., 9, p. 401. 1898, 
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% applied. During half a period of alternation the negative ions are 


driven away from A towards B, and during the next half-period they 
are driven back again. Whether they reach B or not depends upon 
its distance from A. If they do not reach B they will return to A, 
which will not lose a negative charge, and the electrometer deflection 
will not change, but if they do reach B they will not return, and A 
will continually lose negative charge. The distance between A and B 
is therefore adjusted until A begins to lose charge, and measured by 
the micrometer screw. This is the distance travelled by the negative 
ions during one half-period of the alternating electromotive force. 

If dis the distance between A and B, and e sin pé the alternating 
= “; Pt i. the potential gradient, or 
electric intensity at any instant. U being the velocity of the ions for 
Ue, sin pt. 
oer ae 


electromotive force between them, 


unit electric intensity, their instantaneous velocity is 


Taking # as the distance of any ion from A, “ is its velocity, and 
we have— 
dx _ Ue sin pt 
Le i he, 
lee, 
eo SVP la 


Tf «=0 when ¢=0, this means that the ion starts from the 
plate A, 


and, C = — 
so that, c= rie — cos pt). 


Now cos-pt varies between the values +1 and — 1, and «@ is evidently 
a maximum when cos pt = —1; and the greatest distance that the ion 
travels is— 
pues Oe AL: digg as EE 
pd ? or, ee p d 9 oe 2e, ° 
€ . 
Rutherford found the following values for U when q is less than 
l volt percm. For air, U = 1-4 cm. per sec. ; for hydrogen, 3-9 cms. 
per sec., and for CO,, 0°78 cm. per sec. : ’ 
Other methods both for the ions liberated from zinc by ultra-violet 
light and for those produced by Rontgen rays give practically the 
same result; which fact helps to establish the identity of the ions 
produced in these various ways. 
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The Condensation Experiments of C. T. R. Wilson’ showed that if air 
saturated with water vapour and free from dust be suddenly cooled by 
causing an expansion exceeding 1 : 1:25 in volume, the vapour con- 
denses upon the negative ions, but if the expansion exceeds 1: 1°3 the — 
condensation takes place upon the positive as well as the negative 
ions. 

The explanation of the condensation upon the ions was given by Sir — 
J.J. Thomson? It is shown in text-books on the Properties of Matter 
that the maximum vapour pressure of water over a convex surface is 
greater than that over a plane surface by the amount dp, where 

2Tp 
he alo — : 
radius of curvature, o the density of the liquid, and p that of the 
vapour. This change in the maximum vapour pressure is insignificant 
unless a the radius of curvature is exceedingly small, but when this is 
the case the rise in the maximum vapour pressure causes rapid evapo- 
ration. Thus the drop will not grow by condensation unless some body, 
such as a speck of dust is present, which presents a surface of suffi- 
ciently large radius of curvature for the initial stages of drop forma- 
tion to be avoided. 

By means of the gas equation pv = RO, or p = Rép, we may put the 
value of dp into the form 


y T being the surface tension of the liquid surface, a its — 
p 


» Or, 


) Les 
= = nd as = p 


2Tp 
pn Réa(o — p) 
ier oe ‘ 
The quantity | 18 an inward pressure due to the surface tension 
of the drop. We saw on p. 132 that a surface density of electrification 
; 2roe : : 
o, causes an outward electrical pressure haa! and if e is the charge 


associated with a spherical drop on account of an ion at centre— 
e 
Cn 4ra” 
Therefore outward pressure due to charge q is =o 
If we attribute the change in maximum vapour pressure to the inward 
pressure ae due to surface tension, we must now modify this by means 


of the outward pressure due to electrification, and we getp— 


p Ré\a_ § 8rkat)o—p 
1 0, T. R. Wilson, Phil. Trans., A., 198, p. 289. 1899. . 


; an . J. Thomson, “Applications of Dynamics to Physics and Chemistry,” 
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° . 
When a is exceedingly small the term ae is more important 
TT 
2T e 


2T : 
than —,, and condensation will take place. When — => — 
a a” 8rka 


tension in preventing it. 
The gas under experiment is situated in A (Fig. 415), and is ionised 
by means of the Réntgen tube R. By maintaining a known difference 


Fie. 415. 


of potential between the surface of the water in A and the upper 
surface, the current NeVU is maintained in the ionised gas, and this . 


is measured by the rate of rise of potential 2 of the electrometer. If 
C be the capacity of the electrometer and vessel A, 


dE 
Ca => NeVU. 


Everything in this equation is known except N and e, and the 
product Ne can therefore be found. 


To determine N, a sudden expansion of the air in A is produced, 
To effect this, the tube B is provided with a loosely fitting piston C, 
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consisting of the end of a test tube. The lower part of B contains water, 
so that the piston is air-tight, and may be suddenly depressed by opening 
the valve G, which puts the vessel D in connection. with a larger 
vessel F in which there is a partial vacuum. On causing the sudden 
expansion of the gas in A a cloud is formed by condensation upon the 
ions. The dust has previously been removed by producing a cloud 
and allowing the drops formed upon the dust particles to settle, the 
process being repeated until all the dust is removed’ and no cloud is 
formed on expansion. 
The cloud formed when the gas is ionised is allowed to settle, and, 
the drops being of approximately constant size, they fall, all at the 
same rate, and the top of the cloud is clearly defined, affording by its 
descent a convenient means of determining the rate of fall of the 
individual drops. It has been shown by Sir George Stokes that the 
2 


rate of fall in a spherical drop is 2 ies , where g is the acceleration of 


gravity, a the radius of the drop, and 7 the coefficient of viscosity of 
the gas. Hence a the radius, and from it the volume of each drop, 
can be found. 

It only remains to find the total amount of vapour condensed 
during the expansion of the air, and we shall then know the number 
of drops formed. 

The work done during an adiabatic expansion, per cubic centimetre 
of gas, can be found from the amount of expansion, knowing the ratio 
of the specific heat of the gas at constant pressure to that at constant 
volume ; and, the latent heat and lowering of temperature of the air 
being known, the total amount of water condensed can be calculated. 
Thus N is found, and the product Ne being known from the current 
experiment, e is obtained. 

In this way the value of e for the ions produced by Réntgen rays 
in air was found to be 6°5 x 10-” electrostatic units or 2°16 x 10-% 
electromagnetic units, and that for ions in hydrogen, 6°7 x 10-" 
electrostatic or 2°23 x 10-” electromagnetic units. On repeating the 
experiments in 1901-1902 Sir J. J. Thomson! found that with an 
expansion above 1; 1°3 twice as many drops were formed as when the 
expansion was below 1: 1:3, and it was concluded that with the 
greater expansion, the positive as well as the negative ions acted as 
nuclei of drops. With the new apparatus, and using various samples 
of radium to produce the ionisation, the value of e was found to be 
3°4 x 10-™ electrostatic or 1:33 x 10-” electromagnetic units. 

C. T. R. Wilson has more recently obtained instantaneous cloud 
photographs, showing the passage of a beam of X-rays through super- 
saturated air. One of these is given in Fig. 416, in which the drops 
formed by condensation upon the individual ions liberated by the 
X rays can be seen. 


1 J. J. Thomson, Phil. Mag., 5, p. 346. 1903. 
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Charge of the Electron.—The cloud method has been modified by 
Professor Millikan,’ in such a way that the errors due to the assumption 
that the drops are all of one size, and do not vary in size by evapora- 
tion, and that the temperature is accurately known, are eliminated, 


Fia. 416. 


An electric field is maintained between the parallel plates, which 
produces a force Ve upon the drop where V is the electric intensity 
and e the charge upon the drop. The force upon the drop due to 
gravity is its weight mg, and when the electric and gravitational forces 
are in opposition the former may be adjusted until for certain drops 
Ve = mg, and the drop is then suspended in mid-air. The drops for 
which Ve < mg fall upon the lower plate, and those for which Ve > mg 
are driven upwards upon the upper plate. The drops are examined by 
means of a telescope of short focal length, and individual drops seen as 
bright points are in the above way singled out for observation. A 
drop could be maintained in equilibrium for 30 to 45 seconds. 
After the ionisation had been produced by bringing near the tube 
a quantity of radium, the cloud produced and the single drop isolated, 
the electric field is removed, and the rate of fall of the drop as its image 
passes successive cross wires in the eyepiece of the telescope is 
measured. 
2 
Remembering that the rate of fall of a drop (w) is 2 ag , and that 


m == 47a*, we see that 


1 R. A. Millikan, Phil. Mag., 19, p. 209. 1910. 
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But Ve = mg, 


4n/9 ig 
7 C= 3 5g) vy vi 
From the known values of g and of the viscosity of the air y, this 
equation may be reduced to 


e = 3-422 x 10-9 oe vi, 


The value of e is found from a number of observations, the values 
given by single observations being multiples of 4:65 x 10-” electro- 
static or 1:55 x 10-™ electromagnetic units, which is therefore con- 
sidered to be the value of the smallest ionic charge. 

Taking the electromagnetic unit of electricity to liberate 0-0001044 
gramme of hydrogen (p. 66) and the density of hydrogen at 0° C. and 
760 mm. pressures to be 8:96 x 10-°, we see that one electromagnetic 
unit of electricity liberates a 2 ot a = 1-165 cubic centimetres of 
hydrogen at 15° C., and there are consequently 1:165N atoms of 
hydrogen liberated, where N is the number of atoms per cubic centi- 
metre. If, then, E is the charge in electromagnetic units upon each 
atom, 1:165 x NE = 1, or NE = ‘one From the kinetic theory of 
gases it is concluded that N lies between 2 x 10” and 10”, and there- 
fore E lies between 0°429 x 10-” and 0:858 x 10-” electromagnetic 
units ; hence the electric charge associated with the ion in an ionised 
gas is the same as that upon the atom of hydrogen in an electrolytic 


solution. The probable value of <, from the latest measurements,! is 


probably 1:772 x 10’, or for = 
magnetic units. Since the electro-chemical equivalent of hydrogen is | 


1-044 x 10~* and e is the same in the two cases, it follows that m is 
Ode Les. RAL 
1-044 x 10-* 1850 of that of the atom of hydrogen. 


, 5°64 x 10-8, where e is in electro- 


Canal Rays.—In the kathode dark space, negative ions or cor- 
puscles are driven away from the kathode with a velocity of the order 
of 10° cms. per second (p. 473). If, then, there are positive ions in the 
kathode dark space we should expect that they would be driven 
towards the kathode, but since they meet the kathode itself they 
would be undetected. The faint glow at the surface of the kathode is 
due to these positive ions, and further these rays carrying a positive 
charge have been noticed by Perrin (p. 469). If, however, the 
kathode consist of a thin sheet with perforations in it, the positive ions 
might then pass through these spaces and give rise to streams behind 


1 Kaye and Laby’s Tables, 1911, 
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the kathode. Goldstein! observed such rays and called them “ Kanal- 
strahlen,” or Canal Rays. They can produce phosphorescence, and are 
deflected in a magnetic field, but the deflection is much less than in the 
case of the kathode rays. 

Using the method of the combined magnetic and electrostatic 


- fields (p. 472), W. Wien2 determined the values of “ and v, and found 


that == 1-3 x 10-*, and v = 3-6 x 10’ cm. per second. The mag- 


netic deflection is much more difficult to obtain than in the case of the 
kathode rays, and much stronger fields were used. The velocity is 


only about 535 of that of the kathode rays, while the value of - is 
of the order of that of the hydrogen atom dealt with in electrolysis. 
The value of - is not so constant as in the case of the kathode rays, 


but the smallest value found is 1:3 x 107%. ; 

Radiation from Canal Rays.—Some interesting deductions regard- 
ing the emission of light by glowing gases have been made by 
J. Stark,? by examining spectroscopically the light emitted by the 
canal rays. If the light which falls upon the slit of the spectroscope 
is received in a direction normal to the rays, the ordinary line spectrum 
of the gas in the tube is observed; but when the light is received in 
the direction of the rays, so that the positive ions are approaching the 
spectroscope, the spectrum lines are broadened towards the violet, 
in some cases leaving a dark interval between the normal position of 
the line and the displaced line. Stark considered that this effect is 
due to the velocity of approach of the emitters of the light of the line 
spectrum, in fact it is an exhibition of the Doppler effect. When the 
vibrating source is approaching the observer, more waves are received 
in unit time than when the source is at rest, and the result is an 
apparent increase in frequency or diminution of wave-length, which 
means that the lines of the spectrum will be displaced towards the 
violet end of the spectrum. It is shown in works on Optics that 
(igi aan 

Xr 
source is at rest, and when approaching the observer with velocity »,, 


a where X and A, are the wave-lengths of the light when the 


» being the velocity of light. Therefore \—, =X. = and if, in 


a given gas (say hydrogen), the positive ions of the canal rays are the 
emitters of the line spectrum, we should expect that all the lines 
would be displaced by the same amount. This was found by Stark to 
be the case, and he found a velocity for the ions of 1:2 x 10° cms. per 


1 Goldstein, Berl. Sitz. Ber., p. 691. 1886. 

2 W. Wien, Wied. Ann., 65, p. 440. 1898. 

3 J. Stark, Phys. Zeitschr., 6, December 15, 1905; Nature, 78, February 22, 
1906; and Phys. Zeitschr., 7, April 15, 1906, 
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second. From the existence of a dark interval between the normal 
position of the line and the displaced position it is concluded that the 
emission of the line spectrum does not begin until a certain velocity of 
the positive ions is reached. : 

Ionisation by Collision—Many facts point to the conclusion that 
the ions which take part in the passage of currents through gases are 
to a large extent produced by the impact of ions already present, with 
the neutral atoms of the gas. An examination of the curve in Fig. 
414 shows that when a certain electrical intensity of the field is reached, 
a large and rapid increase in the current takes place, and it is reason- 
able to suppose that this happens when the velocity of the ions due to 
the electric field is sufficient for them to ionise the neutral molecules 
of the gas on impact. The conditions for this to take place are com- 
plicated ; at high pressures the collisions are so frequent that the ion 
will not have acquired a sufficient velocity before impact to enable it 
to produce ionisation, but on the other hand, if the potential gradient 
be very great, a much shorter path is required for this critical 
velocity to be produced. This is in accordance with the fact that at 
high pressures a much greater potential difference is required to pro- 
duce a spark than at low pressures, the length of spark gap remaining 
the same. 

Tf J be the mean length of path of the ion between collisions, 


PSs 2 
eXl = dm.v’, 


since the work done on the ion by the electrical intensity X is equal to 
the kinetic energy acquired by the ion. We therefore see that the 
negative ion, having a much smaller mass than the positive ion, will 
acquire the ionising velocity in a much shorter path than the heavy 
positive ion, and therefore at the beginning of the discharge the 
negative ions will be the more important in producing ionisation, But — 
the phenomenon is complicated by the fact that the positive ion may 
not require the same velocity to produce ionisation as the negative ion, 
and, further, since it is the larger, its collisions will be more frequent, 
and also the collisions do not take place under the same conditions. It 
is certain, however, that the ionising property is more nearly related 
to the velocity than to the kinetic energy, since experiment is in accord 
with the fact that the initial stages of the spark are determined by 
the negative and not the positive ions. 

In the case in which the initial ionisation is produced by the 
liberation of negative ions by means of ultra-violet light, the theory of 
the discharge becomes comparatively simple.! Let a be the number of 
new negative ions produced by collision when a negative ion traverses 
a path of unit length in the gas. This of course depends upon the 


pressure (p) and the potential gradient X, being zero when p is very 
large, or X is very small. 


1 J. S. Townsend, “The Theory of Ionization of Gases by Collision.” 
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Tf m) be the number of negative ions liberated near the negative 
plate by the ultra-violet light in unit time, the current is proportional 
to m, when there is no further production of ions by collision ; since the 
current consists in the driving of these 
lons across to the anode. When the vee — ———————— 
locity acquired by the ions is sufficient a 
to produce ionisation by collision, the 
number of ions in the layer of thickness + 
@ (Fig. 417) measured from the kathode Fia, 417. 
being n, when the steady state is reached, 
the number produced by them in the thin layer dz, is nadaz, and 
calling this dn, we have— 


dx 


dn = nadz, or, = = ada. 
The integral of which equation is— 


log n = az + constant. 


Since n = n when « = 0, 
constant = log %, 
: n 
é. ee Cs = an, 
or, n = ne. 
Taking different distances, /,, /,, 1;, etc., between the plates— 


N, = MeW1, Ne = meM2, nz = nes, etc. 
and it i, —L=aly—l, os. 


—— te etal). 


Using an arrangement somewhat similar to that of Fig. 415, but 
with continuous electromotive force, Prof. Townsend? investigated the 
above relation and found it to be in accord with experiment. With 
air at 2°5 mm. pressure and potential gradient 350 volts per cm., 
a =_3°6. 

When the ionisation is produced by Réntgen rays throughout the 
whole volume of the gas, n, being the total number produced and / the 

d 
distance apart of the plates, “= is the number generated by the rays 
in the layer of thickness da, and by the above reasoning these will 
produce by collision in passing through thickness # the number 


eS «*, Integrating this quantity from 0 to J we get the total 
number of negative ions reaching the anode— 


1 J, EH, Townsend, Phil. Mag., 6, p. 598. 1903. 
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i meWde Ny | al n(e%— 1) 
n= al & =e 
0 


l = al 0 al 


This formula was verified to within the limits of experimental error, 
by a method similar to that employed in the last case. With pressure 
of 1:1 mm. and electrical intensity 160 volts percm.,a = 2°02, 

An interesting result of this theory, and one which shows that it is 
the negative and not the positive ions 


us . that are most active at low voltages in 
§ producing ionisation, is that if the con- 
S ductors consist of a point and a plane, 


Woo or a cylinder and a coaxial wire, the 
current increases with the electromotive 
force more rapidly when the smaller elec- 

A trode is positive than when it is negative. 
The electric intensity near the smaller 
0 200 300,400 electrode is greater than near the larger 
Volts & 
Fia. 418, (p. 138), and consequently when the 
smaller is positive all the negative ions 
have to traverse this stronger field, while on the other hand, when the 
smaller electrode is negative all those ions produced midway between 
the plates do not traverse the strong field, since they are travelling 
away from it. 

The curves, Fig. 418, were obtained by P. J. Kirby,’ A being for 
the case when the wire is negative, B when it is positive, the gas being 

ionised by Réntgen rays, and the pressure 3:53 mm. of mercury. 


Relation between and Seale the relation between a and X be 


represented in the form of a curve, 
a different curve will be found for 


each pressure, but on plotting = 
He 


xX 
and — instead of a and X, it is 


P 
found that the points all lie upon 


X one curve. Taking 1 mm. of mer- 
gi! 200 P _cury as the unit of pressure and 
Fie, 419. measuring X in volts per centi- 


metre, the curves in Fig, 419 represent the relation between * and 


x é 
2 for helium, hydrogen, CO,, and air. These curves show how a 


changes with X at constant pressure, and the relation for aby pressure 
may be deduced from the curves. 


1 P, J. Kirby, Phil. Mag., 8, p. 212, 1902. 
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Process of Electric Discharge.—The process of the electric discharge 
may now be accounted for on the theory of ionisation by collision. 
When there is an electric field in the gas between two conductors, 
the current will be infinitesimal (although never actually zero), unless 
ions are produced by some external cause, such as Réntgen rays 
or ultra-violet light. When, however, the electric intensity reaches 
a certain value, any ions in the gas will acquire a velocity sufficient 
to produce ionisation by collision. A few ions are always present, 
for no gas is a perfect insulator. ©. T. R. Wilson? found that at 
the atmospheric pressure, the rate of leakage of charge from a body 
in an enclosed space is 10-‘v electrostatic units per second, where » is 
the volume in cubic centimetres of the enclosure. When the electric 
intensity reaches such a value that ionisation by collision begins, the 
number of ions present will rapidly increase, and it is found that a 
very much smaller electric intensity is required to maintain the current 
in the gas than to start it. 

Prof. Townsend? found in one case, with air at 4:31 mm. pressure, 
between parallel electrodes 8 mm. apart, that the gas acted as an 
insulator when the difference of potential between the plates was 601 
volts, but on increasing this to 603 volts a current of 00052 ampere 
passed between the electrodes, the difference of potential between 
which dropped to 350 volts. 

The lag in the establishment of the spark that has been noticed by 
many observers is also accounted for, the gas acting as insulator, for a 
very short time, to an electromotive force which would produce the 
discharge if continuously applied. The setting up of the steady con- 
dition of ionisation requires time, since the initial number of ions 
present in the gas is exceedingly small. 

Ionisation by Hot Bodies.—It has been known for a long time that 
an electric charge would leak much more 
rapidly from a hot body than from a cold 
one, and that the rate of leak is different 
for charges of opposite signs. The phenome- 
non was investigated by Elster and Geitel.’ 
The wire A (Fig. 420) is heated by means of 
a current, and the plate B near it is con- 
nected to an electrometer. The charge 
received by the plate depends upon the gas 
present, its pressure, and also upon the 
nature of the wire. The temperature of the Fie. 420. 
wire, however, is the most important factor ; 
in determining the electrification of the plate. With oxygen at 
atmospheric pressure, and the wire at a dull red heat, the plate 


1 0, T. R. Wilson, Proc. Roy. Soc., Ny oe 1901, 
2 J. 8. Townsend, Phil. Mag., 8, p. ; ; 
3 J, Blster and H. Geitel, Wied. Ann., 1882, 1883, 1884, 1885, 1887, and 1889, 


494 ELECTRICITY AND MAGNETISM CHAP. 


receives a positive charge, its potential being 2 or 3 volts. With 
rise of temperature the charge increases, reaches a maximum, and then 
falls to a very low value. Reduction in the pressure to that of a 
high vacuum reduces the charge, and even reverses its sign at very low 
pressures. With hydrogen the charge on the plate is negative at all 
pressures. The effects are exceedingly complicated, as the wire gives 
out occluded gas and may even give off pieces of its own substance. 

The nature of the gas in the neighbourhood of a hot wire was 
investigated by Prof. J. A. McClelland,’ by drawing off the gas. At 
the temperature of dull red appearance, the gases would discharge a 
body having a negative, but not one having a positive charge, but at 
higher temperatures both signs of electrification were discharged. 
Also the current which the gas would carry exhibited the phenomenon 
of saturation and behaved like an ionised gas, The current — p.d. 
curve is of the nature of that given in Fig. 414. 

Sir J. J. Thomson,’ using a wire heated by means of a current 
and surrounded by acylindrical conductor, the whole being sealed in a 
tube, found that at a pressure of 0-001 mm. of mercury, a current 
could easily be made to pass by an electromotive force of about 
10 volts in such a direction that the negative charge goes from the 
hot wire to the cylinder, but not in the reverse direction, This indi- 
cates that the current is carried by negative ions emitted by the hot 
wire. In the case of an incandescent filament, much greater currents 
could be obtained than with a platinum wire, probably due to the fact 
that the carbon may be raised to a much higher temperature. 

More recently Harker and Kaye* have obtained currents as great 
as 10 amperes by means of an electromotive force of 8 volts between 
carbon rods at a temperature approaching 3000° C., the pressure being 
atmospheric. Between carbon rods at different temperatures they have 
obtained currents on account of the different rates of emission of ions. 

Edison Effect.—The Edison effect, made use of by Prof. Fleming 

in his oscillation valve (p. 442), is another result of 


the same phenomenon. If a metallic plate, D, be - 


situated between the limbs of the filament of an 
incandescent lamp, then on connecting the positive 
end of the filament through a galvanometer to D 


(Fig. 421) a current will be observed to flow in the 


galvanometer, but none when D is connected to the 
negative limb B. We should expect that. the nega- 
tive ions emitted by the incandescent carbon would 
be more vigorously repelled from the negative limb, 
Fra. 421, and hence on meeting D would lower its potential. 

The difference of potential between A and. D is then 
much greater than that between B and D, 


A B 


* J. A. McClelland, Proc. Camb. Phil. Soc., 10, p. 201. 1900. 
? J. J. Thomson, “ Conduction of Electricity through Gases.” 
* J. A. Harker and G. W. C. Kaye, Proc. Roy. Soc., A., 86, p. 379. 1912. 
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It has been shown by Sir J. J. Thomson,! by the method of finding 
the effect of a magnetic field upon the rate of leakage (p. 475), that the 


negative ions emitted by a hot wire have the same value of ” as the 
- ; 


corpuscles in the kathode rays, thus establishing their identity with 


_ these bodies. 


The emission of positive ions at temperatures below that required 
for the emission of negative ions, has already been noticed, and their ratio 


m . 
= was also found by observing the strength of magnetic field required 


to affect the leakage of a charge to a neighbouring conductor, and it 
was found that there were two sets of positive ions taking part in the 
leak, one set having a mass equal to that of the atom of the metal 
and the other that of the gas. In some cases there are bodies of 
greater mass still, taking part in the production of leakage, These 
are probably metallic dust, 

Ionisation in Flames.—That the phenomenon of ionisation takes 
place in ordinary flames may be shown in several ways. For example, 
if two platinum wires are placed in a bunsen-burner flame but not 
touching each other, a current may be made to pass between them by 
connecting them to the terminals of a cell, and a sensitive galvanometer 
in the circuit will indicate a feeble current. If a bead of a sodium or 
potassium salt be placed in the flame below the platinum wires, the 
conductivity of the flame is enormously increased, owing to the presence 
of ions liberated from the substance at high temperature. 

The old experiment of discharging an electrified glass or ebonite 
surface by passing a flame over it illustrates the presence of the ions, 
since those of opposite sign to the charge on the plate are attracted 
to it and neutralise the charge. 

The increase in conductivity of a flame due to the introduction into 
it of a volatilisible metallic salt has been measured by several experi- 
menters. Arrhenius? supplied the salt to the flame by spraying a 
solution into the gas which feeds the flame, and the concentration of 
the salt in the flame was determined by observing the rate at which a 
bead disappears which gives the same illumination as the spray. The 
conductivity in the flame is found by observing the current in a circuit 
which includes part of the flame, and subtracting the current produced 
when there is no salt employed. The (electromotive force)-current 
curve exhibits the same characteristics as that for an ionised gas, but 
the straight portion is not quite horizontal, showing that complete 
saturation is not attained. Using the same method, Prof. H. A. 
Wilson* found that for the salts of cesium, rubidium, potassium, 


1 J.J. Thomson, Phil. Mag., 48, p. 547. 1899. 
2 S. Arrhenius, Wied. Ann., 42, p.18, 1891. 
8 H. A. Wilson, Phil. Trans., A., 192, p.499. 1899, 


496 ELECTRICITY AND MAGNETISM 


sodium, lithium, and hydrogen, the conductivity is in the order of the 
atomic weights. 

Prof. Wilson also found the velocity of the ions in a given — 
electrical field by arranging two electrodes in the flame, one above the 
other, with the bead of salt between them, and determining the field 
necessary to drive the ions downwards in opposition to their velocity 
due to the upward motion of the flame gases (Fig. 422). With the 
upper electrode positive, the presence of the bead will not affect the 
current unless the field is sufficiently strong to drive the positive ions 
downward with a velocity just greater than the velocity with which 
they are carried upwards by the flame. In this way the velocity of 
the negative ions for a potential gradient of one 
volt per cm. in a flame whose temperature is 
about 2000° C. was found to be about 1000 cm. 
per second. The velocities of the positive ions of 
the salts of cesium, rubidium, potassium, sodium, 
and lithium were all about 62 cm. per sec. 

- Using a stream of hot air at about 1000° C., 
the velocities were respectively 26 cm. per sec. 
for the negative, and 7:2 cm. per sec. for the 
positive ions, whereas for barium, strontium, 
and calcium it is 38 cm. per sec. for the positive 

Fig. 422. ions. These low velocities appear to indicate 

that the ions become loaded with neutral atoms, 

and the equality in velocities for the ions of the different atoms 

indicates that the size of these groups depends upon the charge on 

the ion, being larger in the case of the divalent ions than in the case 
of those which are monovalent, 


CHAPTER XVI 
RADIOACTIVITY 


Becquerel Rays.— While investigating the relation between phos- 
phorescence and the production of rays able to produce a photographic 
effect after transmission through opaque material, Becquerel! found, 
that in the case of the double sulphate of uranium and potassium, a 
photographic effect was produced even when the salt had not been 
exposed to sunlight. In fact, it was subsequently found that the effect 
is the same after keeping the salt in a light-tight lead box for several 
years, or on dissolving it in water in the dark and recrystallising it, 
still in the dark ; and further, that the photographic effect is produced 
by the uranium, whatever the nature of the chemical combination in 
which it exists. 

The photographic effect is of a similar nature to that produced by 
the Réntgen rays, but is very much feebler than the effect produced by 
an ordinary X-ray tube. Whereas an exposure of a few minutes to 
Réntgen rays will produce a considerable photographic effect on an 
ordinary sensitive plate, several days’ exposure is necessary in the case 
of uranium. 

Other substances have been found to emit rays similar to those 
emitted by uranium, and the name of Becquerel rays has been given 
to them; but, owing to the complexity of these rays, other names 
for their several constituents have replaced the original name for 
general use. 

Ionisation.—The Becquerel rays possess the power of rendering the 
gas through which they pass conducting. Thus if the uranium salt be 
spread upon the plate A (Fig. 423) parallel to the plate B, which latter 
is in connection with the gold leaf of an electroscope, the charge given 
to the electroscope will leak away, owing to the gas between A and B 
being a conductor, and the rate of leak is a measure of the ionising 
power of the substance spread upon A. This form of the electroscope 
was used by M. and Mme. Curie in many of their investigations. 

Another extremely useful form of electroscope for the measurement 
of the ionisation produced by radioactive substances is due to C. T. R. 


1 H. Becquerel, Comptes Rendus, 122, p. 501. 1896. 5 
K 
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Wilson. The rigid support B has a thin aluminium leaf A attached 
to it. When charged the leaf stands as shown in Fig. 424, its 
motion, as observed by a telescope with a transparent scale in the 
eyepiece, or by comparison with the reflected image of a linear scale, is 
a measure of the conductivity of the gas within the cubical brass 
vessel. In order to obtain good insulation, B ends in a metal block, C, 


Fig. 424. Fig. 425. 


carried by a tube of fused quartz, D, fixed by shellac to the brass tube 

- ‘This is supported by an ebonite bush, F, in the upper and lower ~ 
faces of which annular slots are turned and filled with sulphur to 
prevent leakage over the faces. In order to charge the leaf, the brass 
rod which carries the terminal J at its upper end and the light rod G 
at its lower end, is depressed until G touches C, and the charge is 
then given to the leaf. On releasing the rod, the spring H raises it, 
and B and A are again insulated. The lower window K is covered 
with a layer of thin tissue paper to exclude draughts, and the radio- 


Rey Sh ee 


XVI. MEASUREMENT OF IONISATION 499 


active material is placed below it, the rays which produce ionisation 
thus entering the chamber of the electroscope. 

_A more sensitive arrangement has also been devised by C. T. RB. 
Wilson,’ in which the gold leaf L (Fig. 425) is attracted by the plate 
P, which is charged to a constant potential of about 200 volts. The best 
form of the instrument, and the conditions for satisfactory working, 
have been found by G. W. C. Kaye.? The gold leaf is first connected to 
the brass case, and the instrument tilted until the leaf is in the field of 
the observing microscope. The sensitiveness of the instrument can be 
altered by varying its tilt, and also the distance of the earthed plate 
P from the gold leaf, by means of the micrometer screw M, the 
maximum sensitiveness occurring when the leaf approaches instability 
owing to its proximity to the plate. The leaf is then connected by 
means of the conductor C to the body whose rate of change of potential 
it is required to know. With the plate at potential 207 volts, and 
the leaf inclined at 30°, a travel of about 54 mm. was found for 
a variation in potential of the leaf of 1 volt. 

The quadrant electrometer also is extensively used for the 
measurement of the current in 
ionised gases. The radioactive 
material is spread upon the plate 
A (Fig. 426), the parallel plate B 
being connected to one pair of 
quadrants of the electrometer. 
One end of a battery is connected 
to A, the other end being earthed. 
To begin with, the plate B is also Fic, 426. 
connected to earth by means of 
the key K. This is opened at a known instant, and the electrometer 
deflections observed after equal intervals of time. Then, as on p. 485, 
if c is the capacity of the electrometer and the conductors connected 
with it, and @ the deflection at any time t— 

4 dé 

t= ck. di 
where & is the difference of potential between the quadrants for unit 
deflection. 

By varying the electromotive force of the battery used to produce 
the current, the relation between potential difference and current can 
be obtained. This relation is similar to that obtained in the case of 
the conductivity produced by Réntgen rays; that is, the current 
increases rapidly with the difference of potential for small values but 
soon ceases to increase, the greatest value being the saturation current 
(Fig. 414), and this depends upon the pressure, potential gradient, and 


1G. T. R. Wilson, Camb. Phil. Soc. Proc., 12, p. 185. 1903. 
2 G, W. C. Kaye, Proc. Phys. Soc., 28, p. 209. 1911. 
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istance apart of the plates and the amount of radioactive material 
eotiets Thar Fig. 427, given by Prof. Rutherford show the 
relative increase in the current with potential gradient for a thin layer 
of uranium oxide upon one of a pair 
of parallel plates, when the distance 
between the plates is 0°5 cm. and 2°5 
cms. respectively. 

Thorium.—On searching amongst 
the other elements for the emission of 
Becquerel rays, it was found by 
Schmidt’ that in the case of thorium 
the emission was about as strong 
as in that of uranium. Thorium is 
largely used in the manufacture of the. 
Colts Welsbach incandescent gas mantles, 

Fig. 427. and on laying one of these mantles 

flat on a photographic plate for about 

a week, it is found when the plate is developed that the woven pattern 
of the mantle is seen upon it. 

Radium.—On examining a number of minerals for the emission of 
Becquerel rays, or for radioactivity, as it is now called, Mme. Curie 
found, using the leakage method, certain specimens of pitchblende to 
be more radioactive than uranium. The mineral pitchblende contains 
barium, and on separating out this substance by precipitation as the 
carbonate, it is found that the radioactivity of the precipitate is very 
great. On converting into the chloride and employing the method 
of fractional crystallisation, the parts that separated out first were 
found to be, as the process was repeated, more and more radioactive. 
M. and Mme. Curie in this way separated from the barium another 
substance of enormous radioactivity which they called radium. The 
process of separation of the radium chloride from the ore is exceedingly 
tedious, a ton of ore yielding only a few decigrammes of radium. 

Polonium.—One of the processes in the separation of the metals” 
in the pitchblende consists in the precipitation of the lead, antimony, 
bismuth group by means of sulphuretted hydrogen. The deposit pro- 
duced is found to be radioactive, and a further separation showed that 
the radioactivity is associated with the bismuth. By fractional precipi- 
tation by diluting a solution of the nitrate, a new radioactive element 
which Mme. Curie named polonium was obtained ; whether it has been 
completely separated from bismuth is doubtful. The more readily 
precipitated part is the more active, The activity of polonium is many 
times that of uranium, It is now known that polonium is identical 
with RaF, one of the products of radium (p. 522). 

Actinium.—Another radioactive material has been obtained by 
Debierne’ from pitchblende in association with the iron group, and 

' G, Schmidt, Wied. Ann., 65, p. 141. 1898. 
7 A. Debierne, Comptes Rendus, 180, p. 906. 1900. 
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with difficulty separated out. It has been named actinium, and has an 
activity comparable with that of radium. 

Absorption.—a, 8, and y Rays. If a layer of radium bromide be 
placed in the tray (Fig. 423), and the rate of collapse of the leaves 
observed, it will be found on covering the radium with a sheet of 
tinfoil, that the rate of collapse of the leaves is very much less than 
without the tinfoil. The ionisation may be reduced to one-tenth by a 
sheet of ordinary foil. If the rays emitted by the radium are all 
of one kind, a second layer of tinfoil would produce a further pro- 
portionate reduction, and the radiation transmitted would be one- 
hundredth of the original amount. This, however, is not found to be 
the case; the reduction produced by the second layer of foil is very 
small. Hence, there are at least two constituents in the original rays, 
one readily absorbable, and the other much less absorbable. Rutherford 
named: the more absorbable rays the a rays and the more penetrable 
the 8 rays. 

On continuing the above experiment with more layers of tinfoil, it 
will be found that after a time the additional layers again produce less 
effect ; or if sheets of lead be used, it is found that a sheet 2 mm. thick 
produces a large reduction in the ionisation, but a second sheet of the 
same thickness does not produce nearly so great a reduction as the 
first. This is due to the fact that in addition to the a and B rays, 
others of very much greater penetrating power are present, which 
Rutherford called the y rays. The following table is given by him :— 


Bays Thickness of aluminum which Relative 
a reduces ionisation to one-half.| penetrating power. 
@ 0-0005 cm. if 
B 0:05 cm. 100 
Y 8 cms. 10,000 


The relative intensities of emission of the three kinds of rays 
cannot satisfactorily be determined, but obvious variations exist 
between the radiations from different substances. Thus the radiation 
from radium and polonium consists largely of a rays, and these take 
part in the photographic as well as the electrical effects, while in the 
case of uranium and thorium they are comparatively feeble. It is a 
notable fact that the @ and y rays generally occur together, their 
existence being independent of the presence of the a rays. ILS. 

a Rays.—tThe ionisation produced by the rays emitted by radium is 
chiefly due to the a rays, owing to the great quantity emitted; the 
ionisation due to the 8 and y rays has been noted above. 

Another property of the a rays is their power of producing 
fluorescence ; a diamond exhibits a blue fluorescence when brought 
near a small quantity of radium bromide. Other substances, such as 
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zinc sulphide, also are caused to fluoresce by the a rays, and hence the 
spinthariscope of Sir Wm. Crookes, in which a speck of radium bromide 
is placed behind a screen on which is spread a thin layer of zine 
sulphide, the whole being mounted in a brass tube, at the other end of 
which is a lens, placed so that an enlarged image of the screen can be 
seen, It is then observed that the fluorescence is not a uniform glow, 
but has the appearance of a shower of sparks, no two following each 
other in the same place. That the fluorescence is due to the a and not 
the B or y rays may be proved by interposing a thin sheet of mica between 
the radium and the screen, the fluorescence then ceasing. The cause 
of the luminosity is probably the rupturing of the crystals of zinc 
sulphide when struck by an a ray particle, as a similar luminosity may 
be produced by fracturing the crystals by mechanical means. 
Deflection of a Rays by Magnetic Field.—The a rays can only with 
difficulty be deflected by a magnetic field, but the fact that they can 
be deflected at all shows that they consist of 
moving charged particles, and further, the direc- 
tion of the deflection proves them to be positively 
charged. Owing to the small amount of deflec- 
tion, the method of p. 472 is not applicable. Prof. 
Rutherford? measured the deviation in a mag- 
netic field by the method illustrated in Fig. 428. 
The radium is spread in a thin layer underneath 
a system of parallel plates, P, placed vertically and 
at known distance apart. With no magnetic field, 
the a rays pass vertically upwards between the 
plates, and passing through the extremely thin 
aluminium window <A, enter the electroscope 
chamber C and cause a collapse of the leaves at 
a rate which can be measured. On applying a 
magnetic field which is horizontal and parallel 
to the plane of the plate P, the a rays are deviated in such a way 
that they are driven against the plates, and will not then reach the 
chamber C. In the left-hand part of Fig. 428 the a rays are shown 
passing upwards as they do without the magnetic field being present, 
and those shown on the right hand are being deviated by the field. 
The field which just cuts off the rays from the chamber C is found, 
and then the dimensions of the spaces being known, Ho (see p. 472) is 
known. During the experiment a stréam of gas passes downwards 
(pbb) the apparatus to carry away the emanation as it is formed 
The electrostatic deviation of the a rays was found by means 
of an experiment similar to the above, but with alternate plates ~ 
connected together, the two sets being maintained at different 
potentials. The electrical field between the plates caused the a rays 


1B. Rutherford, Phil. Mag.. 5, p.177. 1903. 
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to be driven against one set of plates as before, with 
driv co 
reduction in the rate of ionisation in C. ee 
By reasoning similar to that on p. 472 it was found that for the a 
rays from radium— 


v = 2:5 x 10° cms, per sec. 


and, O22 x 10%, 


which is a quantity of the order of half that for the hydrogen ion in 
electrolysis and the positive ion in the canal rays. By arranging 
that the plates P have a projecting ridge on one side at the upper 
edges in some of the experiments, so that the rays when deflected to 
this side were not allowed to pass, it was shown that the charges of 
the a particles are of positive sign. 
Absorption of a Rays.—Measurements of the absorption of a rays 
have brought to light the interesting fact that the power of producing 
ionisation possessed by them does not diminish gradually as their path 
in the absorbing medium increases; it does not diminish at all up to a 
certain range, and then ceases abruptly. This discovery was made 


‘ 


by Bragg and Kleeman, who used a small quantity of radioactive 
substance at A (Fig. 429), and limited the a rays to a narrow beam 
falling upon the air situated between the gauze C and the metallic 
plate D. These are kept at constant distance apart, their distance 
from A being variable. The ionisation at any given distance is then 
measured by the rate of leak of charge between C and D when a 
constant difference of potential is maintained between them. The 
“range” of the a rays in air, that is, the distance travelled before 
their ionising power ceases, is then found by varying the distance of 
CD from A, until the rate of leak of charge is independent of the 
presence of the radioactive material. 

The layer of radioactive material at A must be very thin, or some 
of the a rays will on emergence have already passed through a layer 
of the material, and their “range” have been reduced, so that the 


1 W. H. Bragg and R. Kleeman, Phil. Mag., 10, p. 818, 1905. 
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beam is no longer homogeneous and the ceasing of the ionisation will 
not take place abruptly. The “range” for the a rays produced by 
radium is in air about 7} cms., and it is important to notice that the 
phosphorescent and photographic effect of the rays ceases at the same 
distance as their power of producing ionisation. Rutherford, by the 
method of magnetic deflection, found that the ionisation ceases when 
the velocity of the a particles falls below 1:12 x 10° cms. per second. 
Hence a rays with velocity less than this would be undetectable except 
for their charge, and thus many substances may be emitting a rays 
whose radioactivity is at present unsuspected. 

By interposing layers of different materials in the path of thea 
rays, their effect upon the “range” was found, and the results showed 
that the stopping power of any substance is proportional to the square 
root of its molecular weight. 

B Rays.—The fluorescence produced by the £ and y rays is brilliant 
in the case of barium platinocyanide, which is therefore a convenient 
substance for studying these rays. Many other substances exhibit 
fluorescence, the colour varying with the substance. 

The absorption of the 6 rays by ordinary matter has been described 
on p. 501. They are very much more deviated in a magnetic field 
than the a rays, and in a direction which indicates that they are 
negatively charged particles. The beam of £8 rays from a specimen of 
radium bromide is not deviated uniformly in a magnetic field, but 
is spread out, indicating that the beam itself consists of particles in 
different conditions. Becquerel has made measurements upon the 
magnetic deviations in a number of cases, but the greatest interest 
attaches to some measurements of Kaufmann,’ in which the velocity 


of the rays and the ratio < are obtained by causing the displacement 


produced by a magnetic field, and one by an electrostatic field, to take 
place simultaneously, but in directions at right angles to each other. 
A thin beam of @ rays falls normally upon the photographic plate, 
giving rise to a small patch when there is no magnetic or electrostatic 
field. The magnetic field alone, being at right angles to the rays, 
would spread them out into a “spectrum” in a line at right angles 
to the direction of the field. The electrostatic field is in the same 
direction as the magnetic field, but since it produces a deflection in its 
own direction, this is perpendicular to that produced by the magnetic 
field. The method is similar to that of crossed spectra used in optics 
for studying anomalous dispersion. The simultaneous displacements 
of the beam being at right angles to each other, every point of the 
photographic plate which is “exposed” corresponds to a pair of values 


e : i : 
of v and oA and the various points lie upon a curve. In this way it 
was found that the ions have velocities much greater than those in the 


’ Kaufmann, Phys. Zeitscher., 4, No. 1b, 1902, 
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kathode rays, but that the mass varies with the velocity, increasing as 
the velocity approaches the velocity of light, as the following table 


shows :— 
a 


Velocity. 


*36 X 10! cm. per sec. 
“48 ” ”? ” 
59 ” ” ” 
“72 »? ”? ” 
85 


” ” ” 


1:31 x 10’ 


Tee 
0:97 
O77 
0°63 


The diminution of <, due to the increase in m when the velocity 


increases, is a consequence of the electromagnetic theory, as we shall 


see on p. 527. 


We may follow the method employed by considering Fig. 430 (i) 


to be the plan of the photographic plate, 
the beam of rays from the observer 
falling at O, in the absence of the 
electric and magnetic fields. If OY 
be the direction of these fields, the dis- 
placement due to the magnetic field is 
parallel to OX, the path of an electron 
being seen in elevation at (ii). From 


: mv 
the equation on p. 472, Hev = say? and 


the curve Pa has therefore radius 


r =" - tr From the geometry of the 
figure, since x is small, we have a. 2r= d’s 


Similarly the path in the electric 


field is shown in the side 


elevation (iii). The velocity normal to the plate is », and the force 
on each electron due to the field is Ee, and the path Py is therefore 
similar to that of a body projected in a given direction and subjected 


to a constant force at right angles to this direction. 


The curve Py is 


therefore a parabola, and if ¢ be the time taken by the electron to pass 


from P to the plate, =t. But y = 4at’, where a is the acceleration 


Ke 
due to the electric field and is equal to oon 
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He 
oe a t’, 
v= Z 
and, ae vw? 
2m _ a 
‘one y Ke ae we 
et “Nad: 
Ye jn 2 


Combining the values for x and y, we have— 


e  H d o ¢.@ Be 
eri and, mids ae 
Thus v and e/m can be found. It will be noticed that all particles 
having the same velocity will lie on the straight line «/y = constant, 
and those having the same value of e/m will lie upon the parabola 
a” /y = constant. 


It is assumed in the above calculation that the fields are uniform 
and extend up to the plate. This is not the case in practice, but the 
corrections on this account are of a purely geometrical nature. 

Charge carried by 6 Rays.—That the 8 rays carry a negative 
charge has been shown by many experimenters; notably by M. and 

Mme. Curie,’ who allowed the rays 


B ~B SZ) to fall on a plate connected to an 
USSD GG XS) electrometer, and observed the 
SSS changing deflection. The chief 


difficulty arises from the fact that 
the rays render the air surrounding 
Fiqg. 481. the body conducting, and they got 

over this difficulty by embedding 
the conducter P (Fig. 431), which absorbs the rays, in a non-conduct- 
ing material situated inside an earthed conducting sheath BB. The 
insulating material was in some cases ebonite, and in others parafiin, 
but it was always found that the presence of the radium salt R caused 
a negative charge to accumulate progressively upon P. 

Since the radium loses negative electricity on account of the B rays 
more readily than it does positive electricity carried away by the a 
rays, the 8 rays being the more penetrating and escaping more readily 
than the a rays, it would appear that radium enclosed in a noncon- 
ducting vessel would acquire a continually increasing positive charge. 
Prof. Strutt” constructed an interesting arrangement to exhibit 
this effect. The radium salt is contained in a tube A (Fig. 432) sus- 
pended in a vacuum tube, and therefore insulated from its surroundings. 


1 M. and Mme. Curie, Comptes Rendus, 180, p. 647. 1900. 
* RJ. Strutt, Phil. Mag., 6, p. 588. 1903, 
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Attached to A is a pair of gold leaves. The walls of A are of such a 
thickness that the 8 rays can penetrate them and escape, but the a 
rays cannot. As A acquires a positive charge the gold leaves gradually 


diverge, until on touching the sides of the tube they 


are discharged, the process then starting afresh. Since 


_the -periodic time for the process is independent of 


_ external conditions, it is practically constant, and may 


be used to mark intervals of time. Such an apparatus 
would continue to act as long as the emission of 8 rays 


_ lasts, and this in the case of radium is certainly measured 
- in hundreds of years. 


y Rays.—These rays differ greatly from the two 


_ other kinds. They are non-deviable in a magnetic field, 
_ and do not carry an electric charge. Their chief 


A 
characteristics are their great penetrating power and foam 
their ability to produce ionisation. Hence, the resem- Q—— 
blance between the y rays and the Réntgen rays from a Fig. 482. 
“hard ” vacuum tube is very strong. ’ 

If they are in character similar to X rays and consist of a thin 


electromagnetic pulse, we should expect that they originate at the 


moment of expulsion of one of the negative corpuscles constituting the 


 B rays from the atom, since a pulse of this kind would arise on start- 


ing or stopping an electric charge (p.531). It must not be forgotten, 
however, that 8 rays moving with a velocity very nearly that of light 
would have similar properties to those possessed by the y rays, and also 
that uncharged or neutral bodies projected from the atom with these 


high velocities would also have the property of being undeviated in a 


_ the above, that is, the similarity to the X 


matter. 


trating the deviability of a, 8, and y rays 


magnetic field, and might produce the 
observed ionisation effects. Both these 
explanations have been put forward, but 


rays, is the one generally held. y rays pro- x 4 
duce a secondary radiation when falling on 


In Fig. 433 is shown a diagram illus- 


in a magnetic field, first given by Mme. ; Fig. 433, 
Curie. The y rays are undeviated, while 

the deviation of the a rays to one side indicates their positive charge, 
the negative charge of the f rays being indicated by their deviation to 
the other side. The relative dispersions are also evident. 

The Band y rays always occur together and in the same propor- 
tion, but the a rays in many cases occur alone. This point will be 
referred to again on p. 532. ; : 

5 Rays.—In addition to the a, 8, and y rays, slowly moving negative 
corpuscles have been detected by Sir J. J. Thomson! by means of the 


1 J, J, Thomson, Camb. Phil. Soc. Proc., 18, p. 49, 1908. 
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charge they carry. They would thus be similar in character to the B 
rays, but, owing to their lower velocity, they do not produce ionisation. 
Measurements of their velocity have shown this to be 3°25 x 10° cms. 
per second, whereas the limiting velocity for the production of ionisation 
has been estimated to be 3°6 x 10° cms. per second. ‘ 

Radioactive Changes.—The emission of Becqueral rays by a radio- 
active substance is accompanied by a change or series of changes in 
the nature of the substance, changes both in its physical and its 
chemical properties, so profound and complex that their study has 
enormously increased our knowledge of the constitution of matter 
itself. The case of radium is typical. If a quantity of a radium 
bromide be heated or dissolved in water, a new substance, gaseous in 
form, is separated from it, and immediately after the separation this 
new substance possesses very high radioactivity, while that of the 
radium is correspondingly reduced. If these two be examined after the 
lapse of a few days, it will be found that the activity of the radium 
has increased, while that of the other substance, known as its emana- 
tion, has fallen. The decay of activity of the emanation follows an 
exponential law, that is, the rate of decay is proportional to the 
activity ; and at the same time the activity of the radium has 
increased according to a similar law. After a sufficiently long inter- 
val, the activity of the radium is completely restored, while that of 
the emanation, in fact the emanation itself, has entirely disappeared. 

Uranium X.—Sir William Crookes! precipitated uranium from 
solution by means of ammonium carbonate, and redissolved the 
uranium by excess of the carbonate. A slight precipitate remained, 
which he found was several hundred times more photographically 
active than the original uranium. This substance he named uranium X. 
The photographic activity of Becquerel rays is chiefly due to the 
presence of 8 rays; hence the 8 rays are now emitted by the Ur X, 
and no longer by the uranium. Had the examination been by means 
of the power of producing ionisation, which is due to the a rays, 
it would have been found that the uranium still possesses this power, 
but not the Ur X. 

It was subsequently shown by Becquerel that after the lapse of a 
year Ur X has completely lost its activity, while the uranium has 
regained its original condition. 

Thorium X.—Radioactive processes are now known as those in 
which a chemically new substance is formed from some other, the 
change being generally accompanied with the emission of rays a, , or 
y. The new substance generally decays at a rate represented by a 
logarithmic curve, and its production goes on at a constant rate within 
the parent material. Thus, on robbing the material of the new sub- 
stance stored in it, its radioactivity is reduced at first by exactly the 
amount of that due to this stored material, but on being then allowed to 


1 W. Crookes, Proc. Roy. Soc., 66, p. 409. 1900. 
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_ remain undisturbed, its radiation will increase owing to the production 
_ of new material, until the loss by decay is balanced by tho further 
_ production, in which case a condition of equilibrium is reached. 

a This explanation was put forward by Rutherford and Soddy! to 
_ account for the changes occurring in thorium, and it has subsequently 
__been found that a similar explanation may be given to all radioactive 
_ changes, although the new substance formed may be solid, liquid, or gas, 
_ its rate of decay may be rapid or slow, and the change may be accom- 
_ panied by radiation or may be rayless. They precipitated the thorium 
- from solution by means of ammonia, and found that the solution, which 
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is free from thorium, has the greater part of the activity ; and on evapo- 
rating to dryness and driving off the ammonium salts, a solid residue is 
obtained which in proportion toits weight is several thousand times as 
active as the original thorium. This substance was named thorium X, 
or Th X., After the lapse of a month the Th X had lost its activity, 
while the Th had completely recovered. On measuring the activity 
of the Th and Th X at known intervals after their separation, the 
curves of Fig. 434 were obtained. It will be seen that, apart from 
slight irregularities at the start, the Th X loses its activity expo- 

Z Tt 
nentially, that is, according to the law x =e “", where A, is the 
activity at the start, and A, that after time T, » being a constant s 
and, moreover, the Th, which has only about 25 per cent. of its 
activity remaining on removal of the Th X, regains its activity at a 
rate equal to the rate of loss of activity of the Th X. Hence, for the 
activity A,r recovered in time T, 


1 H. Rutherford and F. Soddy, Phil. Mag., 4, p. 370. 1902. 
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where A, is the activity recovered after infinite time. If the curve of 

recovery in Fig. 434 be measured from the dotted line ab, its equation 

will be found to fit approximately the curve. The activity of the Th X 

A falls to half its value in about four 

Jays, and in the same time the Th 

performs half its recovery. . 

Let the whole mass of the 

thorium present produce a number 

gq, of Th X atoms per unit time, 

and the rate of emission of activity 

by the Th X atom be K. Then, 

t T in order to find the total activity 

Fig. 435. due to the Th X stored in the 

thorium after time T from separa- 

tion, consider an interval of time dt after ¢ seconds from the separation 

(Fig. 435). The number of Th X atoms produced in time dé is q.dt, and 

this has activity Kq,dt, which in the remaining interval (T — ¢) decays 

in the ratio e~\7-, Thus the activity at time T due to the Th X 

_ produced in the given interval dt is Kq,.dt.¢-?-9, and calling this 
dA we have— 


dA = Kq,. €-MT-Odd, 


and for the activity A, of the whole of the Th X produced in the 
interval from 0 to T, 


T T ; 
Ay =| dA\= | Kqye Xt —-Odt 
0 0 


= is [or] 


0 


K 
= PL a : 
But when T= 0, A, = A,, 
K 
aie 
or, " — = (1 = crt). 
0 


an equation which is completely in-accord with the experimental curve 
in Fig. 434. 


Further, if the activity recovers by half the final amount in 4 days 
or 96 hours, 
05 = 1 — €— MA, 
from which, A = 0:0072, 
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_ or, if time be reckoned in seconds instead of hours— 


Z N= 2 96 1O=8, 


4 Similar measurements made upon uranium show that Ur X decays 
_ exponentially and Ur recovers in a similar manner. In this case the 
2 time for half decay or recovery is 22 days, and therefore 

; = 3°6 x 10-7, 


These constants are independent of the physical condition or state 
of chemical combination of the materials, for they are the same what- 
ever the salt of uranium or thorium employed, and go on in exactly the 

_ same manner and at the same rate at the lowest and highest tempera- 
tures that can be employed. Hence they are changes occurring in the 

_ atom itself, and are independent of its motion and of its relation to 

_ other atoms. 

; Radioactive Constant.—A definite meaning may be given to the 
constant A, according to the above theory ; it is the fraction of the 
amount of the product present which decays in unit time, and is called 

_ the radioactive constant of the product. 

For the activity is measured by the ionisation produced, and this is 
almost entirely due to the a rays. Assuming that the ionisation pro- 
duced by one a particle is constant, and that every atom as it changes 
projects the same number of a particles— 

ny A, 


= e€—At 
m Ay ; 


where n, and n, are the number of atoms changing respectively at 
time ¢, and when in radioactive equilibrium respectively. 

Now, if N: be the number of atoms of the product remaining after 
time ¢ from separation from the parent substance— 


dN i 
i is or, Nz =|, nidt, 


_ since the number N, will all subsequently change in the interval 
between ¢ and o. 
Ni = nm, €— dt = Mo oa, 
wane r 
Hence the number N, at time ¢ = 0, or the number present for radio- 
active equilibrium, is— 
n 
N, = x" 


Again, when equilibrium is reached, the number of atoms decaying 
per second is equal to the number produced per second, or— 
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% = Yo 
so that, i= 20 Or, A= ND 


and X, the radioactive constant, is the ratio of the number of atoms” 
changing per second to the number present. 

Thorium Emanation.—From his experiments upon thorium, Ruther- 
ford! found that a substance in very minute quantity and having a 
gaseous form is given off by compounds of thorium, and may be carried 
into the vessel in which the ionisation is measured, by drawing the air 
from the neighbourhood of the thorium into the ionisation chamber. 
This effect is not due to the ionisation of the gas produced in the 
neighbourhood of the thorium and carried along by the moving air ; 
since passing through porous material does not remove it (see p. 478), 
and if the thorium be wrapped in paper to absorb the a rays, which 
produce most of the ionisation, the substance readily diffuses through 
the paper. The discoverer called this an “emanation.” Rutherford 
and Soddy ?* investigated the emanation as follows. 

Air bubbled through strong sulphuric acid in A (Fig. 436) passes 
over the active material, wrapped in paper, in the tube B, through the 


a 


Fro. 486, 


bulb C, packed with cotton-wool, and into the ionisation vessel con- 
taining the three separate conductors D, E, and F, either of which 
may be connected to the electrometer. The outer tube is joined to 
one pole of a battery, and the current from this to the electrometer 
measures the ionisation in the neighbourhood of D, H, or F. The 
current is less, the further the emanation has had to travel from the 
active material, so that for a given air velocity, the currents to D, E, 
and F form a diminishing series. By stopping the air current and 
measuring the fall of ionisation, it was shown that the activity of the 
emanation falls exponentially, reaching half its value in 1 minute. 
Thus the radioactive constant in this case is given by 05 = 1 — e€ - 60, 
on Ais 10 

_ By placing a thorium salt, wrapped in paper to cut off direct 
ionisation, in a closed vessel, the ionisation, and the current pro- 
duced on account of it, rises owing to the production of the emanation. 


? HE. Rutherford, Phil. Mag., 49, p.1. 1900. 
* BE, Rutherford and F. Soddy, Phil. Mag., 4, p. 569. 1902. 
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By measuring the ionisation current at intervals, it is found to increase 


exponentially, rising to half its value in one minute, the time of the 


decay of the emanation to one-half ; we may therefore conclude that 


_ the formation and decay of the emanation are related to each other in 
_ &@ similar manner to those of thorium X, the rate, however, being 
_ different. fe 


It was shown by Rutherford and Soddy! that the thorium X, and 
not the thorium itself, is the source of the emanation, for, on removing 
the Th X by precipitating the thorium as on p. 509, the thorium has 
lost its power of producing emanation, while this is found now in the 
Th X. Moreover, the Th recovers its emanating power and the 
Th X loses it, both changes being half completed in 4 days. Thus 
the emanating power of Th X is proportional to its activity, and it is 
reasonable to conclude that the Th X changes to emanation, the process 


_ being accompanied by the projection of a particles. 


It should be remembered that Th X is a solid, and remains in the 
parent thorium, while the emanation is a gas and rapidly diffuses from 
the material. Rutherford and Soddy condensed the emanation in 
liquid air, in which case it adhered to the walls of the containing tube, 


_ passing off again in the gaseous form on rise of temperature. The 
condensation is not abrupt, beginning at about —120° C. and 


continuing over a range of about 30° to —150° C. 

Excited Radioactivity.—It was found by Prof. Rutherford? that a 
solid body placed in the emanation of thorium possesses a high radio- 
activity when removed from the emanation, and, further, that the 
amount of this excited activity is increased when the body is a nega- 
tively charged conductor, but the body does not receive any such 
activity if positively charged. The amount of excited activity is inde- 
pendent of the nature of the material upon which it is formed, except 


_ that when the body is to be negatively charged it is essential to use a 


conductor. That the excited activity is due to the emanation, may be 
shown by covering the active thorium by a few sheets of paper to cut 
off the radiation of a particles, when the production of the excited 
activity is still produced by the emanation which diffuses through the 
paper. If the thorium be covered by a sheet of mica sealed round the 
edges to keep in the emanation, the production of excited activity 
ceases. 

That the excited activity is a product of change of the emanation 
may be shown by introducing a quantity of emanation into an ionisa- 
tion vessel. The conductivity doubles in four or five hours, and if the 
emanation be then removed, the excited activity deposited on the walls 
of the vessel decays. Rutherford found that the excited activity 
produced by long exposure to the emanation decays to half in 11 hours, 
and that the recovery curve is related to it as the decay and recovery 
curves of thorium X. 


1 #. Rutherford and F. Soddy, Phil. Mag., 4, p. 569. 1902. 
2 1, Rutherford, Phil. Mag., 49, p. 161. 1900. ; 
! L 
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The excited activity could be removed by dissolving in hydro- 
chloric or sulphuric acids, but its mass is undetectable. It also resides 
on the surface, since it may be partially removed by scraping. 

Prof. Rutherford gave the name of emanation X to the excited 
activity, since it is related to the emanation as thorium X is to 
thorium. 

The thorium emanation itself emits only a rays, but after sufficient 
time has elapsed for appreciable formation of the excited activity, 8 and y 
rays are also emitted. The emanation is enclosed in a copper vessel,’ 
to absorb the a rays but to allow the B andy rays to pass through. 
At first there is no ionisation outside the vessel, but after a time this 
does take place, and reaches a maximum in three or four hours. On 
removing the emanation by blowing it out of the vessel, this ionisation 
which is due to the 8 and y rays emitted by the excited activity on 
the walls of the vessel does not dispppear at once, but decays 
gradually. 

The excited activity behaves differently according to whether the 
exposure of the body to the emanation is of short or long duration.* 
Tf short, the activity increases for several hours and then falls expo- 
nentially, but if the exposure has been long there is a fall from the 
start. Prof. Rutherford has explained this on the assumption that 
there are really two successive changes occurring, the first a ‘‘rayless ” 
change which is half complete in 55 minutes, and the second a change 
with emission of a, 8 and y rays, which is half complete in 11 hours. 
The two products involved, he has named thorium A and thorium B. 
The rise lin activity after short exposure is due to the formation of 
Th B from Th A. 

The product of change of Th B had not until recently been observed 
to be radioactive, but it is now known that there are two short-lived 
products Th C and Th D. 

Radium.—We have followed the radioactive changes taking piace 
in the case of thorium in some detail, but it must be understood that 
the historical order of presentation has not been adhered to. It will 
be simpler to trace the changes occurring in the case of other substances 
now that those for one have been described. 

The discovery of radium has been described on p. 500. 

The emanation of radium is not readily liberated from solid radium 
salts, but is occluded by them. On heating the salt, the emanation is 
liberated, and a similar result is obtained by dissolving the salt i 
water. . aK 

Radium emanation is produced by a direct change fr i 
itself, and not from a product of wines Thus iors a2 io ane 
product corresponding to thorium X. The emanation decays to one- 
half in 38°71 days, and the radioactive constant 2 is therefore 


1 E. Rutherford and F. Soddy, Phil. Maq., 5 
* E, Rutherford, Phil. Mag., 6) p. 95. 1908.’ > en ee 
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(2:16 x 10-*).? It is also condensed at low temperature, the tempera- 
ture of condensation being about — 155° C, 

The excited activity of radium emanation is similar to that met with 
in the case of thorium, and was first noticed by M. and Mme. Curie,’ 
who showed that this is not due to the direct radiation from radium, 
but to the emanation, since it was produced on the solid when shielded 
from the direct radiation of the active salt. Like the excited activity 
of thorium, the deposit takes place much more readily upon a negatively 
electrified conductor than upon an uncharged body, but, unlike the 
cease of thorium, a slight deposit will take place upon a positively 
charged conductor. 

The decay curves for short exposure are complicated, and on the 
analogy with the case of thorium, Rutherford has concluded that the 
excited activity of radium consists of six products, the substances 
being called respectively Ra A, Ra B, Ra C, Ra D, Ra E, and 
Ra F. The first three form a group in which the changes are rapid, and 
the last three a group of slow change. Thus Ra A decays to half its 
value in 3 minutes, with emission of a rays, Ra B in 27, with emission 
of 8 rays, while Ra C decays to half its value in 28 minutes with 
emission of a, 8,and yrays. Again, Ra D takes 15 years to reach its half 
value and no rays are emitted during the change, Ra E in 6 days with 
emission of 6 and y rays, and Ra F in 143 days with emission of a rays. 

Volume of Emanation.—The volume of the emanation from radium 
has been determined by Prof. Ramsay and Mr. Soddy,’ who collected 
the gases evolved in 8 days from a radium solution. These consisted 
largely of oxygen and hydrogen, which were caused to combine by 
producing an explosion, the excess of hydrogen being removed by 
caustic soda. The remainder is dried by means of phosphorus pent- 
oxide, and consists of the emanation ; it is collected in a capillary tube 
and measured. It was found that the volume diminished exponentially, 
being reduced to half its original value in 4 days. In a second 
experiment the volume, instead of decreasing, increased, this being 
attributed to the formation of helium, which in the first experiment 
was absorbed by the glass walls of the tube. 

Emission of Heat by Radium.—The fact that radium compounds 
are permanently at a higher temperature than their surroundings, and 
therefore that radium is constantly emitting heat, was first pointed 
out by Curie and Laborde.t This difference of temperature is of the 
order of 2°C., but depends of course on the rate of escape of the 
emitted heat from the radium, as determined by the size of the speci- 
men and the nature of its immediate surroundings. The rate of 
emission of heat was measured by the Bunsen ice calorimeter, and also 
by finding the rate at which heat should be electrically supplied to 


1 HW, Rutherford and F. Soddy, Phil. Mag., 5, p. 445. 1903. 

2 P, Curie and Mme. Curie, Comptes Rendus, 129, p. 714. 1899. 
3 W. Ramsay and F. Soddy, Proc. Roy. Soc., 78, p. 346. 1904. 

4 P, Curie and A. Laborde, Comptes Rendus, 186, p. 678. 1903. 
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a similar and similarly situated mass of non-active material to main- 
tain the same temperature. ‘They found that radium emits heat at the 
rate of about 100 calories per hour per gramme of radium. 

At a later date it was found by M. and Mme. Curie, in conjunction 
with Prof. Dewar, that the rate of emission of heat is still the same 
when the temperature is reduced to that of liquid oxygen, but Prof. 
Dewar thinks that at the temperature of liquid hydrogen the rate is 
slightly increased. 

The heat emitted during several stages of the radioactive changes 
occurring in radium was measured by Prof. Rutherford and Mr. 
Barnes, who placed the material contained in a small tube in turn 
into two flasks containing dried air, connected by means of a differential 
manometer. The difference in level in the manometer produced by 
transferring the radioactive material from one flask to the other is 
a measure of the rate of emission of heat, and was calibrated by finding 
the current in a fine piece of platinum wire of known resistance, that 
will produce the same effect. 

The emanation was then removed from the radium, when the rate 
of emission fell rapidly to a minimum of 30 per cent., and then rose 
gradually to its original value in about a month. 

The emanation was then tested, and it was found that its rate of 
emission was exactly complementary to that of the de-emanated 
radium ; in fact, the heat emission follows the same changes as the 
activity as measured by the ionisation produced by the a rays, and 
hence it is concluded that the heat emission is proportional to the 
activity measured by the a rays, and that the expulsion of each a 
particle corresponds to a constant production of heat. 

For the change from radium to the emanation, the activity, as 
measured by the rays, is about 25%, and the heat emission also about 
25 %, of the total emission ; for the change from emanation to Ra A, the 
percentages are respectively 33 and 41, and for the remaining changes 
42 and 34. 

The total emission of heat by the emanation during its whole life 
may then be found on the assumption that the heat emission is propor- 
tional to the number of atoms breaking up per second ; 


’ =X 
for, ny = n € ka 


.*. total number of atoms = | ndt = n, | et 2 ~ 
0 g8 


rate of emission at start - 


Hence, total emission of heat = 


Now, from Rutherford and Barnes’ experiment, the rate of emission of 
heat by the emanation alone from 1 gramme of radium is about 40 % 


' E, Rutherford and H. T. Barnes, Phil. Mag., 7, p. 202, 1904. 
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of the total emission, that is, about 40 calories per hour, or 3p calorie 
per second. Now, A = 2:1 x 10-5, 


a. 108 
.. total heat emission = a 90 5300 calories. 


And similarly in its whole life radium emits a quantity of heat of 
the order of 10" calories. When it is remembered that the union of 
hydrogen and oxygen to form 1 gramme of water causes an evolution 
of 3900 calories, the enormous store of energy within the atom in the 
case of the radioactive substances will be realised. ‘ 

This store of energy within the atom must be taken into account in 
estimating the age of the earth and sun. On the theory of Helmholtz, 
that the energy of the sun is derived from its own shrinking, the age 
of the sun would be, according to Lord Kelvin, about 100 million 
years ; but this period may be considerably extended if the energy is 
partly derived from radioactive changes. Although the radium lines 
have not been detected in the solar spectrum, the helium lines are 
there, and helium has been shown to be one of the ultimate products 
of radioactive change (p. 519). 

It bas been shown by Prof. Strutt that a mass of 270 tons of 
radium in the interior of the earth would account for the actual 
temperature gradient of 1° C. for about 100 feet depth, near the surface, 
and from an estimate of the amount of radium from the known con- 
tents of various minerals, more than this radium would exist in the 
earth if its material were of the same constitution throughout. 

Uranium.—tThe simplest radioactive change known is presented by 
uranium, which does not produce any emanation, but emits a rays in 
changing to uranium X. ‘This decays to half its value in 25 days, and 
in decaying emits 8 and y rays. 

Actinium.—tThe course of the changes in the case of actinium may 
be followed from the table on p. 522, in which it is seen that one of 
the products, the emanation, has an extremely short life. 

Number of a Particles emitted by Radium.—Great importance 
attaches to a knowledge of the absolute number of a particles emitted 
by radioactive materials in a given time, and several methods have 
been adopted to determine this quantity. The most obvious method is 
to count the number of scintillations produced by a known amount of 
radium when the a particles fall upon a screen of zinc sulphide, and 
this method was adopted by Regner.!. An uncertainty in the inter- 
pretation of the result arises from the fact that we are not sure that 
every a particle produces a scintillation. The problem has been 
attacked by an entirely different method by Rutherford and Geiger.’ 
They observed the increase of conductivity of a gas as each a particle 
is shot into it. The active material in the form of the active deposit of 


1 Regner, Sitz. Ber. der K. Preuss. Akad. der Wiss., 88, 1909. 
2 Jj. Rutherford and H, Geiger, Proc. Roy. Soc., A., 81, pp. 141 and 162. 1908, 
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radium, situated upon the tip of a conical glass rod, A (Fig. 437), emits 
a rays in all directions. Those which fall upon the small aperture in 
the glass tube B, covered with a thin layer of mica, enter the measuring 
chamber ©. Since each a particle in its travel produces about 43,000 ions, 
the increase in conductivity of the gas in C produced by one a particle 
may under favourable conditions become evident. The potential 
difference between the wire D and the outside tube C is adjusted until 
the saturation current is flowing from one to the other. The presence 
of a few extra ions will then, if the sparking stage is on the point of 
being reached, produce a large increase in the current, and it was found 
that a comparatively large 
throw of the electrometer 
needle occurred irregularly, 
but on the average some- 
thing like four times a mi- 
nute. The number of these 
impulses for a considerable 
period is counted, and so the’ 
Fic. 487, number of a particles enter- 
ing C per minute is known. 
Since the a rays are emitted from the active material uniformly in all 
directions, the total number emitted in a given time is to the number 
passing through B in the ratio of 47 to the solid angle subtended by 
the aperture in B at the point A. The ratio of the activity of the 
specimen to that of one gramme of radium was obtained during the 
experiment by means of the ionisation produced by the y rays, and it 
was found as a result that the radium C in one gramme of radium, 
emits 3-4 x 10a particles per second. Hence, counting the four a 
particles emitted by radium and its products in the course of their 
changes, one gramme of radium emits in all 13-6 x 10” a particles per 
second, 

Charge on the a Particle-——Rutherford and Geiger also determined 
the total charge carried by the a particles from a deposit of radium C, 
by allowing this to fall on a conductor of known capacity, and finding 
the rise of potential per second, the 8 and 8 rays being deflected away 
from the conductor by means of a magnetic field. From their results, 
together with a knowledge from the previous experiment of the number 
of a particles emitted per second, it was found that each particle carries 
a charge of 9:3 x 10-” electrostatic or 3:1 x 10-” electromagnetic 
units, or twice the charge carried by a positive ion in the case of 


hydrogen in electrolysis. Now, = is 6 x 10° in electromagnetic 


units for the a rays (p. 503), and < for hydrogen in electrolysis is 


9-6 re and since e’ is now seen to equal 2e, it follows that 
m = ¢-.2.m= 32m, and the atomic weight of the a particle is 
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3-2. That of the helium atom is 3-9, and hence it is probable that 
the helium atom is an « particle which has lost its positive or acquired 
a negative charge and become neutral (also see p. 517). 

Life of Radium.—Since the time that has lapsed since the discovery 
of radium is only an extremely small fraction of its whole life, it is 
impossible by direct observation of the rate of decay to determine this. 
Several computations by indirect methods have been made by Prof. 
Rutherford.? 

The rate of emission of a particles by a thin layer of radium bromide 
is found by measuring the current carried on their account to a 
neighbouring conductor, the experiment being performed at high 
vacuum to eliminate the disturbance due to ionisation of the gas, and 
with a strong transverse magnetic field to cause the slowly moving 
negative electrons to be bent back to their point of origin. The radium 
is at its minimum activity, the radioactive products having been 
removed, so that the 8 rays, which are only emitted by Ra C, do not 
cause disturbance. In this way it was found that if the charge on the 
a particle be taken as 1:13 x 10-” electromagnetic units, that is, 
the charge on an election, the total number of a particles emitted by 
1 gramme of pure radium at its minimum activity is 6:2 x 10”. 
Using the active deposit upon lead, it was found in a similar manner 
that the Ra C in 1 gramme of radium emits 7:3 x 10” £ particles 
per second. This is probably slightly too high owing to the difficulty 
of ensuring that those which enter the supporting lead are absorbed, 
owing to their high power of penetration. Since one atom of radium in 
breaking down probably emits one a particle at the first stage and 
one f£ particle in all, it appears probable, from these data, that 
in 1 gramme of radium 6:2 x 10” atoms break up per second or 
1:95 x 10% per year. If 1 cubic centimetre of hydrogen contains 
3°6 x 10 molecules, and has a mass of 8:96 x 10-° gramme, 1 gramme 

ae X.9°6 X40" " . eehit ae 
of hydrogen contains 96 x 10-7 atoms, and the atomic weight o 
radium being 225, 1 gramme of it contains— 


2x 36 x 10” 
225 x 8:96 x 10-° 
and the fraction breaking up in unit time or d (p. 512) is— 
LODO 


36 x 108 =O Xx 10% 


= 3°6 x 107 atoms, 


where the year is taken as the unit of time. This gives a decay to 
auf 
half in 1280 years, or an average life ea of 1850 years. 


Later experiments have shown that the charge on the a particle is 


. H, Rutherford, Phil, Mag., 10, p. 193. 1908. 
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twice that on the electron, and also that the number of a particles 
emitted by 1 gramme of radium per second in minimum activity is 
3-4 x 10", or 1:07 x 10" per year, which would change the value of 
1°07 % 10" 
to "36 x 10% 
years. ; 
Another estimate is formed by considering the rate of emission of 
heat. From the mass and velocity of the a particle its kinetic energy 
would be about 5-9 x 10-° ergs, and since 1 gramme of radium emits 
about 100 calories per hour, 


5:9 x 10-8 2563600 S100 SCS ea, 


Berwin. eG 11 
59 x36 * 10 = 2:0 107) 


= 3 x 10-4, and the decay to one-half occurs in 3300 


or, i 


on the assumption that the heat is produced by the bombardment of 
the a particles upon the substance and its surroundings, n being the ~ 
total number emitted per second by radium and the radioactive products | 
in equilibrium with it. For the radium in its condition of minimum 
activity the number is one quarter of this, that is, 5 x 10” per second, 
which is in fair agreement with the number 3-4 x 10” on p. 518 from 
the charge, and would, according to the above reasoning, mean a decay 
to half in 1600 years. 

Further consideration of the volume of the emanation emitted in 
a given time (p. 515) led to a value of 1050 years for the period of 
of decay to one-half. 

Origin of Radium.—Since radium is continually undergoing radio- 
active change, falling to half its value in about 2000 years, the 
average life of a radium atom is of the order of 3000 years. Hence, 
the presence of radium in certain minerals would appear to imply its 
formation in these minerals at some not very remote period. It has 
been suggested that uranium may be the parent of radium, a supposition 
which seems the more probable because uranium and radium always 
occur together in minerals. Moreover, an exhaustive examination of 
the minerals containing radium has shown that the proportion of 
radium to uranium is practically constant. This is exactly what we 
should expect if radium were a product of uranium, for equilibrium 
would be reached when the rate of production of radium is equal to its 
loss by decay. Also the formation of radium in a mass of one kilo- 
gramme of uranium has been observed by Soddy,! the radium bein 
first removed from the solution, which was subsequently tested at 
intervals for the presence of radium. The rate of production of radium 
is smaller than would be expected if radium is directly formed from 
uranium X, and hence it is likely that at least one inactive product is 
formed from uranium X before the formation of radium. 


1 FB. Soddy, Phil, Mag., 9, p. 768, 1905. 
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We have seen (p. 519) that the a particle expelled during many 
of the radioactive changes is probably an atom of helium, the atomic 
weight of which is 4. According to Prof. Rutherford, uranium 
probably contains three a ray products, and hence in losing the three 


‘a particles the loss in atomic weight would be 12. The atomic weight 


of uranium being 238°5, that of the product when the three a particles 
have been lost is 238-5 — 12 = 226°3. The atomic weight of radium 
is 225, which is a significant fact. 

Further, radium expels in the course of its changes five a particles, 
and a further loss of 5 x 4 = 20 in the atomic weight, which means a loss 
of 32 from the uranium atom, and would bring the atomic weight to 
206°5. Since the atomic weight of lead is 206:9, it is at least possible 
that lead is. the ultimate product of the change of uranium, radium 
being one of the intermediate long-lived stages. This conclusion 
gathers weight from the fact that lead is always found in the minerals 
containing uranium and radium. 

Table of Radioactive Substances.—The data of the table on p. 522 
are taken from an exhaustive list made by “Mme. Curie,’ and give 
some idea of the state of our knowledge as regards radioactive changes 
at the present time. A full account of the original researches by 
which our knowledge has been built up would be out of place here, 
and the student interested in the subject is advised to consult works 
such as that of Mme. Curie and “ Radioactivity” by Prof. Rutherford. 

Atmospheric Radioactivity.—It has been known for a very long time 
that air under ordinary conditions is not a perfect insulator; a charge 
leaks slowly from a charged conductor, the leak not being attributable 
to the want of insulation of the support. The conduction by air in a 
closed space was investigated by C. T. R. Wilson,’ who found that it 
had all the characteristics of conduction due to ionisation. The 
current did not increase indefinitely with the voltage, a saturation 
current being reached. Further, the rate of leak increases with the 
volume of the space and directly as the pressure, and corresponds 
at the ordinary pressure to the presence of about 20 ions per cubic 
centimetre. 

The air in caves and other underground spaces exhibits a greater 
conductivity than the normal free air, which extra conductivity is not 
merely due to the fact that the air is at rest and unchanged, but to its 
proximity to the earth and rocks in its neighbourhood. 

On maintaining an exposed wire at a high negative potential in 
the free air or in underground spaces, Elster and Geitel* found that 
on coiling it up and placing it in the ionisation chamber of an electro- 
scope it produces considerable ionisation, in fact it has been rendered 
radioactive, and that the activity decreases logarithmically with time, 
a result which makes it extremely probable that there is an active 

1 & Radioactivité,” by Mme. Curie, 1910. 


2 6, T, R. Wilson, Proc. Camb. Soc., 11, p. 32. 1900. 
3 J, Elster and H. Geitel, Phys. Zeitschr., 8, p. 574. 1902. 
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deposit upon it due to some radioactive emanation in the atmosphere. 
Rutherford and Allen’ in this way obtained an active deposit which 
decayed to half its value in 45 minutes. The active deposit could 
be removed by chemical means or scraped off the wire just like the 


‘active deposit from radium or thorium emanation. Later experimenters, 


however, did not find the active deposit to be of so simple a character, 
the law of decay being more complex. 

The presence of radioactive emanations in the atmosphere is 
universal, Gockel ?* finding the emanations of radium and thorium at 
an altitude of 2300 metres, and Eve? that the activity of air over the 
sea is about the same as that over the land. Many observers have 
obtained a radioactive residue on evaporating to dryness, freshly fallen 
rain or snow, C. T. R. Wilson‘ obtaining a residue which disappeared 
in several hours. 

It is extremely probable that the emanation in the atmosphere 
arises from radioactive materials in the earth and slowly diffuses away. 
The condition of the earth would certainly affect the rate at which this 
diffusion occurs, a dry and porous soil allowing it to escape rapidly, 
and a moist or hard one tending to retain it, so that for equilibrium, 
the latter would be expected to possess the higher radioactivity. This 
was found to be the case by Gockel.’ Further evidence is afforded by 
the fact that fluctuations occur; when the barometer is low the 
activity of the atmosphere is greater, due to the same rapid diffusion 
outwards of the air containing emanation in the surface layers of soil. 

An examination of various soils and rocks by Elster and Geitel ® 
has shown that most of these contain radioactive emanations, but the 
amounts vary greatly with the material and the locality. The same 
experimenters obtained an emanation by burying pipes in the ground 
and pumping up the air from them, this being found to be strongly 
active. 

The emanation from various localities is not always of the same 
kind; that of thorium being found in some places, and that of radium 
in others. 

Universal Penetrating Radiation.—In addition to the radioactivity 
due to the emanations present in the atmosphere, there is evidence of 
the existence of a highly penetrating radiation, for H. L. Cooke” found 
that a layer of lead 5 cms. in thickness placed round the electroscope 
reduced the rate of discharge by 30 per cent., but. attempts to 
determine the direction from which this radiation came failed to show 
any equality in different directions. 


E. Rutherford and S. J. Allen, Pnil. Mag., 4, p. 704. 1902. 

A. Gockel, Phys. Zeitschr., 8, p. 701. 1907. 

A. S. Eve, Phil. Mag., 18, p. 248. 1907. 

C. T. R. Wilson, Proc. Camb. Soc., 12, pp. 17 and 85. 1903. 

A, Gockel, Phys. Zeitschr., 9, p. 8304. 1908. 

J. Elster and H. Geitel, Phys. Zeitschr., 5, pp. 11 and 321, 1904, 
H, L, Cooke, Phil. Mag., 6, p. 408, 1903. 
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CHAPTER XVII 
ELECTRONS 


Faraday Tubes—An ultimate explanation of physical phenomena is 
probably unattainable, but the order of development and abandonment 
of the successive hypotheses that have been employed to account for 
electrical and optical phenomena, and eventually for the two together, 
is an interesting and important study. The general tendency during 
the last century was to concentrate attention upon the medium in 
which matter‘is immersed, as the vehicle for the transference of energy 
from one place to another. Faraday explained electric and magnetic 
phenomena in terms of tubes of induction, and in optics the elastic 
solid theory, in spite of the great difficulties involved, was almost 
universally employed in explaining the propagation of the wave 
motion which we call light. The fundamental idea that the same 
medium may be used for the explanation of both electromagnetic and 
optical phenomena, in fact that light is an electromagnetic phenomenon, 
is due to Maxwell, but the further development, that the Faraday 
tubes with the properties attributed to them by Maxwell, alone are 
sufficient, is due to Sir J. J. Thomson, who developed this idea in his 
“ Recent Researches in Electricity and Magnetism.” 

In Chapter XIV we found the velocity of propagation of an 


electromagnetic disturbance, from Maxwell’s equations, to be vane. and 


we afterwards used Thomson’s Faraday tubes in the explanation of this 
propagation. If, however, a Faraday tube have a longitudinal tension, 
27D? : : 

oe (p. 135), and be endowed with mass 4zuD° per unit length 
(p. 424), then a lateral disturbance at any point would be propagated 
along the tube, as a lateral disturbance is propagated along a string 
under tension, the velocity of which is proved in works on Sound to be 


/ 
A/ = where F is the tension, and m the mass per unit length. Now, 


in the case of a stretched string, the only force tending to restore 
the string to its original shape is F the tension in it, there being no 
lateral pressure over its sides. In the case of the Faraday tube, how- 
ever, we found on p. 136 that when the tube is curved there is a 
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2 


7 


eee : D 
longitudinal restoring force Z due to its own tension, and also a 


24D? 
component = due to the lateral pressure of the neighbouring tubes, 


and thus F, in the problem of the string, must be replaced in the case 
4x 


of the Faraday tube by Tet See The velocity of propagation we should 


47D? 1 
ti / 
herefore expect to be bk dep 


accordance with the result obtained from Maxwell’s equations. 
Mass of Electrically-charged Sphere—A uniformly charged 
sphere possesses a radial electrical field, the electric intensity E in its 


neighbourhood being a r being the distance of the point considered 


Se rs 
from the centre of the sphere, & the dielectric constant of the medium 
surrounding the sphere, and e the total charge. Thus, at every point, 
the electric displacement, or number of Faraday tubes per square 


1 
D= NEW which is entirely in 


centimetre, is D = eS the total number of Faraday tubes arising 
ur 


upon the sphere being e. If the sphere 
be originally at rest we shall require 
some force to act upon it to put it in 
motion, quite apart from the question of 
its mechanical mass, for the Faraday 
tubes in motion possess energy, and on 
this account work must have been done. 
Let us consider the equivalent mass of 
the tubes in the small element of space 
at P (Fig. 438) due to the motion of the 
charged sphere in the direction Ox with 
velocity v. The angle between the 
direction of the tube and its velocity is Fig. 488, 
6, and therefore the equivalent mass 


2 tay 2 
per unit volume of the tube is 47yD? sin’ 6 (p. 424), that is Ee i id 
Now, the area of the face of the element in the plane of the diagram 
is r.d6.dr, and for all such elements lying upon the circumference of 
the circle where radius is QP and whose plane is perpendicular to 
Ox, the electric intensity is the same, and consequently the mass of 
the tubes in the ring described by the area rd0.dr ifthe diagram be 
rotated about Ow is— 
(pe? sin? *) 


Volume of ring X cere 


But, volume of ring = 27. PQ. rdé.dr 
= 2nr sin 6.1rdé.dr 
= 2nr’ sin 6. d6. dr. 
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Therefore, mass of ring due to the Faraday tubes 
pe? sin? 6 


= Qrr? sin 6 . dé . dr . Aarr* 


_ pe’ sin’ 6. dé. dr 
= \euate) Opie = ° 


Hence for the whole of space surrounding the sphere, 


 (* we? sin® 6. dOdr 
Mass due to Faraday tubes = i | ee 
0 a 


af ieee 
al i ETI H 
A aN i te 
where a is the radius of the sphere. 


Integrating first with respect to r, we have— 


te sin' 9.49 = [" sin (1 — cost 6)6 = — | "(1 — cos* 6)d cos 6 
0 x : 


cos® §]-1 
= — [cos 6 - 3 I; 
= yl ae aa ees 
2 _ ape 
mass = —37. 


This mass must be added to any mechanical mass that the sphere 
may possess, in order to obtain its total mass. It has been calcu- 
lated on the assumption that the Faraday tubes retain these sym- 
metrical distributions when the sphere is put into motion. Now, this is 
not strictly true; the Faraday tubes tend to set themselves at right 
angles to the direction of motion. Heaviside! has shown that for a 
charge moving. with velocity v, the distribution of electric displace- 
ment is the same as though the body were at rest, but the dielectric 
constant in the direction of motion was reduced in the ratio 


2 
(1 is a , where V is the velocity of light. This effect would there- 


fore be small for velocities much below that of light, and if the velocity 


’ O. Heaviside, “ Electromagnetic Theory,” vol. 1, 


hia, 


. 
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of light could be attained, the value of & in this direction would be 
zero. Hence the Faraday tubes, as the velocity increases, tend to 
become more and more displaced towards the equatorial plane, that is, 
into a position in which their motion is at right angles to their length, 


and their effective mass therefore increases. In the limiting case 


when v = V they are confined to an infinitely thin sheet at right 
angles to the direction of motion, the value of D, and likewise the 
electromagnetic mass of the charge, then being infinite. 

Sir J. J. Thomson? has calculated the mass of a moving charge in 
terms of its velocity. 


It is interesting to note that in finding the ratio— for the £ particles 


emitted by radioactive substances Kaufmann (p. 505) found the ratio 
to diminish as the velocity increased. Since it is very unlikely that 
eé varies, we are driven to the conclusion that m increases, and 
Abraham,” on the assumption that the mass is entirely electro- 
magnetic, calculated the deviations in electric and magnetic fields and 
found these to be very well in agreement with Kaufmann’s observa- 
tions. 

Moving Charge equivalent to an Electric Current.—Since a charge 
moving with constant velocity is accompanied by its Faraday tubes 
moving with the same velocity, the magnetic field at any point may be 
expressed in terms of the movement of the tubes ; in fact, the energy 
found for the moving tube on p. 526 is possessed on account of this 
magnetic field. On p. 424 we saw that the magnetic field is 47Dv sin 0. 


Now, in Fig. 438, the value of D at the point P is — and therefore 


the magnetic field is 


ev sin 6 
47. 5. vsin d= 5 
Arr? 0 r 


e 
TT 
It is directed from back to front if the moving charge e is positive and 
from front to back if e is negative, The value is the same for all points 
upon a circle having Q as centre and QP as radius, whose plane is at 
right angles to the direction of motion, and its direction is along the 
circle. The magnetic lines of force are therefore circles having their 
centres upon Oz and their planes at right angles to it. f 
On comparing this expression for the magnetic field with that due 
to a current element 7. ds at point O, which, according to Ampere s rule 
given on p. 53 is es we see that, for purposes of calculating 
magnetic field, the quantity ev for the moving electric charge is 
equivalent to i .ds for the continuous current. re 


1 J, J. Thomson, “ Recent Researches in Electricity and Magnetism.” 
?M,. Abraham, Phys, Zeitschr., 4, p. 57. 1902. 
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In the case of a charge e moving round a circle of radius r in 
periodic time T (Fig. 439), the Faraday tubes continually pass the 
centre of the circle O with velocity ee since each tube at the instant 
of passing O is moving at right angles to its 
own length and has the same velocity as e. 


Now, at O the value of D is ish 
TT 
.. magnetic field at O = 47Dv 
9 
ae tae ee 
T Arr’ 1 
ene 
Fic, 429. Pls Ys 
Qari 


Now, a current 7 flowing in the circle has magnetic field =F at the 


centre, and hence for the moving charge to have the same magnetic 
field at O as the current— 
e 
shes 
Réntgen Rays.—It was suggested by Sir G. Stokes that since the 
Réntgen rays arise where the kathode rays strike a solid obstacle, the 
rays may consist of an electromagnetic pulse emitted at the instant of 
stopping the electron. Sir J. J. Thomson’ calculated the energy 
radiated by the electron on being stopped, and found that the greater 
the velocity of the electron, and the more sudden the process of 
stoppage, the greater is the energy radiated. Hence the greater pene- 
trating power of the Roéntgen rays from a ‘‘ hard” vacuum tube, that is 
one of very high vacuum, with consequent large difference of potential 
between the electrodes and high velocity produced in the electrons. 
The case in which the velocity of the electron approaches that of light 
presents many difficulties, not the least being that the Faraday tubes 
are no longer uniformly distributed around the electron (p. 526). 
When the velocity does not approach that of light we may easily 
calculate the rate of radiation of energy on stopping the electron. For 
let the electron at A (Fig. 440) be still moving with velocity v in the 
direction Oz, and let it be brought to rest in the space AB, the time 
occupied by the stopping being ¢. During this interval ¢ the Faraday 
tubes at distances greater than V¢ from the electron are still moving 
with the velocity , and would be now diverging from the point C at 
which the electron would have arrived had it not been stopped. Then 
if CF = Vt and AC = vt, the Faraday tube AG will, at the instant at 


1 J. J. Thomson, Phil. Mag., 45, p.172. 1898. 
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which stoppage is complete, have the shape BFK, where BF has a form 
depending on the manner in which stopping takes place. The .kink 
BF in the Faraday tube will now travel along the tube with the velocity 
of light (p. 525). After a further interval of time ?’, large compared 
with #, the shape of the Faraday tube will be BefN (Fig. 441), where 
ef is not necessarily a straight line ; but the mean electric intensity 
over ef may be resolved into two components, one parallel to BM, the 


BC Y 
Fic. 440. Fie. 441, 


final position of the tube at rest, and the other parallel to gf, at right 
angles to BM. In the time ¢’ the tube fN has moved forwards through 
the distance BL = vi’, and 


of = BL sin 6 = vf’ sin 6, 
whereas the pulse has travelled a distance Vt’ = r along the tube. 


component parallel to gf gf vt! sin 6 


Hence,— component parallel to eg eg 3” 


where 6 is equal to eg, the radial thickness of the pulse, 


t’ sin 6 
.. component parallel to gf = s ne = ’ 


since © is the electric intensity at distance r from B. 
7 


e vt sin 8 
.*. electric displacement D, parallel to gf = TST mare a 


ev sin @ 


= “darVo 


; E 
since r = V?' and D = = 


This displacement is travelling at right angles to itself with velocity 
V,, and the corresponding magnetic field at right angles to it, and to 


its velocity, is (p. 415)— eS 
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Now, by Poynting’s theorem (p. 417) the flux of energy for 
the two fields at right angles to each other is FS which in this 
case is— 


1 evsin@ evsin@ _ e’v? sin? 6 
4n or CVO Oe PV” 


Since this is the rate at which energy is streaming past any point, 
the energy per unit volume - the point is obtained by dividing by the 
velocity, and is therefore Seals 

Thus we see that the energy radiated in the form of a pulse is 
proportional to the square of the velocity v destroyed on stoppage, and 
inversely as the square of thickness of the pulse. The time of passage 
of a pulse over any point varies directly as 6, the thickness of the pulse, 


and the rate of passage of energy varies as mp and hence the total 


energy radiated is greater for a thin pulse than for a thick one. Since 
the pulse is thinner the more abruptly the electron is brought to rest, 
it follows that more energy is radiated when the stoppage is sudden 
than when it is gradual. 

Charge moving with Velocity of Light.—When the velocity » is 
that of light, we have seen (p. 527) that the field is confined to a plane 
of intense electromagnetic field passing through the electron and at 
right angles to the direction of motion. In this case, the sheet con- 
tinues to travel onwards with the velocity of light after the electron is 
stopped, and the Faraday tubes grow outwards from the stopped 
election at the same velocity. In order to follow this process, let 
us first consider the case of an electric charge suddenly jerked into 
motion with the velocity of light. Heaviside’ has shown that, in this 
case, a spherical electromagnetic wave travels outwards from the 
point and annihilates the original distribution as it goes. We can 
see that this will be the case, for if the electric charge at O (Fig. 442) 
be suddenly jerked into motion, the tube whose original direction is 
OBCD is suddenly kinked into the shape ABCD, the kink B now 
travelling outwards with the same velocity V as that of the charge, 
now at A. Also, every part of the tube AB travels with the same 
velocity at right angles to itself, so that every part of it at a given 
instant must be at the same distance from O; that is, the form of 
the affected part of the tube as it spreads out is circular. After 
an interval of time ¢ the charge is at F, where OF = Vt, and the 


1 OQ, Heaviside, Electromagnetic Theory, vol. 1. 
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tube has the form FCD; in fact, the tubes outside the sphere of 
radius Vé are still unaffected, and the spsce within this sphere is free 
from tubes, the actual distribution of the Faraday tubes being lines of 
longitude of the sphere radi- 
ating from the pole F, which 
bend out suddenly, each one at 
its proper place, to form the 
still undisturbed radial distri- 
bution outside the sphere. 

The pulse which travels out- 
wards is therefore spherical, 
and since the Faraday tubes are 
lines of longitude, and are 
travelling outwards, it follows 
that the magnetic field is dis- 
tributed in circles correspond- 
ing to parallels of latitude. 
As the time since the start 
becomes great, the sphere ap- Fig, 442. 
proximates to a plane sheet 
ed with the velocity of light, whose Faraday tubes radiate from F, 
and whose magnetic field consists of circular lines of force, having 
centres on F. The phenomenon of the plane sheet of electromagnetic 
impulse accompanying the charge, whose velocity is that of light is in 
accordance with the conclusion on p. 527.’ 

The Faraday tubes, which were distributed in all directions from 
the charge at rest, are now confined to a plane, and their density of 
distribution therefore varies inversely as the 0 
distance from F and not inversely as the 
square of the distance. 

Charge suddenly Stopped.—TIf£ the charge 
be now suddenly stopped, the sheet will 
continue to move with velocity V, but the 
field is gradually re-established in its radial 
steady state. The process is not so easy to 
follow as the last, but we know that the 
tubes at rest will be distributed radially and 
uniformly, owing to their own lateral pres- 
sures. Hence, an instant after the stoppage, > ; 
a tube such as OBAL (Fig. 443) consists of ; 
a radial part OB, a part LA still travelling 
forward in the sheet, and the kinked part Fia. 448. 
BA, of which the ends A and B and every 
other part of it are travelling out with velocity V. Hence, after time 
t the Faraday tubes have shapes such as ACFD. The plane sheet 
travels forwards, and the spherical pulse touching it at F grows, both 
with the velocity of light. This spherical pulse gets less intense as it 
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grows. ‘The energy required for the pulse and the re-establishment of 
the steady field is derived from the work done in stopping the electric 
charge. 

Origin of y Rays.—It is at least probable that the y rays emitted 
by radioactive materials have their origin when the f particles are 
liberated from the atoms. Whenever an electric charge acquires or 
loses velocity in a given direction, an electromagnetic pulse arises from 
it, and if the Réntgen rays are produced on the stopping of an electron 
it is likely that the starting of one would also give rise to a pulse. 
This hypothesis gains probability from the fact that when the 6 and y 
rays are emitted in radioactive processes in which they are produced, 
they occur together. 

Also, whenever Réntgen rays are absorbed, ionisation occurs. 
This may easily be explained if the rays consist of intense thin electro- 
magnetic pulses, for an atom which may be supposed to consist of one 
or more negative electrons associated with a positively charged — 
remainder, will experience a 
sudden and violent distor- 
tion as one of these pulses 
passes it, the electron being 
driven, while the great elec- 
tric intensity lasts, in the 
opposite direction to the 
positive charge. Even though 
the electron may not be torn 
out of the atom, the stability 
of the latter may be de- 
stroyed, with ultimate libe- 
ration of the electron, and 

Fic. 444, it may easily be understood 

. that a succession of pulses 

will have more ionising effect than a single one, as the later ones find the 
atom in a disturbed condition owing to the passage of the earlier ones, 

Zeeman Effect.—We have already seen that when the velocity of 
an electric charge is changed, that is, when it has an acceleration, an 
electromagnetic pulse is radiated from it. Now a charge moving 
uniformly in a circle is continuously accelerated towards the centre, 
and hence we should expect a continuous emission from it. 

If the circular motion be resolved into two simple harmonic com- 
ponents parallel to OX and OZ (Fig. 444), the motion parallel to OX 
means a lateral displacement of the ends of those Faraday tubes which 
are parallel to OZ and OY, and hence disturbances travel in these 
directions. Similarly, the motion parallel to OZ causes waves to travel 
in the directions OX and OY. In the direction OY, the corresponding 
waves would at each point be represented by a rotating electric 
displacement, consisting of the two harmonic displacements, of which 
one is 90° in phase ahead of the other, 


ny vv Se 
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If the periodicity of the rotation of the charge is equal to that of 
light waves, the electromagnetic waves emitted are in all probability 
waves constituting light, and according to the electronic theory of Larmor 
and H. A. Lorentz light is due to the rotations of electrons within the 
atom. So long as these orbital motions of the electrons are undisturbed, 
it is extremely difficult to put the theory on an experimental basis, but 
the discovery of Zeeman! in 1896 that the light emitted by incan- 
descent sodium vapour is modified by a magnetic field, supplied the 
necessary evidence. If a sodium burner be placed between the poles 
of a powerful electromagnet, and the emitted light analysed by means 
of a spectroscope, the D lines of sodium are both broadened, and if the 
resolving power be sufficient, are split up into several components. 
When the light is received in the direction of the magnetic field, 
having passed through a hole bored longitudinally through the pole 
pieces of the magnet, there are two components of the line, and these 
are found to be circularly polarised in opposite directions. When the 
light leaves the flame in a direction at right angles to the magnetic 
field there are three components ; the middle one, which occupies the 
undisturbed position of the line, is plane polarised, the direction of the 
electric displacement being parallel to that of the magnetic field, and 
the outer two are also plane polarised, but in a direction at right 
angles to the first. 

These results are in accordance with the theory, and in the cases in 
which they are of the form described, the simple explanation given by 
Lorentz’ suffices. In most cases, the behaviour of the spectral lines is 
more complicated, but the complete theory of Lorentz still accounts for 
the facts. 

Consider all the atoms concerned in the emission of light; their 
rotations may all be resolved into simple harmonic vibrations along the 
three rectangular axes OX, OY, and OZ (Fig. 445). Those parallel 
to OY give rise to waves (a) spreading out in the plane ZOX, with 
direction of electric displacement parallel to OY, but not to waves 
travelling in the direction OY. The vibrations parallel to OZ and 
OX may, for convenience, be considered to be compounded into two 
equal and opposite rotational movements, which will give rise to plane 
polarised waves (b) in the plane ZOX, and to two circularly polarised 
waves, one of which is shown at c, travelling in the direction OY. 

Tf now the magnetic field be in the direction OY, the vibration of 
the electric charge in this direction is unchanged, as are the waves (a). 
But the charges rotating in the circular paths are moving at right 
angles to the magnetic field, and consequently will experience forces of 
value Hev at right angles to their motion and to the field, the force on 
one being directed away from O, and on the other towards O, Assum- 
ing that the electron is subject to a restoring force acting towards the 
centre O of the atom and proportional to its distance r from O, there 


1 P, Zeeman, Phil. May., 43, p. 226. 1897. : 
2 H, A, Lorentz, Rapports au Congres Internationale de Physique, 3, 1900, 
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is equilibrium without the magnetic field when the centrifugal force 


“ is equal to the restoring force fr, f being the restoring force for 


unit displacement, and m the mass of the electron, If T be its period 
of vibration, 


An’rm 47°m 
aa" = fr, or, ge =f 


Now, the presence of the magnetic field produces a radial force 
Her, and the restoring force fr must be increased or diminished by this 


Wie. 445. 


amount according to the direction of rotation and the sign of the 
charge. 
If then T, be the period of rotation in the magnetic field, 


4a?rm 
Ts = It: + Hev,, 
mee He ; 
or, aT Sg ie a and since, f = are ’ 
1 1 
4x’m = 4’ 27He 
ee a (is <a TY : 
rel 1 He 
BG nary we + 2QarmT, 
T’ — T? He 
TS ae 2armT,' 
HeT? 
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if T? be written for T,T and 2T for T+ T,, both of which are 
justifiable when the changes in the periodic time produced by the 
magnetic field are small in comparison with T itself. Equation (i) 
may be written in terms of wave lengths A if we remember that 
AX = VT, and then becomes— 


Hen? 
xr a ry — + TonV e ° ° e . ° ° (ii) 


The periodic times of the two circular motions are therefore 


2 


at 
Ta and the other 


increased by the same amount, and since each gives rise to a plane 
wave (b) we should expect there are two such waves emitted, one having 
greater frequency and the other less frequency than the undisturbed 
wave (a). Thus in the case of the light emitted at right angles to the 
magnetic field, the single spectral line becomes a triplet, the central 


changed, one being diminished by the amount 


_ part being plane polarised with its electric displacement parallel to 


the magnetic field, and the two, one on either side of it, being plane 
polarised in a direction at right angles to this. 

The light emitted in the direction of the magnetic field gives rise to 
a doublet, each component of which is circularly polarised. By means 
of a quarter-wave plate each of these circularly polarised rays can be 
rendered plane polarised, but the direction of the electric displace- 
ment depends upon the direction of rotation in the circularly polarised 
beam. With the direction of magnetic field given in Fig. 445, it 
is found that the anticlockwise rotation, as seen on looking at the 
diagram, gives rise to the line displaced towards the blue end of the 
spectrum, and hence, applying the left-hand law (p. 239), we see that 
the rotating charge which gives rise to the light rays has the negative 
sign. 

: It is only when the vibration of the electron within the atom is of 
the simple harmonic type that we should expect the simple separation 
of the components of any spectral line described above. In nearly all 
cases the decomposition is into a much greater number of lines, but our 
explanation would show us that the light emitted at right angles to 
the field should always give plane polarised components, and the light 
along the direction of the field to oppositely circularly polarised com- 
ponents, and this is found to be the case, Moreover, whatever be the 
complexity of the resolved spectral line, the separation of the most 
widely separated components is a constant quantity. 

According to Runge and Paschen,' for the normal triplet in the 
spectrum of mercury vapour, the quantity » Ye Ay where A, and X, 


are the wave lengths of the displaced lines, was found to have the 


1 CO, Runge and F, Paschen, Abhandl, der Berl, Akad., 1902. 
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value 2°14 when the strength of magnetic field was 24,600. Hence, 
from equation (ii)— 


pe al el | 
a eke a = 214, 
e wx2l4xV 628x2:14x3x« 10" 
ol ne H = 24,600 
=a Gn 108 


Now, the value of < for the kathode rays is 1:77 x 10” (p. 488), 


and hence it is extremely likely that the constituent of the atom 
whose motion gives rise to the emission of light is the electron met 
with in the kathode rays and in the # rays “emitted by radioactive 
substances, 

‘Dielectric Constant and Refractive Index.—The presence of atoms 
each consisting of some framework in which one or more electrons are 
situated, may be used to explain many of the physical properties of © 
matter. The neutral atom has no resultant electric charge, but if it 
loses an electron, its resultant charge is positive. We know very little 
about the atom, apart from the fact that it contains and is capable of 
losing at least one unit of electrical charge, the electron, which is 
equivalent to about 1:57 x 10-* electromagnetic O.G.S. units of 
charge. We may then draw a distinction between dielectrics or in- 
sulators on the one hand and conductors on the other; the former is a 
substance in which the electrons are displaceable within the atom, but 
are not detachable from it, while in the latter the electrons can be 
detached from the atoms, and are free to move in the spaces between 
them. 

If f be the restoring force for unit displacement, and x the actual 
displacement of an electron from its neutral position, the restoring 
force is fx, and this is equal to the force Ee due to the electric field 
producing the displacement, 


That is, Ee = fa. 


Within a mass of the material in which there are N atoms per unit 
volume, the component of the electric displacement due to one atom in 
each unit of volume being ex, that due to the N atoms is Nea. That 


corresponding to the original field is = (p. 130), and hence the total 
electric displacement D within the material is the sum of the two 


So E 
quantities New and Te 


E - 
“~D= 7 +Nea, 
4nrD = K+ 47Nex : 
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Now, the dielectric constant k = Ez (p. 130), 
47Ne? 
oe k = 1 . 
eee | 


Remembering that the refractive index n = ae where V, is the 


velocity of light in vacuo and V is the velocity in the medium, and 
further that— 


- we see that— 


Now, for most substances p is practically equal to py, and if k, = 1 for 
vacuum— 
n= Vk, or, vw =k. 


Hence, oe a 


In the case of a gas N is proportional to the density, and since the 
atoms are at considerable distances from each other, / is independent 
of the density, 


“0 — 1 oc density. 


On p. 422 we saw that for gases & = n®. It was shown by Boltzmann’ 
that the quantity /—1 is proportional to the pressure and therefore 
to the density of the gas. -It should be noted that any theory which 
supposes the electric displacement within a dielectric to be due to the 
presence of small conducting bodies will lead to the above result. 

Refraction and DispersionMany theories have been advanced 
to account for the phenomena of the refraction and dispersion that 
occurs as light passes from one medium to another. The mechanical 
theories, notably those of Fresnel and MacCulloch, afterwards modified 
by Sellmeier, account in a more or less satisfactory manner for the 
observed facts. But the electronic theory of H. A. Lorentz not only 
accounts for these same facts, but has the great advantage that it is in 
accordance with phenomena occurring in other branches of physics. As 


1 [,, Boltzmann, Wien. Ber., 69, 1874. 
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é 
an example, we may cite the fact that the value of — for the electrons 


concerned in the emission of light, as measured by the Zeeman pheno- 
menon, is nearly identical with that found for the electrons in the 
kathode and the B rays. The mechanical theories suffered from the 
difficulty that it was almost impossible to reconcile the necessary 
properties of the incompressible ether with those of any known 
material substance. ’ 

On p. 431 we explained the reflection of electromagnetic waves from 
the surface of a conductor on the supposition that the electric intensity 
within the conductor is always zero. The reason for this last fact is 
clear, on the assumption that within the conductor free electrons exist 
which travel in a direction determined by that of the electric intensity. 

If in Fig. 372, p. 431 the incident electrical intensity is directed 
upwards, and therefore on account of it the free electrons travel 
downwards, since their charges are negative, and the electric intensity 
due to them in their displaced position is directed downwards, that 
is, in opposition to the incident intensity. By their motion, as the © 
harmonic wave arrives, they supply the equal and opposite harmonic 
variations of intensity which give rise to the two waves, one of which 
is the reflected wave, and the other a wave propagated into the con- 
ducter, and whose condition is everywhere equal and opposite to that 
of the incident wave, so that the two together have a zero resultant 
effect. 

If the electrons are subject to some constraint, their motion will 
involve the expenditure of energy, and the reflection is not in this case 
perfect. For the best conductors known, the energy of the reflected 
beam is not quite equal to that of the incident beam. "When the 
electrons are not free to move there will then be no reflection ; the 
medium is perfectly transparent. Nosuch substance is known; a certain 
amount of reflection always occurs as light passes from a vacuum to a 
material substance. But in the case of dielectrics, the electrons, 
although free to move within the atom, are confined to the atoms, and 
it is only in the case in which their own proper periods of vibration 
within the atom approach that of the incident wave that any con- 
siderable amount of reflection occurs. The reflection in this case, 
although powerful, differs from the case of metallic reflection, in that 
only those waves having periodicity nearly equal to that of some par- 
ticular free vibration of the electron within the atom are reflected. 

Let us imagine that for a given substance the periodic time T, of 
the free vibrations of the electron within the atom is given by the 


: ™ 
equation T, = aN ra and let electromagnetic waves for which the 


electric intensity in the plane of incidence is E = E, sin my fall 
upon the substance, 
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If x be the displacement of the electron from its position of equi- 
librium, the restoring force due to this is fx, and if the disturbing force 
due to the incident wave is Ee, the resultant force acting on it is 
Ju — Ee, and its equation of motion of the electron is— 


2, 


da 
maa + fa — He = 0 (p. 22), 


Pa 5 
or, ae aE + fa = eK, sin pt, 
2 
where, " =p, 
Ce tas. 


Whatever its motion when the light is first incident upon it, it will 
after a few oscillations settle down to a steady vibration with the 
periodicity of the incident waves, and our problem is to find the 
amplitude of this vibration. The most general equation for this 
vibration is,— 


x = A sin pt + B cos pt, 


where A and B are constants, at present unknown. 


d. : 
Hence, =; = Ap.cos pt — Bp sin pt, 


da 


7 = — Ap’ sin pt — Bp’ cos pt, 


and substituting the values for 2 and @ in the equation of motion, 
we have— 
— Ap’ sin pt — Bp’ cos pt + Asin pl + Ly cos pt = “i, sin pt. 
This equation must be satisfied for all values of ¢. Now, when 


pt = cos pt = 0 and sin pt = 1, 


f e 
AS —Ap’ a mt = —Ey 


m 
and when ¢ = 0, sin pt = 0 and cos pt = 1. 


ee — Bp’ + ty = 0. 


m 
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It follows that, except when p? = £ 


€ 
= lo 
B=0, and, A=—— 
[ger 
m © 
Therefore the equation— 
a 
m ° 
v= F sin pt 
m P 
expresses the motion of the electron. 
Qa f 40 
Now, p= ~ and, cm as 
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The amplitude of vibration of the electron is therefore 


e E, @ EK, 
ne eck ( To 1y? 8? mm dn? = nF) 
ae r) 


where n, and n are corresponding frequencies. 

We see, then, that when n, is very great, the amplitude of vibration 
due to the incident wave is infinitesimal, which means that if the electron 
is practically immovable, its presence does not affect the propagation 
of the wave. But if n, approaches in value to n, the amplitude increases 
and would, if our equation truly represented the facts, become infinite 
when n, = n, which therefore corresponds to an ordinary case of reson- 
ance. We have, however, neglected all resistance to the motion of 
the electron, so that our result does not represent the truth when 
n=. 

The reasoning on p. 536 will enable us to see the effect which, 
according to the electronic theory, this motion of the electrons will 
have upon the refractive index of the material. 

Putting D, sin pt in place of D, E, sin pt in place of E, and 

e 
mee 
aa Ty Sin pt in place of w in the equation 47D = E + 4Nez, 
4 (qa mati 
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and dropping the term sin pt throughout, we have— 
2 
47D, = E, + tan. = ia 
4 (a — 
pak o 7) 
or k=>1 4 ee =n 
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: This may be expressed in terms of wave lengths instead of periodic 
times, if by A, we mean the wave length in vacuo which corresponds to 
the periodic time T,, Then A, = VT, and A = VT, so that— 


where n is the index of refraction for the waves. 

This equation will of course only represent the facts when the 
atoms are so far apart that the free period of the electron is not 
affected by the presence of neighbouring atoms, and when there is 


only one free period of oscillation. In the case of most substances, 


we have evidence of a great number of free periods, since each line in 
the spectrum of the light emitted is due to one such period. - 

The reason for the dispersion of light as it enters a refracting 
medium is now apparent, for the index of refraction depends upon the 
wave length A of the incident disturbance. When Ad is very great in 
comparison with A,, the last equation becomes 

Ne??? 
fa a am V?? 


which is the refractive index for very long waves. Since A, = VT, 


and T, = 27. S we see that this is the value found for n? on p. 537. 


As A approaches the value ),, the denominator of the last term in 
equation (iii) varies rapidly, and the value of n increases, becoming 
enormous when X=),. The curve AB in Fig. 446 indicates the manner 
in which n’ varies as approaches X,, for a case in which n? is 1:25, when 
d diminishes from infinity, and A; = 6 x 10-.. Whend < Ad, the sign of 


ae changes, and the denominator increases while the numerator 
decreases. As therefore X decreases, the value of n’ increases from a 
large negative value, until when A =0,n=1. This is indicated by 
the curve EF. Hence, for light waves of extremely short length the 
refractive index approaches the value unity. 

Tn the case of a substance for which the electron has one free period 
of vibration, light waves of this period are strongly reflected, and hence 
the spectrum of the light transmitted by the substance exhibits an 
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absorption band in this part of the spectrum ; and, further, the light of 
this wave length is that which will be emitted when the temperature is 
raised sufficiently for the body to be visible. This is a well-known 
result of Kirchhoff’s laws of radiation. 

When the light absorbed has a much higher frequency than the 
visible rays, the refraction is “ normal,” as in the case of glass, et«., the 
waves of greater frequency being refracted most. The curve for 
n? and 2 lies upon the part of AB (Fig. 446) remote from the origin. 
If, however, the absorption band occurs in the visible part of the 

spectrum, the two parts on 
B either side of the band change 
places, the red part being re- 
fracted more than the blue, 
although in each part the 
natural order of the colours is 
preserved. The dispersion is 
then usually said to be ‘‘anoma- 


7a 


as the aniline dyes, which have 
a strong absorption band in 
the visible part of the spectrum, 
exhibit the phenomenon of 
‘‘anomalous” dispersion, and 
Professor R. W. Wood? has 
shown in a beautiful manner 
that this also occurs in the case 
of a prism of sodium vapour. 
Faraday Effect—Some connection between magnetism and light 
was suspected by Faraday, but the only connection which he was able 


to find was that the plane of polarisation of a beam of light passing 


through a dense transparent medium, such as a dense lead glass, 
experienced a rotation when travelling along the magnetic lines of 
force. On boring holes longitudinally through the poles of a powerful 
electromagnet, and passing a beam of light, plane polarised by means 
of a Nicol’s prism, through these holes in such a way that it traverses 
a block of dense lead glass situated between the poles, it is found that 
the position of a second Nicol’s prism, used as analyser to produce 
extinction of the beam, depends upon whether the magnetic field is on 
or off. 

This phenomenon, known as the Faraday effect, bears some resem- 
blance to the rotation of the plane of polarisation when a beam of 
light passes through certain crystallised media, such as quartz, in a 
direction parallel to the optic axis; but there is one great difference 
between the two cases. In the crystal, the rotation of the plane of 
polarisation depends in some way upon the crystalline structure of the 


1 R. W. Wood, Roy, Soc, Proc., 69, p, 157. 1901. 
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medium, and if on emergence the beam be reflected back so that it 
retraverses the crystal in the opposite direction, the opposite rotation 
occurs, and the beam emerges with its original direction of polarisation. 
But in the Faraday effect the direction of rotation is fixed in 
relation to that of the magnetic field, whatever be the direction of pro- 
pagation of the beam, so that if the beam be caused to retrace its 
path through the field, the rotation of the plane of polarisation is 
doubled. 

The rotation of the plane of polarisation depends upon the presence 
of the material medium in the magnetic field, and according to the elec- 
tronic theory we can easily see why this should be. On p. 541 we saw 
that the index of refraction depends upon the free period of vibration of 
the electrons within the atom, and again on p. 534 we saw that the 
natural period of rotation of the electrons changes in the presence of a 
magnetic field, and also depends upon the direction of rotation. 

Consider a plane polarised beam of light falling upon the block of 
dense glass ; in the absence of a magnetic field, the orbits of rotation 
of the electrons are circles, the two components of the motion at right 
angles to the direction of propagation being of equal frequency and 
clockwise and anti-clockwise respectively (see Fig. 445). We may, if 
we please, consider the plane vibration constituting the beam of light 
to be resolved into a clockwise and an anti-clockwise circular vibration, 
the relative phases of which determine the plane of polarisation 
(p. 375). These travel with equal velocities through the medium since 
the refractive index is modified by the electrons to the same extent for 
both components, and on emergence they are in the same relative 
phases as on entrance, and combine to form a plane polarised beam 
with its plane of vibration in the original direction. 

Tf, however, there is a magnetic field, the electronic orbits are 
modified, one periodic time being increased and the other diminished 
(p. 534), and the refractive indices for the two components of the beam 
are now different (p. 541). Hence they differ in phase on emergence 
by an amount depending upon the length of path in the medium and 
the strength of the magnetic field, and will combine into a plane 
polarised beam, whose plane of vibration is rotated from the original 
plane by an amount proportional to the difference of phase between 
the two circularly polarised components. 

The rotation of the plane of polarisation was measured by Verdet 
for various substances and wave-lengths of light, and was found by him 


to fit the formula— 
n dn 
= ml (n — ee 


where / is the length of path traversed in the field, A the wave-length 
in air of the light used, m the index of refraction, and m a constant 
depending upon the medium. 
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The quantity 7 or the rotation produced by travelling unit 


distance in unit field, is called Verdet’s constant. 
The following are a few of the values of Verdet’s constant :— 


Minutes 
of arc, 
| 


Jena glass (densest silicate flint) . 0:0888 (Du Bois, Wied. Ann., 51, 1894) 


Quariza, 28 s 0:01664 | (Borel, Arch. Genéve, (4), 16, 1903) 
Methyl] alcohol . - 0-:00989 | (Quincke, Wied. Ann., 24, 1885) 
Water . 5 ‘ 0:01311 | (Roger and Watson, Zeitsch, Phys. 


Chem., 19, 1896) 


Kerr Effect..—It was found that plane polarised light, on being 
reflected from the polished pole of an electromagnet, was rendered 
elliptically polarised, and also that a 
transparent medium becomes slightly — 

y Yi doubly refracting in a strong electro- 

G YY static field? 

The Faraday and Kerr effects have 

-1 8 been used by Du Bois* to measure 
strong magnetic fields and high intensi- 

A ties of magnetisation. A polished plate 

A (Fig. 447) of the metal under exami- 

nation is placed on the flattened tip of 

Fig. 447. the pole-piece of an electromagnet, and 

the plane polarised beam of light which 
traverses the hole B in the other pole of the magnet is reflected at 
A and returns along its own path. The rotation of the plane of 
polarisation is proportional to the intensity of magnetisation of A, the 
constant coefficient having been previously determined. The magne- 
tising field is measured by placing a sheet of glass G, with its back 
surface silvered, to reflect the beam of light as before. From a knowledge 
of the rotation of the plane of polarisation and the value of Verdet’s 
constant for the material, the strength of the magnetic field is known. 
Paramagnetism and Diamagnetism.—The electronic theory has 
been adapted by Langevin‘ to account for the magnetic properties of 
materials. An electron rotating in a circular orbit is equivalent to 
a circular current, and corresponds very well to the hypothetical 
molecular currents of Ampére. Most atoms include many electrons, 
and the orbits of these may be so directed that the resultant magnetic 
moment for the atom is zero. In this case a magnetic field would not 


Kerr, Phil. Mag., 8, p. 32 (1877); and 5, p. 116 (1878). 
Kerr, Phil. Mag., 50, p. 337. 1875. 
é. J. G. du Bois, Phil. Mag., 29, p. 293. 1890. 
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* Pp. Langevin, Comptes Rendus, 140, p. 1171. 1905. 
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have any directive effect upon the atom. When, however, the resultant 
magnetic moment of the atom is not zero, either by reason of one 
electron uncompensated by another rotating in the opposite direction, 
or for any other reason, the atom would be rotated into such a direction 
that there is an increase in the magnetic induction. That is, the 
permeability of the substance is greater than unity and its magnetic 
susceptibility is positive. Substances of this kind are said to be para- 
magnetic. The susceptibility is always comparatively small, as in the 
case of aluminium, platinum, etc. (p. 458). There is one small class 
of metals, iron, nickel, and cobalt, in which the magnetic permeability 
is vastly greater than for any other substance. These are said to be 
the ferromagnetic metals, and their strong magnetic properties are 
probably due to the fact that the neighbouring atoms, of the para- 
magnetic kind, have sufficient influence upon each other to form larger 
groups, which are then influenced by the magnetising field. When 
the resultant magnetic moment of each atom is zero, the magnetising 
field will still have some effect, owing to its influence upon the electronic 
orbits themselves.. The effect will be to decrease the magnetic induc- 
tion, as shown below. Thus the magnetic permeability is less than 
unity, and the susceptibility is negative. Such substances are said 
to be diamagnetic, as, for example, copper and gold (p. 548), antimony 
and bismuth (p. 549). 

It is quite reasonable, therefore, to suppose that there are two 
opposite processes going on when a substance is placed in a magnetic 
field, the resulting susceptibility being a measure of the difference of 
the two. The orientation of the orbits into a direction which will 
cause an increase in the magnetic induction is the first, and gives rise 
to paramagnetic properties. ‘To understand the second we may refer 
to a theory suggested by Weber and developed by Maxwell in his 
“ Electricity and Magnetism.” If the molecule of the material be an 
electrical conductor, the establishment of a magnetic field will cause a 
current to flow init. Let the circle AB (Fig. 448) be a line of flow of 
such a current within a molecule, OH being 
the direction of the magnetic field. While 
the field is becoming established, this current 
is clockwise, as seen in the diagram, and 
hence the magnetic field within it, due to its 
own presence, is in the opposite direction to 
the original field. The magnetic induction 
is thus reduced by the presence of the con- 
ducting molecule, and the presence of such 
conducting molecules would give to the 
material the diamagnetic property. If its Fra, 448. 
electrical resistance be zero, the current, once 
started, will continue to flow until, on the removal of the magnetising 
field, an opposite induced electromotive force reduces the current to zero. 

If now we replace the conducting molecule of Weber and Maxwell 

2N 
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by the atom with its rotating electrons, we can explain the para- and — 

diamagnetism: For the rotation into the direction of the field increases 

the magnetic induction within the material ; and we will now proceed 

to show that the alteration in the orbits produced by the magnetising 
field reduces the induction. The material will 
then be para- or diamagnetic according to which 
effect is the greater. 

For a mass of the material, the possible 
motions of the electrons may all be resolved, 
as described on p. 533, into a linear vibration 
along one axis OY (Fig. 445) and two equal 
and opposite circular rotations in a plane at 

Fig. 449. right angles to this. Let the magnetising field 

H. be in the direction OY ; then the linear 

vibration along this axis is unaffected by the field, but the circular 

motions are affected as already described. For the rotation of the 

electron shown by the arrow in Fig. 449, the equivalent current is in 

the opposite direction, since the electron is a negative charge ; the force 

due to the field is Hev and is directed outwards along the radius, and 
hence, as on p. 534— 


mv 
: = fr; — Hev,, 
un 
Ae wif 2, . He. oe 
or. Tierney Temck ete DAS! 
a Te xg m Ty (2) 


Now, for the rotation of the electron in the opposite direction, the 
force due to the magnetic field is directed inwards, that is towards O, 


Sp tea TEeEe 
4a Ji He Qa 
or, Tmt ty miles eae) eee 


Subtracting equation (b) from (a), we have— 


ne Hea yt) 

To Ee yo Same ry Tay 

tg le tite 

ee ie a Ly, a orm e . ‘ . . * ° e (c) 
Again, we saw on p. 528 that a charge e moving in a circular orbit in 


Pe ae 6 2 . é 
periodic time T is equivalent to a circular current ip and hence the 


: Paty AY : 
magnetic moment of-such an orbit is - where a is“the area of the 


circle, If there are N, such orbits per unit volume of the material, 
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T is the magnetic moment, or the intensity of magnetisation due to 


them. When the magnetising field is zero, the magnetic moment due 


to the electrons rotating in either direction is ee and these being 


oppositely directed, the resulting intensity of magnetisation is zero. In 

the presence of the magnetic field, the magnetic moment due to the 

electrons rotating as shown in Fig, 449 is nde and is directed from 
1 


O to Y; that due to the opposite rotations is zee , and is directed 


qT, 
from Y to O. 
From equation (c)— 


the left-hand side of which equation is the resultant intensity of 
magnetisation directed from O to Y, and the right-hand side shows us 
that this is always negative, and hence that the magnetisation is in the 
opposite direction to the magnetising field. Also the ratio of intensity 
of magnetisation to magnetising field is the magnetic susceptibility & ; 


In this case N, is not the total number of rotating electrons in unit 
volume of the material. If we imagine all the rotating electrons to 
be divided into six groups having for their axis of rotation the three 
rectangular axes respectively, the two rotations about any axis being 
opposite, only those having axes parallel to the magnetic field have any 
magnetic moment in this direction, and therefore only two out of the 
six groups, that is one-third of the total number of rotating electrons 
present, are concerned in determining the susceptibility. Hence, if N 
is the total number present, 


and, ve 67m" 


The above value of the susceptibility is calculated on the assumption 
that the electronic orbits are not rotated by the magnetic field so that 
their axes become parallel to the field and produce magnetisation in the 
direction of the field. If all the electronic orbits were rotated ia this 


p : et Nea .,. 
way the intensity of magnetisation would be +7, this value corre- 


sponding to saturation. Thisis the limiting value of the intensity of 
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' magnetisation of a paramagnetic material. It should be noticed that 
there is no limiting value to the diamagnetisation of a material, for the 
He’a 


Gam 8 proportional to the magnetising 


intensity of magnetisation — 


field. 

We see, then, that the property of diamagnetism is the result of 
effects occurring within the atom, and would therefore be independent 
of temperature. Such is found to be the case with most substances, 
antimony and bismuth being exceptions. Paramagnetism, on the other 
hand, we should expect to be influenced by temperature, since it is the 
orientation of the atom or molecule with which we are here concerned. 
If the opposite rotations of the electrons within the atom are sym- 
metrical, the diamagnetic property only would be exhibited, but if 
unsymmetrical there would be a resultant magnetic moment with 
exhibition of paramagnetism, and if, further, the atoms affect each 
other and form groups, the material may then be ferromagnetic. 

Weiss! found that for magnetite, increasing temperature was 
accompanied by sudden changes in the magnetic moment of the © 
material, which changes were all multiples of one quantity. He con- 
cludes that all paramagnetic atoms contain a number of uncompensated 
electronic orbits, each constituting the ultimate unit of magnetic 
moment, just as the electron is the ultimate unit of electric charge. 
Weiss calls this the magneton. The magneton has a magnetic moment 
of about 16 x 10-" C.G.S8. units. 

It was found by Curie* that the magnetic susceptibility referred 
to unit mass varies inversely as the absolute temperature in the case 
of the paramagnetic substances, and this is now known as Curie’s law. 


The quantity KT, where K = , and T the absolute temperature, 


a 
density 
is Curie’s constant. In the case of oxygen, Curie found the magnetic 
33,700 


-) 


susceptibility to be represented very well by the relation 10°K = 


and by measuring the force on small metallic spheres, first in air and 
then in liquid oxygen, Dewar and Fleming* found the value of & for 
liquid oxygen to be 324 x 10~%, or » = 1:00407. 

In the following table are some of the magnetic constants for the 
elements found by Koenigsberger :‘— 


Aluminium. . . .. + « . b=4- 680 x 10 
Copper: G25 9.9 ie en eee — 082 x 10-* 
Gold's as Sanh tik ee well — 1:51 x 107 
Platinutises 430 baa + 22 x 10-6 
Silvers, cy einka ee Sab: — 1:51 x 10-6 


1 P. Weiss, Comptes Rendus, 152, pp. 79 and 187. 1911. 

2 P. Curie, Journ. d. Phys., 4, p. 197. 1895. 

* J. Dewar and J, A. Fleming, Proc. Roy. Soc. 68, p. 811. 1898, 
¢ J. Koenigsberger, Wied. Ann., 66, 698. 1898, 
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According to Curie,! we have — 


Water from 15°-189°C. . . . K=—0°790 x 10-° 
Suara) 15°-450-) st Ma — 0441 x 10-° 
Sulphur, 18°-225° . . . . — 0°510 x 10-8 
Antimony at 20°. .-7 2... — 0°680 x 10-* 
sco 3 al ice lier] ia — 0°470 x 107° 

Pitts (solid) at 20° C. Me — 1°350 x 107° 
s a 273° CG. wie — 0-957 x 10-° 

x (fused) 273-405° C. . — 0:038 x 10-° 


Temperature Equilibrium of Electrons.—We shall now consider 
briefly the theory of electrical conduction by means of free electrons, 
first suggested by Riecke* and more explicitly stated by Drude. 
Remembering the distinction we have drawn between electrical 
conductors and insulators, that in the latter the electrons are bound 
within the atom, whereas in the former some of them are free to leave 
the atom and therefore move under forces exerted by an electric field, 
we may, by assuming that these free ions obey the ordinary laws found 
for molecules in the kinetic theory of gases, obtain certain results 
which are in agreement with experimentally observed facts, 

Let us consider for a moment the elementary form of the kinetic 
theory of gases. If a gas consist of N molecules per unit volume, 
which are entirely independent of each other, except that in their 
motions they will frequently collide, we may, as a first approximation, 
resolve all the molecular motions parallel to the three rectangular axes, 
and remembering that at any instant as many are moving parallel to 
an axis in its positive direction as in its negative direction, we can 
represent the indiscriminate motions of the molecules by dividing them 
into six groups of constant velocity, each moving in one particular 


direction parallel to one of the three axes. Thus we have 7 molecules 
moving in one direction with say velocity v. A plane surface of unit 

N 
area at right angles to this direction will therefore be struck by iC 


molecules per second. Each molecule has momentum +mv before 

striking the surface and momentum —mv on rebounding from it, so 

that the impulse at each rebound is 2mv. Hence the pressure on the 
see! 

surface is @ x 2mv, 

or, p = 4Nm’ 


Nm is the mass per unit volume of the gas, or its density, and since 


1 P, Curie, Comptes Rendus, 115, p. 803 (1892) ; oe 116, p. 137 (1892). 
2 EH. Riecke, Wied. Ann., 66, pp. "353 and 545. 189 
3 P. Drude, Ann. der Physik, 1, p. 566 (1900) ; ray 3, p. 369 (1900). 
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pressure X volume = RT, where T is the absolute temperature, we see, 
since the volume is unity, that— 


iNmv’ = RT. 


Tf 1 gramme-molecule of the gas be taken, R is the universal gas 
constant, or 8-32 x 10’ (p. 193), m is the mass of one molecule, and 
N the number of molecules in unit volume, which is the same for all 
gases at the same temperature and pressure. 


or, mv? = =.—T. 


Hence we conclude that for all gases in equilibrium, the absolute 
temperature is proportional to the mean kinetic energy of the molecules, 


3 R 

or, 4mv* = aT, where, a = rN 
Now, the most probable value of the ionic charge e is 1-57 x 10-° 
electromagnetic unit, and therefore the passage of 1 electromagnetic 


unit of charge through acidulated water liberates 187 x 10 ions at 


each electrode. But this also liberates 0:0001044 gramme of hydro- 

gen, and therefore the number of atoms per gramme of hydrogen is 
1 24 

ia and since one gramme-molecule of hydrogen is 2 

grammes, the number of atoms to the molecule being 2, the number 

of molecules to the gramme molecule, or N 


toe nee 
= 1SF X D0 = sue 


> ao olor MOY 
=a E10 x 102 =92 04 sho se 


In the case of hydrogen at 0° C. and 76 cms. pressure we may easily 
find the mean square velocity of the molecules, for 


p = 1Nmv’ = 3 (density) v’, 
. 76 x 13:596 x 98L = 4(0:00008987)v’, 
from which, v? = 3°38 x 10", 
and, v = 1°84 x 10°, 


If now the electrons within a conductor are in temperature 
equilibrium with their surroundings, we can find their velocity accord- 
ing to the kinetic theory ; for }mv? is the same for them as for any 
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other gas molecules at the same temperature. Taking their mass as 
jeag of that of a hydrogen atom, 


3m,v, (for hydrogen) = 4m,v.” (for electron), 
ete = —*, 3°38 x 10” 


= 1835 x 3°38 x 10” 
=40°20 >< 10* 
v = 7°87 X 10° cms. per sec. 


Electrical Conduction.—In addition to this motion of the electrons 
which takes place in all directions, we shall have, in the presence of 
an electric field, a drift in the direction of the field, or rather in the 
opposite direction, since the charges are negative. Assuming that 
after each collision with a molecule of the conductor, the electron 
starts afresh with the velocity corresponding to temperature equilibrium 
with the substance, it will in the time that elapses before the next 
collision, be subject to the influence of the electric field, and will on 


that account have an acceleration f = = parallel to the field, where 


E is the electric intensity. 

The different electrons will have various distances of travel between 
two collisions, but the average distance is called the length of mean 
free path, A, and the time taken in describing this mean free path is 


* Hence the distance travelled in the direction of the field on 
E 1 a 

account of the acceleration ae is 5+ ue < 

m 2-m v 


and the average velocity in this direction is— 


distance 1 He \? v 


time = 2° m v'-2X 
1 Hev 
~ 2° mv 
2aT 
But 4mv’ = aT, or, m = a 


Eed 
.. average velocity in direction of field = aire 


The corresponding current is Ne x velocity, where N is the number 
of electrons per unit volume, 
NEev _ . 
Td ee Si 
Nor i Nerv _ Ne’r 2aT Nerv 
and conductivity, o= cal doll isk 2y/2aTm 


*, current = 
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Hence Ohm’s law is obeyed, for the conductivity is independent of the 
current, but the conductivity should be inversely proportional to the 
square root of the absolute temperature. But for most pure metals 
the conductivity is found to vary inversely as the absolute temperature, 
or, what is the’same thing, 
the resistivity is propor- 
tional to the absolute tem- 
perature. The curves for 
some of the pure metals, © 
taken from Dewar and 
Fleming’s’ results, show that 
down to quite low tempera- 
tures the resistivity behaves 
as though it would vanish 
at the absolute zero of tem- 
perature (Fig. 450). 

In the above expression 

Fra. 450. for the electrical conduc- 

tivity, the only quantities 

that are likely to vary from one substance to another are N and d, 

Now, it is probable that \ would vary greatly, so that it is concluded 

that the great differences in conductivity between different materials 
arises from the difference in the quantities of free electrons in them. 

Thermal Conductivity—tThe close connection between electrical 
and thermal conductivity has long been known; in fact, the law of 
Wiedemann and Franz’ states that the ratio of the conductivity for 

heat to the electrical conductivity at any temperature 

A is constant for all metals, and is proportional to the 
absolute temperature. Drude’s theory gives an ex- 
planation of this, by treating the electrons in the con- 
ductor in a manner similar to that in which molecules 
are dealt with in the kinetic theory of gases. Consider 
a plane AB in the conductor, and two others E and F 
parallel to it and at distances from it equal to the 
mean free path of the electrons (Fig. 451). Return- 
ing to our method of dividing the total number of 
electrons N per unit volume into six groups, we see 


Ss & 
‘ ° 
gs 8 


Resistivity in CGS unt. 
4 
8 


? 
4 


~-4ye-----------mM 
---¥------—----74F 


that G are crossing unit area of AB from left to right, 


B while an equal number cross from right to left. The 

Fia, 451. remaining groups are moving parallel to AB and will 

not further concern us. If the temperature is the 

same everywhere, those passing from left to right carry the same 

amount of energy as those from right to left, and the resultant energy 
transferred in any direction is zero. 


‘ Dewar and J. A. Fleming, Phil. Mag., 36, p.271. 1893. 
* G. Wiedemann and R, Franz, Pogg. Ann., 89, p. 497. 1853. 
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If now the temperature at the plane E is T, and is higher than the 
temperature T, at F, those passing from left to right have greater 


_ energy than those passing in the opposite direction, and there is a 


transference of heat through AB from left to right. Only those 


_ electrons that lie between E and AB will cross without collision, since 


any on the left of E are at a distance greater than thé mean free path 
and will experience collision without reaching AB, and their direction 
then becomes changed. 

Again, the number of electrons per unit volume travelling from left 


to right is : and since their velocity when passing AB is v, the number 


crossing unit area of AB in unit time is rae and since each has kinetic 


energy 4mv,’, where v, is the velocity corresponding to temperature T, 
at E, 


Energy carried in one second from left to right through unit area is 
|: dmv,’ = | va (since $mv’? = aT). 
: : N 
Similarly,—energy passing from right to left = S vaTo, 


Therefore,—balance of energy carried in one second through unit 


N 
area of AB = G(T, — T,). 


It should be noticed that the number crossing in each direction must 
be the same, since the pressure at all points remains constant. If this 
were not the case there would be a drift of electrons in one direction 
or the other, and the process of transference of heat would not be one 
of pure conduction. 

Now, if the thermal conductivity be k, then, since the temperature 
gradient at AB is a the transference of heat per second through 


: deen y 
unit area is k x “Fh = 


tom 
k a\" 
we see that, = = (2) aT, 
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which is in agreement with the law of Wiedemann and Franz. The 


hk : 
following table gives a few of the ratios < determined by Jager and 


Diesselhorst.? 


4 


k Temperature 

co coefficient. 
Copper 67x10" 3°95 x 10-5 
Silver . 6°86 x 10'° 3°71 xX 10-* 
Gold 7-09 x 10%° 3°75 x 10-3 
Zinc 6°72'5¢ 10 3°85 x 10-% 
Lead 7:15 x 10% 4:07 x 10-° 
Tin. 1:30. % 101" 3-4 x 10-3 
Platinum 7°53 xX 101° 4-64 x 10-3 
Bismuth . 9°64 x 10° 1-51 x 10-3 
Constantan . 106s 410" 2°39 x 10-3 
Manganin 9:14. 10° 2°74 x 10-3 


It will be seen that for the pure metals, with the exception of bismuth, 
the ratio 2 is very fairly constant, and the temperature coefficient is 
(Op 


nearly 3:66 x 10-%, the coefficient of expansion of a gas. Hence the 
electronic theory gives some approximation to a true explanation of 
these processes. 

Again, since a = 2°04 x 10-, and e = 1°57 x 10-”, we have— 


k (204 x 10-2 
Ges: x io-s) X $x 278 


oC oA 


= 6714 x 10%, 


This value is sufficiently near the observed value to strengthen 
the theory considerably. It should be noticed that we have used the 
kinetic theory in its simplest form in assuming the electrons to be 
divided into six groups of constant velocity. 'The more exact partition 
of velocities, taking into account the motion in all directions and with 
all magnitudes, leads to results differing from the above in a numeral 
factor only. 

Peltier Effect.—A simple explanation of the thermoelectric effects — 
may be given on the electronic theory we have been considering. For 
if the pressures due to the electrons in two metals are different, then 
on placing them in contact, electrons will pass from one to the other 
until the difference of potential produced, prevents the further passage 
of the electrons. If then a current passes from one metal to the other 
across the junction, E units of work are performed when one unit of 


roe W. Jager and H. Diesselhorst, Wiss. Abh. der Phys. Tech. Reichsanstalt, 8, 
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electricity passes, where E is the Peltier coefficient at the junction. 
The pressure due to the electrons in the first metal is— 


1 2 2 
3N,mv,? = 3N,aT, 


and in the second metal, 
Nv,’ — 2N.aT, 


since the two metals are assumed to be at the same temperature, 


1 
Now, one unit of electricity corresponds to a electrons, which will 


occupy a space = cubic centimetres in the first metal and ee in the 
1 


_ second. 


indi ‘ 
Work done in transferring . elections from first to second metal 


=|? pao = ga | "* Ndv (from above), 
1 v1 


and since, v = ae 
work done = ret] 2- as loge 
1 
ee | E loge a 
Hence, E = - =T log. 


an equation given by Sir J. J. Thomson.’ 

We can form an estimate of the relative number of electrons per 
unit volume in the two metals for the production of the known Peltier 
effect. Consider the case of antimony and bismuth, across the contact of 
which metals at 0° C. there is an electromotive force of about +, volt. 


Beas 25e8. 'N; 
Bo ee gk Ce N. 
DOLE SQ NO Seria} N, 
mage 1:57 x 10-* BN,’ 
N, 
log, La 1°41, 
N, 


e 


Thus, to account for the magnitude and direction of the Peltier 


1 J, J. Thomson, “ Corpuscular Theory of Matter.” 
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effect in this extreme case it is only necessary to suppose that the free 
electrons are four times as numerous in the bismuth as in the antimony. 

In a similar manner the Thomson effect (p. 208) would be accounted 
for by the higher pressure at those parts of the metal at which the 
temperature is above that of the remainder, the pressure being {NaT. 
Thus the energy of the electrons in the bar is increased when the 
current flows from hot to cold parts so that the electrons, being negative 
charges, are carried from points of lower to points of higher pressure, 
and the passage of the current warms the bar. Thus the Thomson 
coefficient is positive, as in the case of bismuth, copper, etc. But it 
must be remembered that the passage of the current causes negative 
electrons to be carried out from the hotter end of the bar, that is, from 
points where their kinetic energy is greatest, and in at the colder parts, 
that is, where their kinetic energy is least. This would cause the bar 
to be cooled, and would correspond to a negative Thomson effect, as in 
antimony, iron, etc. Since the distribution of the electrons with 
temperature is not known, the theory cannot yet be satisfactorily applied 
to account for the Thomson effect. 

Hall Effect.—It was found by Hall! that when a magnetic field is 
applied at right angles to a conductor in which an electric current is 
flowing, a transverse electromotive force arises at right angles to both 
current and field, so that there is a difference of potential between the 
two edges of the conductor. In Fig. 452, if the current is parallel to 
the X axis and the field parallel to the Y axis, the faces A and B of 
the conductor are at different 
potentials. A sheet of the ma- 
terial is employed, the current 
passing through it from one end 
to the other, with the magnetic 
field at right angles to the plane 
of the sheet. Hall attached ter- 
minals to the sides of the sheet, 
and observed the current in a 

z galvanometer connected to them ; 
Fia, 452, but a better method of measuring 
the effect is to compensate the 
electromotive force so that no current flows in the galvanometer circuit 
—in other words, to employ the potentiometer method. 

The magnitude of this transverse electromotive force is strictly 
proportional to the current density and to the transverse width of 
the conductor, and though generally proportional to the strength of 
magnetic field, this is not always rigidly so. 


Thus,— difference of potential = RHidz, 
where H is the strength of field, i the current density, and dz the width 


1B. H. Hall, Phil. Mag., 12, p. 157. 1880. 
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of the conductor at right angles to field and current, R being the 
coefficient of the Hall effect. The following values are given by 
Baedeker : '— 


Gold. . . . . | —0°00070 Bismuth. . | —11(crystallographicaxis 
Silver . . . . | —0:00088 : perpendicular to H) 
Copper. . . . | —0:00054 Bismuth. . | —0-4  (erystallographic 
Platinum . . . |. —0:0002 axis parallel to H) 
Carbon ete. ia es —0:17 Antimony . | +0:1 to 0-2 

Iridium ears ats + 0:00040 Tellurium . | + 500 (about) 

Zing . . . . | +0:0006 (about) 


For the ferromagnetic metals, the Hall effect varies in a similar 
manner to the permeability, disappearing at the critical temperature. 
For low temperatures, in the case of iron and nickel R is about +0-01 
and for cobalt about 0-004. 

With the relative directions of current and field in Fig. 452, B is at 
a higher potential than A when the Hall effect.is positive, and vice 
versa. 

The explanation of the Hall effect by the electronic theory is not 
entirely satisfactory. With a current flowing in the direction in- 
' dicated in Fig. 452 the electrons are travelling in the direction XO, and 
the effect of the magnetic field would be to deflect them downwards. 
Hence B would on this account be at a lower potential than <A, the 
direction of the transverse electromotive force being that observed in 
the metals having a negative coefficient of the Hall effect. The 
occurrence of a positive coefficient in some cases is not easy to 
account for if the current is carried entirely by electrons having nega- 
tive charges. If the current were partly due to the motion of positively 
charged carriers the matter would be easy, for whatever the sign of the 
carriers the displacement would be downwards in the figure. But in 
the case of positive carriers, this would raise the potential of B above 
that of A, and the sign of the Hall effect would be that observed in 
antimony, etc. We can only say that the electronic theory is at 
present too incomplete to account properly for all the phenomena of 
conduction. 

Nernst and Ettinghausen Effect.—On maintaining a temperature 
gradient in a metal sheet, it was found by Nernst and Ettinghausen’ 
that in presence of a transverse magnetic field, applied as in Hall’s ex- 
periment, a potential difference exists between the edges of the sheet. 
This might be expected upon the electronic theory, for both heat and 
electrical conduction are supposed to be due to transmission of the 
electrons. Those moving from the hotter part of the metal have greater 
velocity, and are therefore more deflected by the magnetic field, than 
the more slowly moving electrons from the cooler parts. 


1 K. Baedeker, “‘ Die Elektrischen Erscheinungen in Metallischen leitem.” 
2 H, W. Nernst and A, von Ettinghausen, Wied. Ann., 29, p. 843, 1886, 
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dT 
Difference of potential = Q.H. dno 


where Q is the coefficient of the Nernst and Ettinghausen effect. 

Ettinghausen Effect'—A temperature difference is established — 
between the edges of the plate along which a current is flowing, when 
there is a magnetic field at right angles to the plane of the plate. This 
effect is much smaller than the last described, and might have been 
expected from the transverse deflection of the electrons which gives 
rise to the Hall effect. 


P.Hi 
dy 


6T = — dz. 


Leduc Effect.2—In this case there is a transverse difference of 
temperature between the edges of the plate when a temperature 
gradient exists in the magnetic field. 


aT = SHS de, 
x 


The above four effects have been investigated by Zahn,* who gives 
the following values for the four respective coefficients :— 


R. Ss. Q. | P 

Platinum. . . —1:27x10-*| -—2:1x10-* | Very small 
Copper. .. . —4-28«10-4} —28-2x10-® +2°7x10-4 Not 
Silver... cneanes —8:97x10-*| —40°4x10-8 +4°3x10-‘ | (measurable 
VEEL Os Lom Aten +10°4 x10-*| +12:9x10-§ +2°4x10-! 
Troe. shee +10°8 x10-‘| +89 x10-§ | +10°5x10-‘ —5-7x10-8 
Steel - « | +1886 x10-*| +68:7x10-* | +-16°6>10=4 —6°7x10-§ 
Nickel I A —46°9 x10-‘| —20 x10-§| -—13 x10-‘ +2°8x 10-8 

IL AG —125 x10-*| —55 x10-8 | —85:°5x10-* | +17-610-8 


Antimony : +2190 x10-*|+202 x10-* | ~176 x10-* |4184 10-8 


Longitudinal Effects.—It would follow from the consideration of 
the above-described transverse effects that the electrons will, due to the 
transverse motion imposed upon them, now experience similar forces 
still at right angles to the magnetic field and to their present motion, 
which therefore makes the effect parallel to the original current or 
temperature gradient. Thus in the Ettinghausen and the Leduc 
effects, the upper edge of the plate is at a different temperature to the 


' A. von Httinghausen, Wied. Ann., 31, p. 737. 1887. 
2 A. Leduc, Journ. d. Phys., 6, p. 378. { 1387, 


* H. Zahn, Ann. der Phys., (3) 14, p. 886 (1904); and 16, p, 148 (1905). 
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lower, the electrons travelling from the hotter part have greater 
velocity and are deflected more by the magnetic field than those from 
the colder part, thus giving rise to a longitudinal temperature effect. 
__ Also in the case of the Hall effect, the lateral displacement of the 
. electrons causes them to experience a force due to the magnetic field, 
which force is in this case parallel to the original current. The motion 
of the electrons will thus resemble the motion of the ions in a magnetic 
and electric field at right angles to each other (p. 475); their path is 
curved, the component of their velocity in the direction of the electric 
field being less the stronger the transverse magnetic field. The result 
is therefore to reduce the current, or, in other words to increase the 
resistance of the conductor. This increase in resistance has been 
observed in several cases, particularly in that of bismuth, in which 
metal the Hall effect is very great. 

The increase in resistance is independent of the direction of the 
‘magnetic field, and may therefore be taken as proportional to the 
square of the field strength. In the relation— ; 


eee 


the constant A has been determined for a number of materials and is 
of the order 10-”, varying from 0:06 x 10-” in the case of platinum 
to 2°8 x 10-” for cadmium. 

In the case of bismuth the effect is complicated, but is sufficiently 
great to afford a means of measuring magnetic field by determining 
the resistance of a standardized conductor of bismuth when situated 
in the field. 

The properties of bismuth are in many ways peculiar, as, for 
example, the variation in resistance to continuous and to alternating 
current, discovered by Lenard. The resistance to the alternating 
current depends on the frequency, being less the higher the frequency. 
Pallme-Kénig,? on examining a bismuth wire in currents of very short 
duration, found that the resistance for a rising current is always less 
than that for a falling current. 

In the present chapter a very brief outline of the electronic theory 
has been given, the object being rather to point out some of the cases 
in which it has been useful in explaining and in drawing together 
apparently widely separated phenomena. The weaknesses of the theory 
have been barely touched upon, our object being neither to establish nor 
to disprove it, but to introduce the student to the method of regarding 
physical phenomena which the work of the last ten or fifteen years has 
produced. 


1 Pallme-Konig, Ann. d. Phys., 25, p. 921. 1908. 
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TABLE OF TRANSVERSE AND LONGITUDINAL EFFECTS DUE TO A TRANSVERSE 


MaGnetic FIELD. 


Electro-electric . 


Electro-thermal . 


Thermo-electrical 


Thermo-thermal . 


Transverse. 


Hall. Transverse electromotive 
force when current flows at 
right angles to magnetic field. 


Ettinghausen. Transverse differ- 
ence of temperature when current 
flows at right angles to magnetic 
field 


Nernst and Ettinghausen. Trans- 
verse electromotive force when 
flow of heat takes place at right 
angles to magnetic field. 


Leduc. ‘Transverse difference of 
temperature when flow of heat 
takes place at right angles to 
magnetic field 


Longitudinal. 


Change in electrical 
conductivity. 


Longitudinal difference 
of temperature. 


Longitudinal electro- 
motive force. 


Change in _ thermal 
conductivity. 


APPENDIX 


Characteristic X-rays.—It was found by Barkla and Sadler! that most 
substances emit one or more kinds of homogeneous secondary X-rays, the 
character of which depends only upon the nature of the substance and not 
upon the quality of the primary rays. But in order to produce any charac- 
teristic X-ray, the primary X-rays must be at least as hard as the character- 
istic X-rays produced. Moreover, the characteristic X-rays can be used as 
primary rays to produce other characteristic X-rays of less penetrability. 

Some elements can be caused to emit two characteristic radiations, of 
which one is about 300 times as penetrating as the other. Barkla called 
the harder of the two, for the various elements, the series K radiations, 
and the softer, the series L. For both the K and the L series the hardness 
increases with the atomic weight of the element. For some elements such 
- as silver, antimony, and barium, both the series K and the series L radia- 
tions have been observed. For the elements of low atomic weight only the 
series K radiation has been observed, and for those of high atomic weight, 
only the series L. 

Whiddington? found a relation between the atomic weights of the 
elements and the penetrating power of their characteristic X-rays. If an 
element whose atomic weight is Ax has a series K radiation of the same 
penetrating power as the series L radiation of an element of atomic weight 


A;, then— 
Ax= 3(At —¢), 
where c is a constant whose value has been found to be nearly 48. 
ae Ax => $(Ay, — 48). 


Thus the series K radiation of bromine (at. wt. = 80) has the same 
penetrating power as the series L radiation of bismuth (at. wt. = 208). 

Whiddington * has also measured the minimum velocity of the kathode 
rays required for the production of rays of the hardness of any given 
characteristic ray, and found it to be proportional to the atomic weight of 
the element. For the series K radiation— 


Vx = A.108 cm. per sec., 


and for the series L— 
Vi = 3(A — 48). 108 cm. per sec., 


where A is the atomic weight of the element. 


1 6, G. Barkla and C. A. Sadler, Phil. Mag., 16, p. 550, Oct., 1908. 
2 R. Whiddington, Nature, p. 143, Nov. 30, 1911. 

7 R. Whiddington, Proc. Roy. Soc. A., 85, p. 323. 1911. 
20 
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Interference and Reflection of X-rays.—That X-rays consist of an 
electro-magnetic disturbance travelling outwards has been believed for some © 


w= iliomin ei 


time, but whether they consist of single impulses (p. 528) or of a train of © 


impulses constituting light of very short wave-length was difficult to 
determine. They had resisted all attempts to reflect them or to produce 
interference, until the suggestion of Prof. Laue! that the atomic structure 
of crystals might form a sufficiently fine diffraction “grating” for this 
purpose. Friedrich and Knipping? placed crystals of copper sulphate, 


rock salt, diamond, or zinc blend in the path of a fine beam of X-rays, the © 


transmitted beam falling upon a photographic plate. In addition to the 


central spot, a diffraction pattern was observed in each case, the positions 
of the spots being in accordance with Laue’s theory. Fig. 453 shows one 
of their photographs for zinc blend. 


From “ X-rays,” by G. W. C. Kaye. 
Fic. 453. 


Prof. W. H. Bragg has accounted for the position of the diffraction spots, : 


by reflection of the X-rays from successive planes in the crystal which are 


rich in atoms. He has determined the wave-length of the X-rays, and also, — 
in many cases, the dimensions of the space-lattice and distribution of the — 
atoms in the crystal. It is found that each characteristic secondary X-ray — 


has a particular wave-length. 


X-rays may be reflected at nearly grazing incidence from various crystals 
possessing marked cleavage planes, such as mica, the direction of the 


reflected beam depending on the wave-length of the incident X-rays. The 
wave-length of X-rays appears to be of the order 1 x 10-8 cm. Fora fuller — 


1M. Laue, Phys. Zeitschr., 14, p. 421. 1918. 
* W. Friedrich, P, Knipping, and M. Laue, Le Radiwm, 10, p. 47. 1913. 


Phe ae a 
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account of Bragg’s theory and his experimental work the student is advised 
a aes ‘X-rays and Crystal Structure,” by W. H. Bragg and W. L. 

88- 

A comprehensive study of these high-frequency spectra produced b 
reflection of the characteristic X-rays thor aeaciabee of celle at Beecly 
grazing incidence has been made by Moseley.! He found that the spectrum 
for each metal, from calcium to zinc, consisted of two sharp lines which 
have the same relative intensity and relative wave-length for the different 
metals. The lines of greater wave-length are the more intense, and corre- 
spond to the series K radiation. The wave-length is smaller the higher the 
atomic weight of the metal. For calcium K radiation A = 3°36 x 10-8 em., 
and for palladium A = 0-575 x 10-8cm. For a comprehensive account of 
oe and their properties the student should see “ X-rays,” by G. W. C. 

aye. 

Thermionics.—If the free electrons in a metal have velocities corre- 
sponding to their temperature, it would follow, as in the case of gases, that 
the electrons have not the same individual velocities. .In fact, the distribu- 
tion of velocities would be expected to be the same as that for the molecules 
of a gas, which was calculated by Maxwell. On the other hand, the escape 
of electrons through the surface of the metal requires work to overcome the 
attraction of the remaining positively charged metal. Only those electrons 
which have sufficiently great velocity will escape. This escape means a 
negative current flowing outwards through the surface of the metal, and 
corresponds closely to the escape of molecules from a liquid in the process 
of evaporation. Consequently the current increases with rise of temperature. 
The question has been investigated by O. W. Richardson,? who has shown 
that the escape of electrons from a metal into a gas at very low pressure 
varies with temperature in a manner which is in accord with Maxwell’s 
expression for velocity distribution. The subject has been named ther- 
mionics by Richardson, and the ions emitted by hot substances he calls 
thermions (also see p. 493). 

Positive Rays.—The steams of positively charged bodies.first noticed 
in the case of the canal rays (p. 488) and afterwards in the a-rays from 
radioactive substances (p. 501) are usually grouped under the name of 
positive rays, which name indicates the nature of the electric charge carried 
by them. The positive rays in the discharge tube are of a complex nature. 
By using large vacuum vessels so that the discharge could be obtained at 
very high p.d. without injuring the tube, Sir J. J. Thomson® found the 
existence of positive rays whose nature depended upon the gas present in 
the tube. 

The method employed was that of the application of an electric and 
a magnetic field coincident in position and direction. The charged particle 


2 
then undergoes a displacement y = Li in passing through a path 
dom. in the electric field E (p. 506) and a displacement x at right angles 
to this and due to the magnetic field — 


1 H. G. Moseley, Phil. Mag., 26, p. 1024, Dec., 1913. 
2 0. W. Biainedoori and F, C. Brown, Phil. Mag., 16, p. 358, Sept., 1908, and 
O. W. Richardson, Phil. Mag., 17, p. 813, June, 1909. 

3 J, J. Thomson, Phil. Mag., 21, p. 225. 1911. 
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Combining these two— ‘ 
end eee 
ce and, ye 
The positive rays, which arise in the dark space in the vacuum tube, 
travel through a fine hole in the kathode several cm. long. They then pass 
through the electric and magnetic fields and fall upon the plate, giving an 
undeflected patch at O (Fig. 454) and curves such as AB, CD, EF, etc. An 
the earlier experiments the screen was rendered fluorescent with willemite, 
but this was later replaced by a photographic plate. Every point upon the 


screen corresponds to some particular value of = and velocity for the 


travelling particles. For all those having the same velocity, “ is constant, 


so that these points lie on straight lines such as OG passing through the 
origin. | ; 


On the other hand, for all particles having the same value of = 


2 
x : i 
— = constant, and these curves are parabolas having vertexes at O. It is 


Yy 
therefore highly probable that each parabola corresponds to a different kind 
of particle, and by measuring the constants of the parabolas the values of 


© have been found. 
m 


The photographic plate does not give a good measurement of the intensity 
of each kind of ray, owing to the fact that the more rapidly moving particles 
penetrate further into the photo- 
graphic films than the slower ones. 
Thus for quantitative measure- 
ments a parabolic slit LM (Fig. 
454) in a metal screen is provided. 
By varying the magnetic field, 
one parabola after another can be 
brought upon the slit. These rays 
_ then pass through, and entering 
a Faraday cylinder connected to a 
Wilson tilted electroscope, the rate 
of motion of the leaf is a measure 
of the charge carried by the rays. 
The comparative intensity of the 
rays producing the various para- 
bolas for any given gas in the 
Fic. 454, tubes can be found. 

By this means Sir J. J. Thomson 

: was able to observe the presence of 

a great variety of atoms and molecules, for example, the hydrogen atom 
with one ultimate unit of charge (p. 488), and the hydrogen molecule with 


one unit. Taking “ a8 unity for the hydrogen atom, H+ has fhe value 1, 


Then H,+ = 2. The following have also been observed: O+ = 16, O,*+ — 32 
O*+ = 8, O,+ = 48. The molecule never appears to take more than one 
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fundamental unit of charge, but the atom can take a varying number, which 
increases with the atomic weight. Thus in the case of mercury, from one 


to eight units may be taken, giving values of - of 200, corresponding to 


200/1, 102 to 200/2, 66:3 to 200/8, 50°4 to 200/4, 39°8 to 200/5, 33-7 to 200/6, 
28°6 to 200/7. Also crypton (82) takes four or five in atomic charges, 
argon (40) three, neon (20) two, nitrogen (14) and oxygen (16) two, helium 
(4) two. Hitherto unknown substances have also been found, one for which 
m/e = 8 which has been named X, and which may be H,, and another which 
would correspond to an element of atomic weight 22, which may prove to 
be a new element. 


+4 Na i 


EXAMPLES 


EXAMPLes I, 


1. Two short magnets, with their axes horizontal, and perpendicular to the 
magnetic meridian, are placed with their centres 30 centimetres east and 
40 centimetres west respectively of a compass-needle. Compare the moments 
of the magnets if the needle remains undeflected, and show how to derive the 
formula employed in the calculation. (B. of E. 2, 1911.) 

2. How would you verify experimentally the law connecting the force 
between two magnetic poles with the distance between the poles? Make some 
rough estimate of the percentage accuracy of which the method is capable. 
(Lond. Univ. B.Sc. Ext., 1906.) 

3. Define Magnetic Potential, and find the magnetic potential at any point 
due to a very short magnet. Show that the magnetic moment of such a 
magnet may be treated as a vector. (Lond. Univ. B.Sc. Ext., 1909.) 

4, Find expressions for the turning effect and for the attraction of one 
small magnet on another. (Lond. Univ. B.Sc. Hon. Internal., 1910.) 

5. Show how mechanical principles are not violated by the fact that the 
couple exerted by one magnet on another is, in general, not the same as that of 
the second on the first. (Lond. Univ. B.Sc. Hon. Internal., 1911.) 

6. Two magnets of the same length 7 are placed with their axes parallel and 
their centres at a considerable distance R from a point P, one with its axis 
passing through P, the other with P on the line through its centre perpendicular 
to its axis. Find how the magnets must be oriented, and what must be the 
relation between their moments in order that the magnetic field at P due to them 


may be independent of powers of z lower than the fourth. (Lond. Univ. B.Sc. 


Ext., 1911.) 
7. Find the magnitude and direction of the magnetic field due to a small 


magnet of moment 30, at a point situated on a line passing through the middle 
of the magnet and at an angle of 60 degrees with its axis, the point being at a 
distance of 5 cms. from the magnet. 


Examrtes II. 


1. Describe, giving all necessary correcting terms, how you would determine, 
in absolute measure, the horizontal component of the earth’s magnetic field. 


(Lond. Univ. B.Sc. Internal., 1906.) : : 
2. Describe some method of comparing H and V, the horizontal and vertical 


components of the earth’s magnetic field. LB 
Show that the ratio H + V would be equal, to , where ® is the 
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latitude, if the magnetic field were due to a magnet at the centre of the earth with 
its axis pointing north and south. (Lond. Univ. B.Sc. Ext., 1907.) ; : 

3. Describe the method adopted to determine the variation of the horizontal 
component of the earth’s magnetic field, and find an expression for the deflection 
produced in terms of the variation of the component. (Lond. Univ. B.Se. Ext., 
1909. 
re Give an outline of the determination of H—the horizontal magnetic field 
of the earth—by employment of a bar magnet and a magnetic needle. ; 

How is the effect of the length of the bar magnet eliminated by observing 
deflections of the needle by the bar magnet at two different distances of the 
latter? (Lond. Univ. B.Sc. Internal., 1910.) 

5. Write an essay on terrestrial magnetism, keeping in view more especiaily 
its probable causes. (B. of E. Hon. I., 1907.) 

6. Give a short account of how it is possible to neutralise the disturbing 
ee the magnetised iron and steel of a ship on a compass needle. (B. of E. 
3, 1908.) 

7. Explain how the daily variation of the intensity of the earth’s magnetic 
field may be continuously recorded. (B. of E. 3, 1910.) 

8. A magnet weighing 15 grammes has a small straight stem (length = 4mm.) 
fixed centrally at right angles to the magnetic axis. The whole is suspended by 
a silk fibre attached to the upper end of the stem, at a place where the dip is 
60°. Calculate the angle which the magnet makes with the horizontal, its 
magnetic moment being 100 units. (Lond. Univ. B.Sc. Internal., 1905.) 


Examptes III. 


1. What is the reason for using as small.a suspended magnet as possible in 
the tangent galvanometer ? 

Describe an arrangement of coils by which the necessity for a very small 
magnet is removed, stating the reasons. 

2. Two similar coils of wire, having a radius of 7 cms. and 60 turns, have 
a common axis and are 18 cms. apart. Find the strength of magnetic field (a) at 
the centre of either coil, and (b) at a point on their common axis midway 
between them. 

3. Describe a method of calculating the resistance between two points in a 
network of conductors, (B. of E. 3, 1905.) 

4, Find the resistance of a cubic centimetre of copper (a) when drawn out 
into a wire of diameter 0°32 mm. and (6) when hammered into a flat sheet of 
thickness 1°2 mm. the current flowing perpendularly through the sheet from 
one face to the other. (Specific resistance = 1°59 x 10-6), 

5. Find the most sensitive arrangement for the Wheatstone’s net when the 
galvanometer has a much greater resistance than the battery, and the resistances 
of the arms are very unequal. 

6. State the laws governing the. distribution of current in a network of wires. 

A battery of 6 volts E.M.F, and 0:5 ohm internal resistance is joined in 
parallel with another of 10 volts E.M.F. and 1 ohm internal resistance, and the 
combination used to send current through an external resistance of 12 ohms. 
Calculate the current through each battery. (Lond. Univ. B.Sc. Ext., 1910.) 

7. State Kirchhoff’s Laws of distribution of electric currents in networks of 
conductors, and justify by means of them or otherwise the method of determin- 
ing the resistance of a voltaic cell by placing it in one arm of a resistance bridge. 
(Lond. Univ. B.Sc. Ext., 1911.) 

8. Define the ampere, and find the direction and intensity of the force ona 


Bs 
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circular coil of m turns wound close together through which a current of A 
amperes is flowing due to a magnet whose poles lie on the axis of the coil. 
(Lond. Univ. B.Sc. Ext., 1911.) 

9. The reactions within a cell generate electrical energy at the rate of 
1 watt per ampere; a current of 10 amperes is being generated with the result 
that energy is dissipated within the cell in the form of heat at the rate of 1 watt. 
What is the difference of potential between the terminals of the cell, also what is 
the internal resistance of the cell? (Lond. Univ. B.Sc. Internal., 1909.) 

10. Show how to calculate the current through the galvanometer in the 
Wheatstone bridge arrangement of conductors when nearly balanced, (Lond. 
Univ. B.Sc. Hon. Internal., 1910.) 


Examp.tes IV. 


1. Describe how you would determine a very small resistance accurately. 
(B. of E. 2, 1911.) 

2. Describe the moving coil galvanometer, giving its advantages and dis- 
advantages compared with the needle galvanometer. (B. of E. 2, 1911.) 

3. Describe carefully how you would use a potentiometer for measuring 
currents. How would you adapt it for use with large and small currents 
respectively ? (Lond. Univ. B.Sc. Internal., 1905.) 

4, Describe the construction of the moving coil galvanometer, and explain 
how, with the addition of a shunt, it can be used as an ammeter for large 


currents. (Lond. Univ. B.Sc. Ext., 1908.) 


5. What difficulties are met with in measuring a very small resistance by the 
Wheatstone’s bridge method? Describe a method of comparing low resistances. 
(Lond. Univ. B.Sc. Internal., 1909.) 

6. Describe some form of ammeter in which the reading is proportional to 
the square of the current. 


EXxamMe_es V. 


1. Why does a sharp point attached to an electrical machine prevent a high 
potential being obtained, while a knob has no such effect? 3 

Describe some practical application of the above action of points. (B. of 
E, 2, 1911. 

2. Give an account of the method employed by Cavendish and Maxwell to 
prove that the law of inverse square of the distance holds in electrostatics. 
How can the degree of accuracy attained in such experiments be estimated ? 
(Lond, Univ. B.Sc. Internal., 1907.) af : 

8. Define the term potential, as applied to conductors in electrostatics. 

Show that the potential must be the same at all points in the air space 
completely surrounded by a conductor. (Lond. Univ. B.Sc. Ext., 1908.) 

4, What is an electrical image ? ' 

A point charge is placed 3 cm. in front of an infinite plane conductor. Show 
that the total induced charge on the portion of the plane which is contained by 
the circumference of a circle of radius 4 cm., and whose centre is the foot of the 
perpendicular let fall from the point charge on to the plane, is numerically 2 of 
the point charge. (Lond. Univ. B.Sc. Hon, Internal., 1909.) x 

5, Show that if the energy in the electrostatic field is regarded as distributed 
throughout the field the amount of energy per unit volume at any point Pin 


the field is & where & is the specific inductive capacity and R the electric 
Ls 
intensity at P. (B. of E. Honours, 1905.) 
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6. Explain how the forces in the electric field may be regarded as due to 
tension along the lines of force combined with pressure at right angles to them. 
(B. of Ei. Hon., 1906.) a‘ . 

7. Discuss the application of the method of images to the solution of 
electrostatic problems. (B. of E. Hon. IL, 1906.) pe 

8. Show that in passing from one dielectric to another, electric lines of force 
may undergo a change in direction. (B. of E. 3, 1910.) a 

9. Compare the forces with which a point charge of electricity and a 
conducting sphere attract each other (a) when the sphere is earthed, (6) when it 
is insulated. (B. of E. Hon. I., 1911.) , / 

10. What is meant by an electrical image? A charge of electricity + q is 
situated at a distance Z from a large earthed plane conducting sheet. Find the 
distribution of the induced charge in terms of the distance from the point. 
(Lond. Univ. Ext. B.Sc., 1905.) 

11. Can you reconcile Maxwell’s system of tensions and pressures in the 
dielectric medium with the theory which gives the energy per cubic centimetre as 


a) (Lond. Univ. B.Sc. Hon. Internal., 1907.) 


12. Find an expression for the force per square centimetre of surface on a 
conductor due to its charge. What charge must there be upon a soap bubble 
of radius 13 cm. if the air pressure is the same inside and outside of the bubble, 
assuming the surface tension to be 27? (Lond. Univ. B.Sc. Hon. Internal., 1907). 

13. Show that if there is no force inside a uniformly charged spherical — 
surface the law of force between two charges e, and eg is “13, where r is the 
distance between the two points at which e, and eg are situated, (Lond. Univ. 
B.Sc. Hon. Ext., 1908.) 

14. Find the conditions that hold at the surface separating two media of 
different resistivity when a current flows from one to the other; and deduce a 
relation between the inclinations of the lines of flow to the normal on the two 
sides of the boundary. 

15. Show how the induced electrification distributes itself on a conducting 
sphere placed in a uniform field. (Lond. Univ. B.Sc. Hon. Internal., 1910.) 

16. Explain the method of electrical images for the solution of problems in 
electrostatics. 

Find the distribution of electricity produced on a conducting sphere insulated 


without charge, when a point charge is placed near it. (Lond. Univ. B.Sc. Hon. 
Ixt., L9OLT) 


Examr_es VI, 


1. Two spheres of radii 5 and 10 cm. respectively have equal charges of 
50 units each. They are then joined by a thin wire so that their charges are 
shared between them. Calculate the total energy before and after sharing. 
What becomes of the difference of energy? What diflerence would be caused 
by bringing the spheres into direct contact with one another? (Lond. Univ, 
B.Sc. Internal., 1905.) 

2. Describe some firm of absolute electrometer and give the theory of its 
action. (Lond. Univ. B.Sc. Hon. Internal., 1907.) 

3. Define accurately the term capacity of a condenser, and show which has 
the greater capacity, the inside or the outside coating of a Leyden jar. 

Find the capacity of a sphere of 15 cms. diameter inside which there is an 
earthed concentric sphere of 10 cms. diameter. (Lond. Univ. B.Sc. Ext., 1908.) 
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A. The ends of a metal tube of radius 7, project into two larger tubes of 
radii r, and rg, the radii being small compared with the lengths of the tubes, and 
the axes being all in the same line. Find the force in dynes on the inner tube 
when the potentials of the three conducting surfaces are v,, v,, and vg respectively. 
(Lond. Univ. B.Sc. Hon. Ext., 1908.) 

5. A is a gold leaf electroscope, B a quadrant electrometer. For measuring 
small potential differences B is found to be more sensitive than A; does it 
necessarily follow that it will be more sensitive for the measurement of small 
charges? Give reasons for your answer. (B. of E. 2, 1905.) 

6. If one pair of quadrants of a quadrant electrometer is connected with the 
earth, and if a constant charge is given to the other pair of quadrants, the deflec- 
tions of the electrometer will be a maximum when the potential of the needle has 
a certain value, any increase of the potential beyond this value diminishing the 
deflection ; explain this result. (B. of E. Honours I., 1905.) 

7. How would you determine the specific inductive capacity of a solid sub- 
stance, being given a slab of the material in question? (B. of 4. 3, 1908.) 

8. Given a standard condenser of 0°5 microfarad, how would you use it to 
determine a very small capacity (eg., about the ten-thousandth part of the 
standard)? (B. of E. III, 1905.) 

9. Describe some method of measuring in electromagnetic measure the 
capacity of a condenser of considerable capacity. (B. of E. Honours I., 1905.) 

10. Describe a method suitable for determining the specific inductive capacity 
of liquids in rapidly alternating electric fields. (B. of E. 3, 1907.) 

11. Deduce an expression for the electrostatic capacity of two coaxial 
metallic cylinders separated by a layer of air. Investigate the effect of inserting 
between the cylinders a coaxial cylindrical shell of a dielectric substance of 
thickness less than that of the layer of air. (Lond. Univ. B.Sc. Hon. Ext., 
1906. 

8 State Gauss’s theorem, and deduce from it the capacity of a long con- 
denser consisting of two concentric cylinders. (Lond. Univ. B.Sc. Ext., 1909.) 

13. Describe some form of quadrant electrometer and deduce a formula for 
use with it. (Lond. Univ. B.Sc. Ext., 1909.) 

14, Two parallel conducting plates are maintained with a constant difference 
of potential between them. Find the ratio of the attractions between the plates 
when air is the only medium separating them, and when a sheet of non-conduct- 
ing material whose thickness is two-thirds of the distance between the plates 
and whose dielectric constant is 6, is inserted. : 

15. Describe some form of quadrant electrometer, and discuss the conditions 
on which the sensitiveness of the instrument depends. (Lond. Univ. B.Sc. 
Internal., 1911.) ; 

16. A cable consisting of a solid conductor of 6 mm, diameter is surrounded 
by two layers of insulating material, separated by a thin conducting layer, the 
inner having a thickness of 3 mm. and a dielectric constant 7, and the other a 
thickness of 4 mm. and dielectric constant 5. Outside this is an earthed con- 
ducting sheath. Find the ratio of the falls of potential in the two insulating 
layers. Ongradually raising the potential difference between the inner conductor 
and the earthed sheathing, which of the layers will first break down in insulation, 
assuming the electric strength of the two insulating materials to be the same ? 
(Lond. Univ. B.Sc. Hon. Internal., 1911.) 


Exampeues VII, 


1. Describe some method of determining accurately the specific resistance of 
an electrolyte. (B. of E. 3, 1906.) 
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2. Give the elementary theory of the capillary electrometer, and describe its 
application to the measurement of the potential difference between a solution and 
mercury. (B. of E. Hon. II., 1906.) : : 

3. Describe the phenomenon of electrolytic conduction and explain how our 
knowledge of ionic velocities has been obtained. (B. of E. 3, 1907.) — 

4, Give a short account of the ionic theory of electric conduction in electro- 
lytes, and show why a difference in potential should in general be expected 
when diffusion of a salt takes place. (B. of E. Hon. I., 1910.) 

5, Discuss the relation between the E.M.F. of a cell and the thermal value of 
the chemical changes which takes place during the passage of the current. 
(B. of E. Hon. I., 1910.) , 

6. What is meant by the velocity of an ion in electrolysis, and how has it 
been measured? (B. of E. 3, 1911.) 

7. Describe Kohlrausch’s method of determining the resistance of an electro- 
lyte ; and explain how from a knowledge of the conductivity of salt solutions, 
the degree of dissociation of a solution of given strength is usually calculated. 
(Lond. Univ, B.Sc. Internal., 1906.) P 

8. Explain how the velocities of the ions in an electrolyte have been ascer- 
tained, and deseribe a method of directly observing an ionic velocity. (Lond. 
Univ. B.Sc. Hon. Internal., 1906.) 

9, Find a relation between the rate of change with temperature of the electro- 
motive force of a reversible cell and the other constants of the cell. (Lond. 
Univ. B.Sc, Hon. Internal., 1906.) 

10. A sphere of unit radius contains a solution of hydrochloric acid in which 
the density of the acid is 10-4 gramme per cubic centimetre. Calculate the 
electric force in volts per centimetre at the surface of the sphere if one per cent. 
of the chlorine ions were removed from the solution, the electrochemical equi- 
valent of hydrogen being 0°000104 gramme. (Atomic weight of chlorine = 35:5, 
hydrogen = 1:01.) . 

Hence, show that it would be impossible by employing forces of the order of 
a volt per centimetre to produce any separation of H and Cl ions in the solution 
that could be estimated chemically. (Lond. Univ. B.Sc. Ext., 1907.)- 

- 11. Two liquid resistances, A and B, of 5 and 10 ohms respectively, are 
connected in parallel, and a battery of electromotive force 8 volts and 2 ohms 
internal resistance is used to send a current through them. ; 

Find the currents in the two liquids, being given that the electromotive force 
a ate is Ol volt in A and 1°8 volts in B. (Lond. Univ, B.Sc. Ext., 

08.) 

12.. Explain how the electromotive force of a cell may be deduced from the 
quantities of heat evolved in the chemical reactions that take place in the cell, 
and show that the correction for the temperature-variation of the electromotive 


force is jes (Lond, Univ. B.Sc. Hon. Ext., 1908.) 


13. Give a short account of the theory of the conductivity of solutions of 
salts and dilute acids, and mention the principal phenomena which are explained 
by the theory. (Lond. Univ. B.Sc. Hon. Ext., 1908.) 

_ 14, Give an account of experiments to determine the transport numbers for 
ions in electrolysis. (Lond. Univ. B.Sc. Hon. Internal., 1909.) 

Show how the velocity of electrolytic ions in an electric field can be 
calculated from measurement of the specific resistance, and of the transport ratio. 

Describe, mentioning necessary precautions, experiments by which this 
velocity is directly measured. (Lond. Univ. B.Sc. Internal., 1911.) 

16. What is meant by the term Solution Pressure used in connection with 
Voltaic cells? Show how an expression for the electromotive force developed 


EX AMPLES 573 


a oe deduced through this conception. (Lond. Univ. B.Sc. Hon. Internal., 
__ 1%. Explain the meaning of the expression “uw and v the mobilities of the 
ions in electrolysis.” 

_ Show that if in the electrolysis of a solution 10:36 x 10-8 gram equivalents 
of each ion are liberated by the passage of an ampere for a second, 


u-+v = 10°36 x 10-%/N 


when & is the conductivity of the electrolyte and N the number of gram 
equivalents of dissolved salt per cubic centimetre of the solution. (Lond. Univ. 
B.Sc. Ext., 1911.) 


Examptes VIII. 


1. Describe a method of measuring either the Peltier effect or the Thomson 
effect of a thermo-couple in absolute measure, and explain how the results are 
related to the variation of the E.M.F. with temperature. (B. of E, Hon. IL, 
1906. 

2. Give Kelvin’s theory of the thermo-electric circuit, and find an expression 
for the E.M.F. if the specific heat of electricity varies inversely as the absolute 
temperature. (B. of E. Hon. II., 1908.) 

3. Describe the Thomson thermo-electric effect, and give the reasoning 
which led to its discovery. (B. of E. 3, 1909.) 

4, Write a short essay on the use of thermo-couples to measure temperature, 
taking as an illustration of the method the determination of the temperature at 
which a molten mixture of two metals solidifies. (B. of E. 3, 1910.) 

5. Prove that the coefficient of the Peltier effect at a given junction is the 
product of the absolute temperature of the junction and the rate of change of the 
whole E.M.F. of the circuit with the temperature of that junction. (Lond. Univ. 
B.Sc. Hon. Internal., 1907.) 

6. What is meant by the specific heat of electricity? Assuming that the 
E.M.F. of a circuit of two metals with the cold junction kept at constant 
temperature varies with the temperature of the hot junction according to a 
parabolic law, show that the difference of the specific heats of electricity in the 
two metals is proportional to the absolute temperature. (Lond. Univ. B.Sc. 
Hon. Internal., 1908.) 

7. The thermo-electric power of iron is 1734 micro-volts per degree at 0° and 
1247 at 100, that of copper is 136 at 0°, and 231 at 100°. Construct a thermo- 
electric diagram for these metals, lead being the standard; and state how the 
amounts of heat absorbed and given out in the different parts of a copper-iron 
circuit with its junctions at 0° and 100°, when there is a current of 1 ampere, 


are shown in the diagram, : 
Calculate also the electromotive force in volts. (Lond. Univ. B.Sc. Internal., 


1911. 9 
. Explain clearly what is meant by the “specific heat of electricity.” _ 

Along a metal rod whose area of cross-section is 1 sq. cm. there is a uniform 
temperature gradient of 1° C. per centimetre. The specific resistance of the 
material of the rod is 150 microhms per cm. cube. When a current of 0:05 
ampere is sent from the hot to the cold end the temperature gradient is unaltered. 
Calculate the specific heat of electricity for this metal. (Lond. Univ. B.Sc. 
as ‘The RAL, in a simple thermo-electric circuit, one junction of which 
is heated while the other is kept at 0° C., is given by the expression E = b¢ + ct’, 
where tis the temperature of the hot junction. Determine the neutral tempera- 
ture, and the Peltier and Thomson effects in the circuit. 
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Explain the theory on which these determinations are made, (Lond. Univ. 
B.Sc. Hon. Internal., 1911.) 


ExAmpues IX. 


1. Distinguish between a ballistic and a dead-beat galvanometer. Describe 
some form of suspended coil galvanometer stating the conditions under which it 
is (1) dead beat or (2) ballistic. (B. of E. 2, 1905.) ; : 

2, In what way may a circuit carrying a current be considered equivalent to 
a magnetic shell? Find the work done in taking a magnetic pole round a 
closed curve which threads an electric circuit once. (B. of EK. 3, 1909.) 

8. Prove the formula for calculating the magnetic field inside a long helix at 
points distant from the ends. Suggest a method for measuring the field inside 
experimentally. (Lond. Univ. B.Sc. Internal., 1905.) 

4, Find an expression for the magnetic potential at any point due to an 
electric current flowing round a closed circuit. Hence, or otherwise, calculate 
the galvanometer constant of the Helmholtz form of tangent galvanometer, in 
which two coils are placed parallel to each other at a distance apart equal to the 
radius of either. (Lond. Univ. B.Sc. Internal., 1908.) 

5. Find the magnetic moment of a sphere of soft iron of permeability » placed — 
in a uniform magnetic field of strength H. (B. of E. Hon. I., 1905.) 

6. An electric current of one ampere flows round a circular metal ring, the 
radius of which is 10 cms. Determine the strength and direction of the magnetic 
field at a point on the line drawn through the centre of the ring perpendicular to 
its plane and 10 cms. distant from the plane of the ring. (B. of E. 2, 1908.) 

7. Show that a uniformly magnetised sphere produces the same effect at 
external points as that produced by a small magnet at the centre of the sphere. 
(B. of E. 3, 1908.) 

8. Compare the relative advantages of different forms of sensitive galvano- 
meter, and discuss the condition upon which the sensitiveness depends. (B. of 
E. Hon. II., 1908.) 

9. Two circular coils of wire are placed with their planes parallel to each 
other at a distance of 5 cms. apart. The larger coil has a radius of 10 cms. 
and 30 turns of wire, the smaller a radius of 2 cms. and 20 turns of wire. 
Calculate approximately in grammes weight the mechanical force between 
the coils when a current of 1 ampere is passed through both, proving any 
formula used. 

Show how the principles thus illustrated are applied practically in the 
ampere-balance. (Lond. Univ. B.Sc. Hon. Ext., 1906.) 

10. Find an expression for the mutual potential energy of a magnetic shell 
and an external magnetic system. Show that if the shell forms a closed surface 
Mos exert no action on a magnet inside it. (Lond. Univ. B.Sc. Hon. Internal., 

:) 

11. Explain what is meant by a simple magnetic shell, and find the potential 
of such a shell at any point. 

Calculate the magnetic force at a point inside a long solenoid of n turns per 
centimetre carrying a current of A amperes. (Lond. Univ. B.Sc. Ext., 1910.) 

12. Find the law of refraction of magnetic lines at a surface at which the 
permeability of the medium changes, 

Draw incident and refracted lines for media whose permeabilities are in 
the ratio 1:5, when the incident line makes an angle of 45 with the normal to 


the surface (a) in the medium (1), (6) in the medium (2). (Lond. Univ. B.Se. 
Hon. Ext., 1910.) Pia Bem : 
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Exampetes X, 


1. In what respects do the magnetic properties of iron and steel differ? Define 
the terms intensity of magnetisation (I), induction (B), and magnetic force (H). 
How do you obtain the relation 


B=H + 4rl, 


either theoretically or experimentally? (Lond. Univ. B.Sc. Ext., 1907.) 

2. Show in what features a magnet circuit is analogous to an electric circuit, 
In what respects does the analogy fail? (Lond. Univ. B.Sc. Internal., 1907.) 

3. Show that the work per cubic centimetre performed in taking a specimen 
of iron through a cycle of magnetisation is represented by the area of the cycle 
upon the H—I diagram. Describe how the energy loss due to hysteresis may 
be determined for a given material. (Lond, Univ. B.Sc. Hon. Internal., 1907.) 

4. Define magnetic induction B and magnetising force H, and give an 
account of an experimental method of determining their relation for a specimen 
of soft iron. (Lond. Univ. B.Sc. Internal., 1909.) ; 

5. Explain what is meant by residual magnetism, coercive force, permeability. 

Draw a curve showing the manner in which the magnetism induced in a soft 
iron rod varies as the magnetising field is taken through a cycle, and state ina 
general way how from this diagram you would obtain the residual magnetism, 
coercive force, and permeability of the iron. (DB. of E. 2, 1911.) 

6. Define magnetic force H and magnetic induction B. Show that the 
energy per unit volume of the magnetic field between two plane poles is given by 


BS Giond, Univ. B.8e. Ext,1905.) 


8a 

7. Give an account of Ewing’s theory of magnetism. In what respect does 
it differ from Weber’s? (Lond. Uniy. B.Sc. Hon. Internal., 1905.) 

8. Discuss the effects of and the methods of dealing experimentally with free 
magnetism in the measurement of magnetic permeability. Find an expression 
for the effect of a thin radial crevasse upon the magnetisation of an anchor ring. 
(Lond. Univ. B.Sc. Hon. Internal., 1996.) 

9. What is the general character of the magnetic permeability of iron (a) in 
very strong, (b) in very weak fields? How has the latter been experimentally 
investigated? (Lond. Univ. B.Sc. Hon. Internal., 1906.) 

10. What is meant by hysteresis, and by a cycle of magnetisation ? 

Prove that the area of the H, B cycle denotes 4m times the energy dissipated 
per c.c. of metal during each magnetic cycle. (Lond. Univ. B.Sc. Internal., 1910.) 

11. A long solenoid of ten turns to the centimetre contains an iron rod 2 cm, 
diameter cut in two. Find the force necessary to separate the two halves of 
the rod when a current of 3 amperes is flowing in the solenoid; given that on 
reversing this primary circuit 60 micro-coulombs flow through a secondary 
circuit of ten turns wound round the iron rod, and having a total resistance of 
100 ohms. (Lond. Univ. B.Sc. Internal., 1911.) 

12. Describe the effect of temperature on (1) the magnetic permeability of 
iron under small magnetising forces; (2) the maximum intensity of magnetisation 
of the iron. (B. of E. 2, 1905.) 

13. Describe the ballistic method of determining the relation between the 
magnetisation and the magnetic force of iron in the form of a ring. (B. of 
E. 3, 1905. 

14. Ee plain, in detail, some method of measuring the energy lost through 
magnetic hysteresis, and describe some of the principal results of experiment, 


(B. of E. Hon., I, 1906.) 
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Exampues XI, 


1. Define the coefficient of self-induction of a circuit. Calculate approxi- 
mately the coefficient of self-induction of a long straight cylindrical solenoid of 
radius r and length J, wound uniformly with N turns of wire per unit length, 
(B. of E. 3, 1906.) < 

2. Discuss the production of electric oscillations in a circuit containing 
capacity and self-induction, and find the effect of damping on the frequency. 
(B. of E. Hon. 3, 1906.) 

3. Describe a method of determining the coefficient of self-induction of a 
coil, and give the theory of the method described. (B. of E. Hon, II., 1909.) 

4, Define “self-inductance of a circuit,” and describe in detail any two 
phenomena which depend upon it. (Lond. Univ. B.Sc. Internal., 1905.) 

5. Give an account of the solution of net-work problems in current conduction, 
and apply your method to the division of the discharge of a condenser through 
ballistic galvanometer shunted by a non-inductive resistance. (Lond. Univ. 
B.Sc. Hon. Internal., 1905.) 

6. Assuming the equation 

: dB 
Ri = E—n8 di 
for the current 7 in a solenoid of m turns wound round a long iron bar of section 8, 
show that B = H + 4zlI, where I is the intensity of magnetisation of the ironand H 
the magnetic force due to the current in the solenoid. (Lond. Univ. Ext., 
Hon., 1908.) 

7. A solenoidal coil 70 cm. in length, wound with 30 turns of wire per 
centimetre, has a radius of 45cm. A second coil of 750 turns is wound upon 
the middle part of the solenoid. Calculate the coefficient of self-induction of the 
solenoid and the coefficient of mutual induction of the two coils, Will the 
inductance of the solenoid be affected by short circuiting the ends of the secondary 
coil? (Lond. Univ. B.Sc. Internal., 1909.) 

8. Find whether the discharge of a condenser through an inductive circuit is 
oscillatory when 


(a) Capacity = 2 micro-farad, L = 0:15 henry, and R = 150 ohms 
(b) C= 1 ban, L = 0015 hy., and R = 1000 ohms 
(c) C=10_¢mf., L = 0°0125 hy., and R = 100 ohms 


and when oscillatory, find the frequency. 

9. Find approximately the frequency of oscillation when a condenser of 0:75 
microfarad capacity discharges through a circuit consisting of a solenoid of 1200 
turns and length 80 cms. wound upon a long iron rod of diameter 0°75 cm, and 
permeability 850. 


EXAMPLES XII, 


1. Two points, to which an alternating E.M.F. is applied, are connected by a 
circuit containing capacity and inductance, describe a graphic method by which 
the current and its lag behind the E.M.F. may be determined. 

_ _Example.—E.M.F, = 200 volts, frequency = 50, resistance = 10 ohms, 
inductance = 0°1 henry, capacity = 1 microfarad. (B. of E. 3, 1905.) 

2. Distinguish between the mean value and the root mean square value of an 

alternating current, and find the relation between them. 
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_ _Prove that the power absorbed by a coil traversed by an alternating current 
is EC cos 0, where E and C are the root mean square values of the E.M.F. and 
current respectively, and @ is the difference in phase between these two quantities. 
(B. of E. 3, 1908.) 

’ 3. Find an expression for the current at any moment in a circuit of given 
resistance and self-inductance when subject to a simple harmonic E.M.F. (B. of 
H. Hon. I., 1908.) 

4, Explain why the primary current in a transformer, such as an ordinary 
house transformer, is so much greater when the secondary circuit is closed. (B. 
of E. Hon. I., 1911.) 

_ 5. Explain how telephone currents may be measured experimentally. What 
1000) of the current is it that is directly determined? (Lond. Univ. B.Sc., 
1904. 
6. Describe Kelvin’s ampere-balance, and explain its advantages as a standard 
for calibrating ammeters and voltmeters for alternating currents. (Lond. Univ. 
B.Se. Hon. Ext., 1907.) 

7. Explain the apparent increase in resistance of a wire with the frequency 
for a rapidly alternating current. (Lond. Univ. B.Sc. Hon. Internal,, 1907.) 

8. Describe the construction of an electrostatic voltmeter. An electrostatic 
voltmeter gives deflections of 15,18, and 21 scale divisions for constant potentials 
of 50, 60, and 70 volts respectively. What deflections will be produced by an 
alternating electromotive force E sin pt (a) when theamplitude E is 70 volts, 
and (6) when E is 90 volts? (Lond. Univ. B.Sc. Ext., 1908.) 

9. Show that two alternating magnetic fields at right angles to each other 
may be made equivalent to a rotating field, and explain how this has been utilised 
in the construction of electric motors. (B. of E. Hon, I., 1910.) 

10. What is meant by ¢mpedance? Show how to calculate the current 
which passes through a circuit on applying a given alternating E.M.F., the 
resistance and inductance being known. (B. of E. Hon. I., 1910.) 

11. Describe a method of measuring the self-induction of a coil depending 
on the use of an alternating current, particularly mentioning any precautions 
necessary to secure correct results, (B. of E. Hon. I., 1910.) 

12. Describe in detail some form of oscillograph suitable for determining the 
wave form of an alternating current. (B. of E, 3, 1911.) 

13. Discuss the difficulties encountered in making an accurate determination 
of the power given to an inductive circuit such as the primary of a transformer, 
and describe some satisfactory method of making the measurement. (Lond. 
Univ. B.Sc. Hon. Ext., 1909.) } ; 

14, An alternating E.M.F’. of 200 volts and 50 periods per second is applied 
to a condenser in series with a 20 volt 5 watt metal filament lamp. Find the 
capacity of the condenser required to run the lamp. (Lond. Univ. B.Sc. Hon, 
Internal., 1910.) 

15. Show how the closing of the secondary circuit affects the phase and 
current in the primary of an ironless transformer due to an applied alternating 
electromotive force. (Lond. Univ. B.Sc. Hon. Internal., 1911.) 


Exampies XIII. 


1. Describe carefully one method for determining the ohm in absolute 
measure, (B. of E. Hon. II., 1908.) : : 

2, What is meant by the expression ‘‘the dimensions of a physical 
quantity ” ? ont lines 

Taking as your fundamental quantities time, length, and force, deduce the 
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dimensions of energy and electrostatic potential. (Lond. Univ. B.Sc. Ext., 
1905. 

ners the dimensions in terms of those of mass, length, and time, of 
quantity, potential difference, and capacity, both in the electrostatic and electro- 
magnetic systems. Show that the ratio is expressed by some power of a — 
velocity, and that, to reduce this ratio to a pure number, it is necessary to 
include the dimensions in dielectric constant and permeability. (Lond. Univ. 
B.Sc. Hon. Internal., 1905.) ; : 

4. Determine the dimensions of electric resistance in electrostatic and in 
electromagnetic units, and the condition of their identity. (B. of E, 3, 1905.) 

5. Give Lorenz’s method of determining the ohm in absolute measure, and 
describe in detail the apparatus required for the purpose. (B. of E. Hon. I., 1906.) 

6. Examine the dimensions of the quantity /u, where » denotes permeability 
and k specific inductive capacity. How isthe value of the quantity £» practically 

-determined? (B. of E. 3, 1907.) 

7. How is it that the ratio of the electromagnetic units to the electrostatic 
units is so intimately connected with the velocity of light? (B. of E. Hon. L., 
1908. 

3. Describe some one method of determining experimentally the quantity “v” 
involved in the ratio of the two systems of electric units, explaining the precau- 
tions necessary for an accurate result. (Lond. Univ. B.Sc. Hon. Ext., 1906.) 

9. Describe some methods by which the units of current and electromotive 
force may be found in the electromagnetic system. (Lond. Univ. B.Sc. Ext., 
1907.) 

10. According to the usual definitions, the dimensions of capacity on the 
electromagnetic system are those of the reciprocal of an acceleration, while on 
the electrostatic system they are simply a length. Show how these results are 
yee y and explain the apparent discrepancy. (Lond. Univ. B.Sc. Internal., 
1908.) 

11. Define the terms—magnetomotive foree, magnetic flux, and reluctance of 
a magnetic circuit, Find the dimensions of these quantities, (Lond, Univ. 
B.Sc, Hon. Internal., 1909.) 


Exampies XIV. 


1. How has it been shown experimentally that the current in discharging a 
condenser may be alternating in character ? 
__ Explain shortly how this fact has been utilised for telegraphing through space 
without wires. (B. of E. 3, 1910.) 
2. Write a short essay on the production of tuned trains of electrical waves 
and their employment in wireless telegraphy. (B.-of E. Hon. L, 1911.) 
_ 3. Give a short account of how the wave-length of electromagnetic waves in 
air has been determined. (Lond. Univ. B.Sc. Internal., 1906.) 
_ 4. What method would you adopt to determine the dielectric constant of a 
slightly conducting liquid? (Lond. Univ. B.Sc. Hon. Internal., 1907.) 
5. Discuss the phenomenon of the “singing arc” and describe how it has 
been utilised for generating electromagnetic waves. (B. of E. Hon. I., 1907.) 
6. An electric current oscillates in a circuit, the frequency being of the order 
ioe ae would you determine the strength of the current? (B. of E. 3, 
7. Prove that in a plane electromagnetic wave both the electric force and 
the magnetic force are in the wave front and in directions at right angles to one 
another, (B. of E. Hon. I., 1908.) 
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8. Show that the discharge of a condenser is in general oscillatory, and 
describe one method by which the period of the oscillations may be measured. 
(B. of K. Hon. L, 1909.) 

9. Describe experimental methods of finding the velocity of electromagnetic 
waves along wires. (Lond. Univ. B.Sc. Hon. Ext., 1907.) 

10. Write down the fundamental equations of the electromagnetic field, and 
deduce from them the velocity of propagation of a plane electromagnetic wave in 
a medium of dielectric constant & and permeability 4. (Lond. Univ. B.Sc. Hon. 
Internal,, 1907.) 

11. Describe the production of electromagnetic waves by means of Hertz’s 
oscillators, and show that there is necessarily a relative change in phase of the 
electric and magnetic components accompanying the progress of the disturbance 
outward from the oscillator. (Lond. Univ. B.Sc. Hon. Internal., 1907.) 

12. Describe any three methods of detecting electric oscillations, and discuss 
their relative advantages. (Lond. Univ. B.Sc. Hon. Internal., 1908.) 

13. Write down and criticise the expressions usually employed to represent 
the electrostatic and electrokinetic energy in an electromagnetic field. 

Deduce Poynting’s method of representing the flow of energy in the field. 
(Lond. Univ. B.Sc. Hon. Ext., 1909.) 

14, Show that the magnetic effects of a current may be regarded as due to the 
motion of the Faraday tubes, and tind the paths along which the energy travels, 
(Lond. Univ. B.Sc. Hon. Internal., 1910.) 


EXAMPLES XV. 


1. Describe experiments which show that the cathode rays are small particles 
charged with negative electricity. How has the velocity of these rays been 
determined? (B. of E. 3, 1906.) 

2. Describe some method of measuring the velocity of the ions in gases. 
(B. of E. Hon. I., 1906.) 

3. Give a brief account of the principal phenomena of cathode rays, and 
explain how the charge carried has been experimentally determined. (B. of E. 
Hon. II., 1907.) 

4, Describe the mode of production of Réntgen and Lénard rays, and discuss 

_ the possible origin of the phenomenon. (B. of E. 3, 1909.) : 

5. Give a short account of the principal phenomena to be noted in connec- 
tion with the passage of electricity through gases at reduced pressures, (B, of 
E, 3, 1911. ‘ 

6. a may the electrical conductivity of an ionised gas be determined ? 
What is meant by the saturation current? (Lond. Univ. B.Sc. Ext., 1905.) 

7. Describe the general- character of the discharge in a partially exhausted 
tube. (Lond. Univ. B.Sc. Hon. Internal., 1905.) ; 

8. Give two methods of finding the ratio of electric charge to mass in the 
case of an ion in a gas. (Lond. Univ. B.Sc. Hon. Internal., 1906.) 

9, Find the conditions that the effect of a charge situated upon a small 
spherical drop shall be equal and opposite to that due to surface tension. (Lond. 
Univ. B.Sc. Hon. Internal., 1906.) . ; : 

10. An electrified particle traverses an electric field, the intensity of the field 
being normal to the original direction of motion of the particle. Find an 
expression for the deflection of the particle. : f 

What other experiments must be made in order to determine the ratio of the 
mass of the particle to its electric charge? (Lond. Univ. B.Sc. Ext., 1906.) 

11. Two metallic plates, separated by a layer of air, are connected with the 
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opposite poles of a battery, in which the number of cells can be increased 
iidofinitely. Trace the change in the relation between potential difference and 
the current, explaining those changes in terms of the ionisation theory. 

How would you measure experimentally the currents in such a case? 
(Lond. Univ. B.Sc. Hon, Ext., 1906.) 

_ 12, Explain the form of the curve counecting the electromotive force and 
the current in a gas at low pressure which is ionised by Rontgen rays. 

How would you show that for certain electric forces the negative ions 
produce others by collisions with the molecules of the gas, while the positive 
ions do not increase the ionisation? (Lond. Univ. B.Sc. Hon. Ext., 1907.) 

13. Give an accurate account of some phenomena in gases which differ for 
positive and negative electricity, and explain the physical properties of the ions 
to which the phenomena may be attributed. (Lond. Uniy. B.Sc. Hon. Ext., 
1908.) 


ExampLes XVI. 


1. Write an essay on radium, in particular discussing the changes which this 
substance is supposed to undergo. (B. of E, Hon. I., 1908.) 

2. Describe experiments by which the nature of the rays emitted by radium 
can be determined. (B. of E. Hon. I., 1911.) 

8. Give an account of the various kinds of radiation emitted by a solid com- 
pound of radium, explaining how the properties of the different rays may be 
investigated experimentally. (Lond. Univ. B.Sc. Hon. Ext., 1906.) 

4, Give an outline of the theory of the disintegration of radioactive materials, 
and deduce equations showing the amounts of two consecutive products present 
at any time subsequent to the isolation of the higher product. (Lond. Univ. 
B.Se. Hon. Internal., 1909.) 

5. Give an account of the principal experiments to which we owe our know- 
ledge of the a particle. (Lond. Univ. B.Sc. Hon. Ext., 1909.) 

6. Describe a method of determining the quotient of the mass by the charge 
of an electron. 

Show that the value of this quotient may depend on the velocity of the 
election, and describe experimental work dealing with this effect. (Lond, Univ. 
B.Sc. Hon, Ext., 1909.) 


Examepies XVII. 


1, Write an essay on the application of the electron theory to the explana- 
tion of electric conductivity. (B. of E. Hon. I, 1907.) 

2. Describe the Hall effect, and discuss the theory which has been advanced 
to account for it on the hypothesis of electrons, (B. of E. Hon. I., 1908.) 

3. Explain why there is an apparent increase in mass produced by charging 
a body with electricity. (B. of EK. Hon. 1, 1908.) 

4, Find the magnetic field due to a point charge moving with uniform 
velocity ; the velocity of the point being small compared with that of light. 
(B. of E. Hon., 1905.) 

5. Give a short account of the Zeeman effect, and of its explanation on the 
electronic hypothesis. (B. of E, Hon. I,, 1909.) 

6. What grounds are there for taking a moving charge of electricity as 
equivalent to a current? (B. of E. 3, 1911.) 

7, Distinguish between diamagnetic, paramagnetic, and ferromagnetic sub- 
stances, giving the characteristic differences which make it necessary for these 
divisions, (B. of E. Hon. I. 1911.) 

8. Give a theory of the production of Réntgen rays, and discuss how it — 
explains the leading expérimental results. (Lond. Univ. B.Sc. Hon. Ext., 1909.) 
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